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ABSTRACT

Considering the last surge in fuel prices, thegyolo limit the share of housing expenses in the
households’ budget, so as to secure their solvemay,been criticized. Supposedly, it induces
people to get farther from the city center in skaof cheaper housing prices, but with
subsequent increased transportation costs thaofter disregarded during the house search
process. To address this issue, several reseattingsadvocated to set a constraint on the share
of both housing and transportation expenditure.

The present paper analyzes and compares the effeitts two policies on the main features
of the city and on the households’ utility. The lgses is carried out within the classic
monocentric model of urban economics. After a galinanalysis, an applied model is specified
to capture the effects of each policy in straigivtiard formulae.

| find that constraining housing expenses may m®eethe well-being of households.
Additionally, both policies prove to be effective ieducing urban sprawl and thereby energy
consumption. Thus the choice of the optimal polieyi depend on the local authorities’
objectives.

Keywords: monocentric model, urban economics, housing esggntransportation expenses,
housing policy, location efficient mortgage
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INTRODUCTION

During the 2008 surge in oil prices, notable consaose about the “solvency” of households,
which | define here as their ability to meet akithexpense's This was especially the case in

tight housing markets, where households have te fagnificant housing expenditures. And

although the subsequent drop has somehow relidzetiduseholds’ budgets, concerns remain
over the long-term situation since oil prices amerenthan likely to be on the rise again. Under
such circumstances, the relevance of capping hgusipenditures at a given fraction of the

household income, measure which had already be@&stigned, has become even more
controversidl. Such practice is common in several countriesriteoto preserve the household

solvency. In France it is enforced in two ways:

« Monthly payments for home loans are capped at loing of the household income (28%
in the U.S. according to Duca and Rosenthal, 1994).

«  When applying to rent a home, candidates must aardeast around three times the
required re

While this policy does seem to secure the solvaridpe households, it may spur them to settle
far from the center of the agglomeration in seaftimoderate housing prices. Such is the case in
the Greater Paris Region, whose central part dasgeriacks affordable housing supply. This
induces new homeowners to settle farther and faithéhe suburbs, thereby contributing to
urban sprawl (Polacchini and Orfeuil, 1999). Funthere, because suburban households usually
make the most extensive use of the car, we willtsatthey expose themselves to significant
transport costs, which combined to the housing éurgopardize the household budget. To
prevent these undesirable collateral effects, sévesearchers (Hare, 1995, or Polacchini and
Orfeuil, 1999) have advocated the equivalent ofomtj budget constraint (housing plus
transportation) for homebuyers instead of the curnpeactices. Their aim is twofold:

« To increase public awareness of the extent of p@ngtion costs implied by suburban
and exurban lifestyles.

« Making near transit locations more affordable byréasing the size of the home loan for
households willing to locate in such areas (basefliture savings on transportation).

This idea was implemented in the U.S. under theenafif’Location Efficient Mortgagé” but
only in a limited number of housing markets.

Although there is abundant economic literatureessing land-use regulatory policies
(e.g. Bertaud and Brueckner, 2005, or Bruecknef6p0this is not the case for the specific

! This definition therefore encapsulates the usualonotf solvency as the ability of households to méaeirt
financial obligations on time, and in particular ngages.

2 For the reminder of the text, | will equally use tierms “burden” or “expense ratio” to refer to thecfion of the
household income dedicated to a budget item, e.gsif@wr transportation. The housing expense ratalss
sometimes referred to as the front ratio.

® The ratio of one to three corresponds to a widesppeactice in the Greater Paris Region, though fawers may
even require up to four times the rent. In the renwind France, income requirements may be less strict.

* Seewww.locationefficiency.confor more on the LEM initiative, which notably steminieom the work achieved
by Haas et alii (2006).
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policies | have mentioned. | propose to remedy glais by analyzing first the policy limiting the
housing expense ratio (which | call the Constraifkaising Expense (CHE) policy), then the
one capping the total share of transportation amdsing expenses (the Constrained
Housing+Transportation expenses (CH+T) policy). @halysis is carried out within the classic
framework of urban economics, the monocentric motleé impacts of each policy on the main
features of the city are brought to light and tisempared; in particular | examine the issue of
the well-being of the households, the city size #r&drelated transport costs, and rent prices. As
will be seen, both policies reduce urban sprawt (drus could contribute to reduced energy
consumption) while maintaining or even increasimg well-being of households.

| shall present this work as follows: the firstcen being the present introduction,
section two describes the context and the scopleea$tudy. Sections three and four respectively
analyze at great length the CHE and CH+T polickestion Five offers by way of conclusion a
comparative analysis of the two measures, andypmicommendations.

CONTEXT AND SCOPE OF THE STUDY

As mentioned in the introduction, no economic wdrks specifically tackled the issue of
assessing the CHE and CH+T policies. Still threansis of works bring useful insights into the
topic of this study. Along the presentation of fhet strand, | start with providing indirect yet
conclusive evidence for the significant influenceeed by the CHE policy. This is mainly
achieved by examining housing and transportatiodns. It will also be shown that CHE and
CH+T policies more specifically target lower-incorheuseholds. Next, a survey of existing
works on CHE and CH+T policies is carried out. Hind present the framework of analysis,
namely the monocentric model, and specify the sobpiee study.

On housing and transportation burdens

A first set of empirical works gives a grasp oé size of the issue at stake, by focusing
on the households’ housing and transportation m#&das a matter of fact, three questions are
preliminary to the present study:

1. Does the CHE policy concern a significant numbenaiseholds?
2. Is the impact on housing choices substantial?
3. Do spatial variations of transport costs reallynfolarge in front of the housing burden?

By providing estimates of the housing and transgimm burdens, Polacchini and Orfeuil (1999),
Berri (2007) and Coulombel, Deschamps and Leur2@07%) bring first pieces of answer to
question 1 and 3 for the Greater Paris Region (GPRBR3pite differences in methodology or in
the year of interest, all works draw similar corsotuns regarding the housing and transportation
expense ratios:

« The housing