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Abstract

The aim of this theoretical article is to answer the following question: what drives
unemployment dispersion in big cities? Endogenizing land consumption and workers’
search intensity, I highlight the role of residential externalities in a urban search model
a la Wasmer and Zenou (2002). In presence of these externalities, I demonstrate
the existence of endogenous spatial distributions of workers generating endogenous
unemployment dispersion. I also show that the obtained dispersion does not affect
the unemployment rate. Indeed, in line with Wasmer and Zenou (2002), the latter

only relies on unemployed workers’ allocation in space.
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1 Introduction

Spatial variations in the local unemployment rate within big cities are well documented (see
Marston (1985) and Blanchflower and Oswald (1994)). For instance, the latter is dispersed
between 1.9 % and 33.7 % in Brussels (see Dujardin, Selod and Thomas (2008, Figure 2)),
4 % and 37.3 % in Lyon (see Dujardin and Goffette-Nagot (2010, Figure 1)) and 5 % and
20 % in Paris (see Gobillon and Selod (2007, Carte 1)). Surprisingly, we do not have a
clear theoretical understanding of this empirical phenomenon. Indeed, in urban models
dealing with mixed land use (i.e. Fujita and Ogawa (1980, 1982), Lucas (2001), Lucas and
Rossi-Hansberg (2002), Wheaton (2003)), unemployment is nowhere to be found. In urban
search models (hereafter USMs) (see Zenou (2009 a,b) for a review of the literature), only
completely segregated cities arise since land is allocated according to the bid rent theory
which prevents the existence of situations where unemployed and employed live in the same

places of residence.’

The purpose of this paper is to account for unemployment dispersion in big cities. To
this end, I develop and study the properties of a USM without bid rent theory. Neverthe-
less, in absence of this principle, how land prices are determined and what drives allocation
of workers in space? My approach is as follows. Motivated by a recent empirical literature
(Topa (2001), Wahba and Zenou (2005), Bayer et al. (2008), Brueckner and Largey (2008)),
I emphasize the role of residential externalities in a model @ la Wasmer and Zenou (2002).2
The first residential externality appears in land prices. Endogenizing land consumption
and considering land prices as the outcome of a simple Walras equilibrium, I point out
that residential density in a given area increases local demand for land as well as land
prices. It is a fairly robust and standard economic mechanism (see Combes and al. (2011,
2013), Mangum (2012)). The second externality occurs with the probability of finding a
job. Namely, endogenizing workers’ search intensity, I underline that the concentration of
unemployed workers in a given area lowers their probabilities to receive a job offer (see Topa
(2001) and Wahba and Zenou (2005) for an empirical proof of this mechanism). Thus, I

demonstrate that players’ utilities depend both on the residential density of unemployed

"Wheaton (2003, p. 421): "In the traditional theory of competitive spatial markets, land use at each
such location is exclusively of one type-deterministically based on which use offers the highest rent (Alonso
[1]). By definition this precludes land use mixing, except possibly in the case where the rent from two uses
is identical. Even in the case where rents are "tied," the exact fraction of land that is assigned to each use
is undetermined. As a result, traditional spatial theory tends to create land use patterns in which there

are exclusive zones or rings for each use".
2The model is ¢ la Wasmer and Zenou (2002) for two reasons. First, labor market is governed by a

Mortensen-Pissarides search and matching model: wages are bargained according to a Nash game, new
jobs and equilibrium unemployment are determined by a job creation equation and a Beveridge curve.

Second, distance to jobs has a negative effect on workers’ search intensity.



workers and on the residential density of employed workers. The existence of these two
residential effects changes workers’ location decisions. Indeed, workers become strategic
in the sense that they endogenously choose a place of residence according to their spatial
preferences and the locations of other agents summarized by these residential densities. As
a consequence, the allocation of workers in space is not determined by a bid rent principle

but by a Nash equilibrium.

Two results emerge. First, I prove the existence of a unique market equilibrium in
which a closed form solution for the local unemployment rate is obtained. Within this
framework, I show that four urban patterns can emerge as outcomes: a completely mixed
city where the local unemployment rate is uniformly distributed, a mixed city where the
latter is continuously distributed, a completely segregated cities where unemployment dis-
tribution is degenerated (i.e. 0 % or 100 %) and an incompletely mixed (or incompletely
segregated) cities if the local unemployment rate is continously diffused in a zone of the
city while in other areas it is degenerated. Then, I demonstrate that the predominance
one of these patterns depends on the balancing between two standard forces: centripetal
(i.e. agglomeration) forces summarized by workers transport costs and commuting time
versus centrifugal (i.e. dispersion) forces captured by workers’ preferences for land and
information about jobs. Second, I find that unemployment dispersion does not affect un-
employment rate. In line with Wasmer and Zenou (2002), the latter only depends on the
unemployed allocation in space, that is to say, on the centralization of the city.> However,
the effect of centralization on global unemployment rate is ambiguous as it generates two
opposite effects on the probability of finding a job. It increases workers’ search efficiency
by improving information on jobs since they live closer to jobs (i.e. positive distance effect)
but it also decreases the latter by lowering transfer of networks as unemployed workers are

more spatially concentrated (i.e. negative residential effect).

The article is organized as follows. Section 2 presents the new USM. Section 3 concludes.

2 USM with residential externalities

2.1 Environment

Let X = [0,1] be a linear city composed of a continuum of locations denoted by = € X.

The city is assumed to be monocentric in the sense that z = 0 is considered as the Business

3Using Massey and Danton (1988), centralization of a city in this article refers to the degree to which

unemployed workers are spatially concentrated near jobs.



District (hereafter BD) where all firms are exogenously located.? Consequently, z also
represents distance to city center and access to jobs. I suppose a land market and a labor
market in a steady state which are populated with three types of agents: firms, workers

and absent landlords. Time is continuous.

2.1.1 Job matching

The labor market under study gathers a continuum of homogenous and infinitely lived
unemployed with mass u € [0, 1] and a continuum of identical and infinitely lived employed
represented by a mass e = 1 —u € [0,1].> As a consequence, u (respectively e) stands for
the unemployment (respectively employment) rate. These workers are spatially dispersed

following three endogenous distributions puy, pw, p € M(X') defined as

(

py X > Ry

[y o (@)de = u

pww o X = Ry

Sy pw(x)de =1—u
X — Ry

[y u(x)de =1

where M(X) is the set of absolutely continuous spatial distributions over X with respect
to the Lebesgue measure, uy(x) is the density of unemployed workers located in x, puw ()
is the density of employees residing in « and p(z) = py(x) + pw(x) the residential density.
There also exists a continuum of vacant jobs with mass v € [0, 1] where v is referred as to
the vacancy rate. Job seekers find a job and vacancies are filled according to two random
processes. These processes are governed by a matching function with constant return to

scales leading to the following aggregate number of contacts per unit of time
m(Su,v) (2)

with 5 the endogenous average search intensity of workers.® Thus, in this city, the filling

rate is
m(Su,v)

q(0) = ——— (3)

v

4By doing so, I follow the literature (see Zenou (2009a, 2009b)). This assumption is useful since: it
"greatly simplifies the analysis: for example, commuting trips can be exactly specified if the residential
locations are known, and with the assumption of a linear or circular city, the spatial characteristics of each
location in the city can be described simply by the distance from the CBD" in Fujita and Owaga (1980, p.
455).

®Unemployed workers are considered as job seekers (i.e. no on-the-job search).

6A complete defintion of 5 is given in Section 2.2.2.4.
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with # = 2 the labor market tightness in intensity units and such that ¢/(#) < 0.7 Likewise,

the local finding rate is

£(0,2) = S gy (1
3 u

such that f(0) = 0q(0) and f'(0) > 0. s(x) is the endogenous search intensity of unemployed
residing at a distance = to jobs. It is defined as the amount of information about jobs.
Especially, job seekers have information about job openings in different ways. First, they
commute to the CB to look for a job using resources from employment agency. When they
are in the city center, they spend 7y(z) unit of time collecting 7y(z) units of information.
Second, when they are at home, they receive a fixed level of information denoted by 0 < n <

1 according a Poisson process with rate uul(ar)' Therefore, they spend T (z) = py(x) unit

of time to obtain it. Observe that information is exclusive (i.e. the information available
in the city center is not accessible at home and vice versa) and search in the BD is more

effective than at home (i.e. 7 < 1). Thus, workers’ search intensity is
s(x) = To(x) + 0T (x) = To(x) + npu () (5)
As the total amount of time H is given by
H=1+712+To(x)+ T () (6)

with [ the time dedicated to leisure and 7z the commuting time, using equation (6) and

assuming (for the sake of simplicity) that 7 — [ = 1, local search intensity becomes

s(z) =1—712— xpu(r) (7)

with x = 1 — n. Hence, when commute time and unemployed density are larger, this
lowers time dedicated to look for a job in the BD and, therefore, search intensity decreases.
Conversely, if the amount of information increases (i.e. y decreases), by definition, search

intensity is higher.

2.1.2 Worker

A worker can remain in two different states: either employed or unemployed.

Employed worker If the worker is employed, he is endowed with the following hyper-
bolic utility function & la Mossay and Picard (2011)%

Z(ow(@), Gw(z)) = owl(z) - 2@% (8)

"Throughout this article, h/(e) denotes the first derivative of h with respect to e.
8Hyperbolic preferences are a special case of quasi-linear preferences. This means that the income

effect in the land consumption is eliminated (i.e. indifference curves are parallel). I use these particular



with oy € Ry (respectively (w(x) € Ry) the amount of composite good (respectively land)
consumed by an employed person residing in x and ¢ € R, a parameter capturing the
preference for land. He is also endowed with one unit of labor, a level of productivity
y € R, earns a wage w € R, , faces a Poisson rate 6 € R, of losing his job, commutes to
the BD to work incurring a linear transport cost tyy € Ry per unit of distance and pays

R(z) per unit of land to absent landlords.’ Therefore, his budget constraint is

w(z) + R(z)qw(z) +twr = w (9)
and he has the following maximization program

max  Z(o(x),((z)) (10)

ow (z),Cw (2)

subject to constraint (9). Maximizing equation (10) with respect to (w(x) subject to

constraint (9) gives the Marshallian (uncompensated) demand function of an employed

C N ¢

Moreover, in the land market, demand and supply are equal such that

po (2)Co () + pw (2)Gy () = 0 =1 (12)

with py(z)((z) (respectively pw (x)(jy (z)) the demand for land made by unemployed
(respectively employed) workers and ¢ = 1 the land intensity.!® Using equation (11) and

equation (20), I obtain

R() = p(a)? (13)

Integrating this result in equation (11), the instantaneous indirect utility of an employee is

W(z) =w —twx — dpu(x) (14)

preferences for the sake of simplicity. Indeed, they have the convenient property of the instantaneous

indirect utility function linearly depends on residential density of workers (see equation (14) and equation
(21)). This simplification allows me to derive the important analytical results of this article. I could
perform my analysis with other quasi-linear preferences: log-linear preferences ¢ la Beckmann (1976) or
square root functions a la Zenou (2003). These alternatives do not affect my results. I also use this utility
form because results do not depend on the existence of wealth effects (i.e. Cobb Douglas, log-linear or
CES functions lead to the exactly same findings).

9Transport costs are independent of residential density meaning that the city is free of congestion.
Moreover, for analytical convenience, they are supposed to be linear. However, the model remains true

and tractable for continuous general functions ty (x) and ty (z).
10This assumption (i.e. ¢+ = 1) is standard in urban search economics (see Zenou (2009a, 2009b)).



Thence, the expected utility function of an employed in x denoted by W(z) satisfies the

following Bellman equation

rW(x) = W(zx) — 0 [ W(x) —U(x)] (15)
with 7 the risk-free interest rate and W(x) — U(x) the local worker’s surplus.!'! Given this
setup, an employed person chooses his residential location according the following program

max W(x) (16)

TEX
Observe that equation (16) states that worker’s choice is strategic because he selects a
residential location according to his preferences and the strategies of other workers sum-

marized by the endogenous densities puy () and puy (z).

Unemployed worker If the worker is unemployed, he is associated with the same
hyperbolic utility function than the employed person

.
2((](1’)

with oy € Ry (respectively (y(z) € Ry) the amount of composite good (respectively land)

Z(oy(z),(w()) = ou(x)

(17)

consumed by an unemployed person locating in .'* He also earns a level of benefits z € R,
goes to the BD to look for a job incurring a linear transport cost ¢y such that ty > ty,
faces a Poisson rate f(6,z) to have a job and pays R(x) per unit of land. In this case, his
budget constraint is

ov + Cu(z)R(z) + tyx = 2 (18)

and he has to solve the following problem

, ax Z(o(z),¢(x)) (19)

subject to constraint (18). Following the same mathematical reasoning developed above,

the Marshallian (uncompensated) demand function of an unemployed residing in z is

; ¢

(20)

1Tt is possible to assume that when an employed is hit by the exogenous shock §, changing his em-
ployment status to unemployed, he moves optimally to a new location =’ = arg max W(zx) without any
e

reallocation cost. In this case, the Bellman equation becomes

This assumption leads to results identical to those in the baseline model.
12This simplifying assumption (i.e. workers have identical preferences for good and land) is standard in

urban search economics (see Smith and Zenou (2003), Zenou (2009a, 2009b)) and does not determine the

nature of the results.



the instantaneous indirect utility of an unemployed person locating in x is

Uz) =z — tyr — ¢ [pw(z) + pw (2)] (21)

and the expected utility function of an unemployed in x denoted by U(x) is determined by
the following Bellman equation

U(z) = Ulx) + f(0,2) W(z) - U(z)] (22)

Given this environment, an unemployed person chooses strategically his residential location
so that
max U (x) (23)

reX

2.1.3 Centripetal forces versus centrifugal forces

Workers do not have the same incentives to agglomerate close to the CBD (i.e. different
centripetal forces): unemployed workers minimize their transport costs tyz and their losses
of information f(0)7x whereas employed workers only minimize their transport costs ty .
Likewise, workers do not have the same motives to disperse throughout space (i.e. different
centrifugal forces). The unemployed disperse because of rent prices R(x) and of the prob-
ability of finding a job f(0)xuy(x), while employed disperse only because of rents. Thus,
residential externalities on the land market are symmetric, although residential externalities

on the labor market are asymmetric.

2.2 Market equilibrium (u};, pjy, w*, 0%, u*)

A market equilibrium is composed of two partial equilibria: a spatial equilibrium and a
labor market equilibrium. A spatial equilibrium determines the allocation of unemployed
and employed in space according to two endogenous distributions uj; and pj,. A labor
market equilibrium leads to a wage equation w*, a labor market tightness index #* and an

unemployment rate u*.!3

2.2.1 Spatial equilibrium (u;, 1)

Assume that the labor market is in equilibrium.
2.2.1.1 Definition, existence and uniqueness

An unemployed (respectively employed) person chooses his residential location according

to program (23) (respectively program (16)). As workers’ decisions are strategic, the suited

13A complete definition of a market equilibrium is given in Section 2.2.3.



equilibrium is a Nash equilibrium. Nevertheless, with infinite number of agents and inter-

actions summarized by densities, it is shown that the Nash equilibrium takes the following

form.'4

Definition 1 A spatial equilibrium is a spatial distribution of unemployed workers pj, €
M(X) and a spatial distribution of employed workers u}y, € M(X) such that

Supp(p;;) C argmaxU(x)
v TeEX (24)
Supp(piy) C argmaxW(z)

Using Definition 1, I find that!®
Proposition 1 For a given labor market equilibrium (w*,0*,u*), there exists a unique
spatial equilibrium (pg;, iy ).

2.2.1.2 Unemployment dispersion

Solving system (24), I find the following closed form solution for the endogenous local

unemployment rate.

Proposition 2 The endogenous local unemployment rate is

pir ()
pr () + piy ()

u(z) =
such that

C1U: if tw —ty — f(0)Te" < =2u* f(0%)xe* <0 (i.e. if uj; decreases with distance and
this decrease is high), then

eon 2wty —tw + f(0%)Ter] | tw —ty — f(0)T€
= \/ fene 0 e

. 2u* f(0*)xe*
for all x in [O, \/—tU_tWJrf(e*)Te*J .

C2U: if tw — ty — f(0*)Te* > 2u* f(0%)xe* > 0 (i.e. if pj; increases with distance and

this increase is high), then

X

e 1 2wt [ty —tw + f(0)Ter] | tw —ty — f(07)T€
M) = Fgne \/ e e

1See Lions (2008), Sandholm (2001, 2009), Lachapelle (2012), Mas Colell (1983).
15Proofs of this article are gathered in Appendix A.
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tw—ty—f(0*)Te*?

for all x in [1— 2w (O7)xer 1}.

C3U: if —2u*f(0*)xe* < tw —ty — f(0")1e* <0 (i.e. pj; decreases with distance and
this decrease is low), then

tW — tU — f(@*)re* tW — tU — f(0*>T€
2f(6%)xe f(0%)xer

po () = " = x

for all x in [0,1].

C4U: if 2u* f(0*)xe* > tw — ty — f(6*)7€* > 0 (i.e. p; increases with distance and
this increase is low), then

tW — tU — f(e*)TE* tW — tU — f(e*)TE
2f(6%)xe f(0%)xer

pi(w) = u* —

for all z in [0,1].

CIW: if o(tw — tu) — (twx — 7) f(0F)e" < =2e*f(0*)xe* < 0 (i.e. uly decreases with
distance and this decrease is high), then

— T

() = \/ 2" [oltw — tv) = (twx = 7) S BV oltw — tv) = (twx = 1) F(8)¢"
f(0%)xer F(07)xe

. 2e*f
for all z in [ \/¢> T R T T)f(9*)e*J’

C2W: if ¢(tw — tu) — (twx — 7)f(0%)e" > 2e*f(0%)xe* > 0 (i.e. pyy increases with
distance and this increase is high), then

Hiv(7) = GG 70 )xe

‘ Qe*f (07)xe"
for all x in [ \/¢> = (thX YRR O] :

C3W: if —2e*f(0")xe* < ¢(tw —tu) — (twx — 7)f(0")e* <0 (i.e. ujy, decreases with
distance and this decrease is low), then
, Pltw —tv) = (bwx = 7) f(07)e"  ¢ltw — tu) — (bwx —7) f(0")€”

e = e 270 i o e ’

for all z € 10, 1].

10
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C4W: if 2e* f(0")xe* > o(tw — ty) — (twx — 7)f(0%)e" > 0 (i.e. pyy increases with

distance and this increase is low), then

) = oy Otw —tu) = (twx = 7) f(00)e  d(tw —tv) — (bwx —7) f(07)e"
i) = et 2 (0 )xe T e

for all z € [0, 1].

Several comments are in order.

First, the geographical distribution of unemployed workers decreases with distance if

and only if
tw — 1ty < f(e*)TE* (25)

This condition is very intuitive. In line with Wasmer and Zenou (2002, Condition 1, p.
522), the unemployed live (in proportion) near the city center if the expected return of
being more effective in terms of search by being marginally nearer to the CBD is larger
than the differential in transport costs. Another interpration of this equation is to say that
unemployed location is driven only by a relative centripetal motive. Indeed, they live (in
proportion) close to the CBD because they bear more important centripetal costs than
the one bear by employed (see Section 2.1.3). Obviously, the distribution is uniform if
tw —ty = f(0*)7e* and increases with distance if ty —ty > f(0*)7€". Likewise, the spatial

distribution of employed workers is decreasing if and only if

Pty —tw) < (1 —twx)f(07)e" (26)

Allocation of employed in space is determined by both centripetal and centrifugal forces.
Notice that, since t; — ty < 0, a sufficient condition such that equation (26) holds is
T > twx. Obviously, the distribution is uniform if ¢(ty — tw) = (7 — twx)f(0*)e" and
increases with distance if ¢(ty — tw) > (7 — twx) f(0)e*. Using equation (25) and equa-
tion (26), observe that labor elements as worker’s productivity, unemployment benefits,
worker’s bargaining power and the cost of a job do not affect directly spatial equilibrium

but indirectly via labor market tightness and local surplus.

Second, many urban patterns can emerge as outcomes. For analytical simplicity and
without any loss of generality, I underline urban equilibria where land is not vacant (i.e.
Ve € X, x € Supp(pyy,) and/or x € Supp(u;)). The predominance of one of these pat-
terns is obtained comparing the slopes of spatial distributions of employed and unemployed

workers. Within this framework, the following urban patterns can be underlined.

e (ities are said to be completely mized if the local unemployment rate is uniformly

distributed throughout space. These patterns arise if uj;(x) > 0, uj,(x) > 0 for all z in X

11



and
u'(z) =0 —u" [p(tw — tv) — (twx — 7)f(07)e’] = (1 —u”) [tw — tv — f(07)7€"]  (27)

that is to say, when centripetal forces are eliminated (i.e. tyy =ty =7 = 0).

e Cities are said to be mized if the local unemployment rate is continuously but non
uniformly dispersed over space. These situations occur if pj;(x) > 0 and uj,(x) > 0 for
all x in X. The latter emerge when conditions C3U&C3W or C3U&C4W or C4U&C3W
or C4U&C4AW are verified, that is to say, if centripetal and centrifugal forces are low (i.e.
when difference in transport costs, commuting time, preference for land and information
about jobs are small). More precisely, the local unemployment rate continuously decreases
with distance if C3U&C4W or if C3U&C3W and the following equation holds

u () <0 —u”[p(tw —tv) — (twx = 7)f(07)€'] > (1 — ") [tw — tv — f(07)7€] (28)

Conversely, the local unemployment rate continuously increases with distance if C4U&C3W
or if C4U&C4W and the equation (28) is not verified.

e Cities are said to be segregated if the distribution of the local unemployment rate
is degenerated in the sense that there are only two unemployment rates in the city: 0%
and 100%. These patterns prevail if Vo € Supp(u;), © ¢ Supp(pyy,) and Yo € Supp(uiy),
x ¢ Supp(p;;), that is to say, when centripetal and centrifugal forces are very large (i.e.
difference in transport costs, commuting time, preference for land and information about
jobs are very high). Two types of completely segregated cities can be found!®: a situation
where the unemployed live close to jobs and the employed reside at the fringes of the city
if C1U, C2W and the following equation holds

2u* f(60%) xe* o, 2e* f(60%) xe*
\/ o —tw + () \/ Stw —t0) = (twx — ) F(0)e" (29)

or a state where employed reside near the city center and unemployed live in the outskirts
of the city arises when C1W, C2W and equation (29) are satisfied.

e Cities are said to be incompletely mized or incompletely segregated if the local un-

employment rate is continously diffused in a zone of the city while in other areas it is

6This two sub-patterns are in line with Wasmer and Zenou (2002, p. 521-522): "In the first one
(Equilibrium 1), the unemployed reside in the vicinity of the CBD and the employed at the outskirts of
the city. We call such a city the "integrated city" because the unemployed have a good access to jobs.
By contrast, in the other one (Equilibrium 2), the unemployed locate at the outskirts of the city and the
employed close to the city-center. This city is called the "segregated city" because the unemployed have a

bad access to jobs".
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degenerated (i.e. either 0% or 100%). These cases exist if for some x in X, uj;(z) = 0
and/or uj,(x) = 0. Three sub-patterns can be underlined: a central core of unemployed
(respectively employed) surrounded by a peripheral mixed ring of workers if C3U&C2W
or CAU&C2W (respectively C2U&C3W or C2U&C4W) are obtained, a central mixed ring
of workers with a peripheral core of unemployed (respectively employed) if C3U&CIW or
C4U&LCIW (respectively C2U&CIW or C1U&C4W) holds and both a central core and an
peripheral ring of unemployed (respectively employed) separated by an intermediate ring

of mixed workers if

2 [0 20" (0 )
\/ T \/ How —t0) — thwx — ) F@)e &

and C1U and C2W (respectively C2U and C1W) are filled.

2.2.1.3 City centralization

Following Massey and Danton (1988), I introduce the notion of centralization as fol-

lows.

Definition 2 Centralization of a city is the degree to which unemployed workers are spa-

tially concentrated near jobs.

To measure it, I create the following centralization index denoted by IC'

ty — tw}
f(6*)er

IC:l|:T+
X

The higher IC' is, the more centralized the city is.

2.2.2 Labor market equilibrium (w*, 6* u*)

Assume that the spatial market is in equilibrium.
2.2.2.1 Firm

A firm consumes no space and can remain in two different situations: either produc-

tive or unproductive.

Productive firm If the firm is productive, she is associated with a worker and makes

the following instantaneous profit function
J=y—w (32)

13



As jobs are destroyed according to a Poisson rate d, the expected profit of a productive

firm (i.e. a filled job) denoted by J satisfies the following Bellman equation
rJ=J—=6(TJ-V) (33)

where V is the expected profit of an unproductive firm and J — V firm’s surplus.

Unproductive firm If the firm is unproductive, she is unfilled by a worker. As a result,
she posts a unique vacancy at cost k € R, . Notice that the posted job vacant is filled at

Poisson rate ¢(6). Hence, the instantaneous profit function for an unproductive firm is
V=-—c (34)

and the expected profit of an unproductive firm (i.e. a vacancy) is driven by the following

Bellman equation

rV=V+q(0) (T -V) (35)

Using equation (33), equation (35) and free entry (i.e. ¥V = 0), I obtain the condition
determining the labor market tightness

y—w" ¢

r+46 q(6*)

(36)

This standard equation, showing an inverse relation between the labor market tightness
and the wage, has the straightforward following explanation. In equilibrium, the average
benefit of a filled job (i.e. the benefit of a filled job multiplied by the expected average
duration of a filled job) is equal to the average search cost of a vacancy (i.e. the cost of a

vacancy multiplied by the average duration of a job vacant).
2.2.2.2 Wage setting
Following Gautier (2002), Wasmer and Zenou (2002, 2006), Gautier and Zenou (2008)

and Zenou (2006), firms cannot observe the locations of workers (i.e. workers’ locations are

impossible to verify) but think as if they bargain with a worker located in the outskirts of

14



the city (i.e. = 1) and in a pure segregated area (i.e. uj;(1) = u) such that'?
"W = w — ty — ¢ — 6(W — U) (37)

and
rU=z—ty— ¢+ f(O)(1 —7—u)(W—U) (38)

The total intertemporal surplus S =W — U 4+ J — V is shared according to a generalized

Nash bargaining game. Therefore, the wage is determined by
w = argmaz (W — U)" (J = V)" (39)
with 7 the worker’s bargaining power. Maximizing (39) leads to the following sharing rule
(1=7)(W=U) =~ -V) (40)

Following Pissarides (2000, Chapter 1), I find the following modified wage equation (here-
after MWE)

w=1=-y)(z+tw —tv)+7y+c(l—71—x)0] (41)

where y + ¢(1 — 7 — x)0 is the outside option and where z + ty — ty is the reservation
wage. The latter represents the compensation paid by the firm to prompt the unemployed
to accept the offer. The firm has to compensate at least the loss of unemployment benefits
and the loss of transport costs. This result is consistent with empirical studies (see among
others Barber (1998) and Potter et al. (2006)). The effects of non spatial parameters are
classical according to Pissarides (2000). The impact of commuting time is in line with
Wasmer and Zenou (2002). The role of other parameters related to neighborhood are well
established. Preference in housing consumption does not affect the MWE since firms do
not compensate workers for their housing costs. Moreover, less information available in
the informal market (i.e. a larger x) pulls down the outside option effect as well as the
wage charged by firms. The underlying intuition is as follows. Workers are less effective
in their searches due to the lack of information. Thereby, during negotiation, firms are

well conscious that the chosen worker has a lower outside option effect. Consequently, they

17Several alternatives can be considered. Following Zenou (2009, Appendix B), I can suppose that firms
evolve in a full imperfect information framework in the sense that they only bargain over observable factors.

In this case, the wage equation is
w=(1=7)z+(y+rb)

Finally, following Zenou (2006, 2009), I can assume that firms observe worker’s locations. Given this set-up,
the wage equation becomes

w=(1=7)[z+ {w —tv)zl +7{y +c[l — 72 = xpg;(2))] 0}

All these alternatives deliver results in line with the baseline model.
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can lower the wage. To conclude, notice that the more centralized the city is, the lower
the wage is. To get a sense of this result, observe that, as stated earlier in equation (31),
centralization increases with commuting time and transport costs bear by the unemployed
and decreases with employed transport costs. According to the MWE, this lowers the

reservation wage and the outside option of workers, as well as the wage paid by firms.
2.2.2.3 Job creation equation

Plugging the MWE in equation (36) gives

y—(1—y)z—vly+cl-—7-—x)0] ¢
r—+0 _q(e*) (42)

Equation (42) is referred as the modified job creation equation (hereafter MJCE). The
impacts of non spatial parameters are standard to Pissarides (2000) and the effect of com-
muting time is similar to Wasmer and Zenou (2002). A larger x ends up to higher job
creation since it lowers the outside options of workers and so the wage. Preference for
housing consumption is nowhere to be found as firms do not compensate workers for their
housing costs. Finally, as wage decreases with the city centralization, the latter naturally

leads to an increase in labor market tightness.
2.2.2.4 Modified Beveridge curve

Following Wasmer and Zenou (2002, 2006), the average search efficiency is defined as'®

S(F) = 1 — 77 — 11}, (7) (44)

where T = | Supp(is)) xpi(xz)dr is the average location of unemployed workers. This as-
sumption is standard in urban search economics (see Zenou (2009a)). Observe that the
impact of city centralization on the average search intensity is ambiguous since two op-
posite effects come into play: positive distance effect versus negative neighborhood effect.
On the one hand, when city is more centralized, the unemployed live close to jobs. This
lowers commuting time and increases time spent in the BD to look for a job. On the other
hand, city centralization requires a stronger concentration of unemployed workers around

the BD. This decreases average search intensity since they spend less time in the BD. Using

18 Another modeling would be considering the average search intensity as the mean of all local search
intensities such that

5(z) = /S oy, N (43)

This alternative does not alter any of my results.
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equation (44), the dynamics of the global unemployment rate is'®
u=0(1—u)— f(6")s(T)u (45)

with @ the variation of unemployment with respect to time, 6(1 — w) is the number of
employed workers entering unemployment and f(6*)s(T)u is the number of unemployed

workers finding a job. In steady state, the flows are equal such that

B J
5+ f(09)s(T)

*

u (46)
It is the modified Beveridge curve (hereafter MBC) showing an inverse relationship between
the unemployment rate and the vacancy rate. For a given s, the effects of non spatial pa-
rameters are identical to Pissarides (2000). Furthermore, the impact of the average search
efficiency is in line with Wasmer and Zenou (2002). Thus, the local unemployment disper-
sion does not determine the level of the global unemployment rate. This latter is driven
by the centralization of the city. However, the effect of centralization is ambiguous as 1

demonstrated that the impact of centralization on average search intensity is undetermined.

2.2.2.5 Definition, existence and uniqueness

To complete the model, we define and prove the existence and the uniqueness of a labor

market equilibrium.

Definition 3 A labor market equilibrium consists in finding a labor market tightness index
0* solving the job creation equation (42) and an unemployment rate u* solving the Beveridge

curve (46).

Proposition 3 For a given land market equilibrium (pu3;, p15y,), there exists a unique labor
market equilibrium (w*, 6%, u*).

19 Another modeling would be considering the dynamics of the global unemployment rate as the average
unemployment rates such that

i = / 5[L — ity ()] da — / F6° 2, iy (@) () e
Supp(pyy) Supp(pg;)

that is
u=0(1—u*)— f(0")s
with
§zu—7§—x/ i (x)2dx
Supp(pg;)

Once again, this reasoning would have complicated the model without altering any of the results.
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2.2.3 Definition, existence and uniqueness

Definition 4 A market equilibrium (pug;, iy, w*, 0, u*) is such that a land market equilib-

rium (pg, () and a labor market equilibrium (w*, 0%, u*) are solved for simultaneously.

Proposition 1 and Proposition 3 insure the existence and the uniqueness of a market equi-

librium.

3 Conclusion

Urban search models represent an important literature to understand the relationship be-
tween the land market and the labor market in big cities. Although spatial variation in
local unemployment rate is well established in empirical studies, this literature focuses on
the analysis of pure segregated cities because land is determined by a bid rent theory. This
paper aims at building a simple model able to breed and explain the effect of unemploy-
ment dispersion. For this purpose, I show, in a USM a la Wasmer and Zenou (2002), the
existence of two residential externalities. I highlight an externality in the land market and
another in the finding rate. In this new context, I endogenize the spatial distribution of
workers. The obtained model easily generates dispersion in the local unemployment rate.
The latter is explained by transport costs, commuting time, information about jobs, finding
rate and preference for land consumption. I then show that this endogenous dispersion has
no effect on the global unemployment rate. The impact of the land market transits trough

the centralization of the city.
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4 Proofs

Proof 1 A land market equilibrium is a Nash equilibrium (uj;, iuly,) such that

Supp(ug) C argmaxU(w, py (). iy (2))

Supp(piy) C argmax W(z, g (), iy ()

In other words, a land market equilibrium is a situation where unemployed spatial
denisty and employed spatial density are concentrated where functions U and VW re-

alize there mazimum values U* and W*. Thus, using Blanchet et al. (2012), the
equilibrium can be rewritten as

(U(x, wir (@), why () for almost every r € X
W, i (), piy (2
U(z, py (), iy (2)

(W (z, ug (), piy (z

<u
)W

for almost every x € X

U for almost every x € X such that pj;(x) >0

—_ — — —

) =W*  for almost every x € X such that ujy,(z) >0
that 1s )

Uz, pyy (@), piy () =U" Vo € X

Wz, piy (), piy (x)) = W* Vo € X

pi(z) >0,Ve e X

piy(x) > 0,Ve € X

Jo it (@) = w

Sy iy (2)de =1 —u*

Assume that, for every x € X, uj(x) # 0 and ujy,(x) # 0. Integrating equation (19)
and equation (23) on X and using system (25) yields

=z g fE) (- )W - U)
PWE = w — B §(U— W)

This system admits a unique solution for U* and W*. Rewritting equation (19) and

equation (23) using system (25), we get

U = 2+ F(0%)e — [tu + F(8)7) 5 — piy () — 6+ XJ(0)e"] i (2)
TW* = w — d¢* — twa — o (x) — puly (x)

with € = W* —U*. As there exists a unique U* and VW*, the above system admits a

unique solution for iy, (x) and ug(x). Consider, for some x € X, uj;(x) =0 and/or
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iy () = 0. Integrating equation (19) and equation (23) on X and using system (25),
we find

ﬂ/{*:iU = ZiU — tU.Qj*U* - ¢ + f(e*)(j?[] — T‘%*U* — XU)(W* —Ll*)

with xff = fsupp(w) xdr < %, Ty = fSupp(uW) xdr < %, Ty = max{Ty,1} —
min {Zy,0} and ZTw = max{Tw,1} — min{Tw,0} where Z; is found such that

wi(z;) = 0 Vi € {UW}. This system admits a unique solution for W* and U*,

that is to say, a unique solution for yuj, (x) and uj;(x).

Proof 2 Using Proof 1, we have

[0+ (07 )xel () = 2 = [t + f(0")7e] & — dpiy (2) + f(07)e — rU
oy () = w — twa — ouj (z) — de — rW*
that s

6+ 10 el iy 2) = = — [t + 10 )redw + F(8%)e — rU — [ — by — by () — 5 — rWV]
oy () = w —twa — de —rW — m [z — [tv + f(0*)Te] @ — dpiy (x) + f(0F)e — rU]

1 * * * *
MU(iU):W{Z—W+[T+5+f(9 e + [tw —tu — f(0")7€"| v}

1
pyr () = 0 )ve {¢}

Assume that
' (1) <0ty —ty < f(0°)T€"

z—wH+[r+d+ f(0%)) €
tv —tw + f(6*)Te

15 (@y) =0 & Ty =

v KeE"

Ty >0 r+0+f0)e>w—20 ———>1
p >0 0t f(6) s

Assume that Ty < 1.

that is
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{z—wH[r++f(69) e} 0
21 (0%)xe* [tu — tw + f(6*)Te*]

2* 0* *
# cHONe

ty — tw + f(0%)Te*

Integrating this result in unemployed distribution

X

. 2wt [ty — tw 4 f(O%)Te]  tw —ty — f(0F)T€
ke = \/ fone T Jne

Assume that Ty > 1.

that is

Z2—wH[r+0+ f(6%)] € N tw —ty — f(0)Te" o
F(0%)xer 2f(0%)xe*
Introducing this relation in the spatial distribution of unemployed workers uj;, we get
% % tW — tU — f(@*)re* tW — tU — f(e*)TE*
Polx) =u" — +
o) 2 )xe 7@

A u* f(0*)xe*
=1
S * ty —tw + f(0%)Te*

X

> 1

Assume that

i () >0ty —ty > f(0°)7€e

Z/L'\U<1
Assume
~ R Y K€
>0 r+d+ fO)]ef<w—2z ——
1
[ hiv) =
Tu
that is

pmwt S+ [N tw—tu = f(O)re {z—wH S+ fO) Y
f(0%)xer 2f(6%)xer 2f(07)xe [tw —tv — f(")7e’]
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e 1 2wt [ty —tw + f(0)Ter] | tw —ty — f(07)T€
= J fowe T foe

S

tW — tU — f(e*)TE*

Wiy (z) = W [(w— " — W) f(0")xe" — p(z —w+[r+0+ f(9)]€)] ...
1 t X—T * *
/L*W/(ZE) <0 twjo— T(tW — tU> < f(e*)TE*
By = (w—0e* —rWHf(0*)xe* —p(z —w+[r++ f(0)]€) =0

Oty — ty) — (MX=T) f(0*)Ter

Assume Ty < 1

X

WQIV%WMW—W%%M%%ﬂm%ﬂ_ww—mwwM%Qﬂmn*
MW f(0)xer £(6%)xer

= 2e* f(6) xe*
O(tw — ty) — (B2=T) f(0*)Ter

Assume that Ty > 1.

) et P(tw — tu) — (M) f(0°)e ~ oltw —ty) — (=r) f(e*)”*x
irle) = et 2 (e F e

_— 2e* f(0*)xe*
o=t \/Cb(tw —ty) — (M) f(0%)rer

oT
th — T

' (x) >0 <

(tW — tU> > f(9*)7'e*

i’\w<1

Assume Ty < 0 same case.
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Assume Ty > 0.

dz—wHr+d+ f(O)]€) > (w— 0" —rW*) f(0")xe*

Proof 3 First, we prove the existence and the uniqueness of a labor market tightness. For
this purpose, we rewrite the MJCE as

y— (L= (z+tw —ty) =v[y+c(l =7 = x)0] = c(r +0)q(0) "

Let us defined two functions a and b such that a(0) = c(r + 0)q(0)™" and b() = y —
(1 —=79)(z+tw —ty) —vly+c(l —7—x)0]. The function a is increasing and concave

with a(0) = 0 and elim a(f) = +oo while the function b is decreasing and linear with
—-+o00

b)) =y —(1—7)(z+tw —tu)yy > 0 and ehin b(0) = —oo. This implies the existence
—+00

of a unique labor market tightness index 6. Second, we prove the existence of a unique

unemployment rate w. We follow the same method as before. Using Proof 1 and Proof 2,

we can state that there exists a constant € such that
/ max {p;(z,€),0} de = u*
X

where pg(x, €*) is defiend in equation (27). Hence, there exists for all € in the set [¢,€] a

function g defined as
o0 = [ mas {ui(z.€).0}dw € 0.1
X

and such that g(e) =0 < g(€) =1 or g(e) = 1 < g(€) = 0. Since puj; is continuous and
monotone, g is continuous and monotone. Moreover, using Section 2./.4, we also can state
that there exists a function h defined as

J

M) = 57 @50

€ [0,1]
for all € in the set [, €| and with

s(x,€) =1 —s7(e) = xpy(T(e)) € 0, 1]

and
(e) = /X maz i (z,€), 0} € [0, 1]

Due to continuity and monotony of pf;, T, s and h are continuous and monotone. This

implies the existence of a unique unemployment rate u.
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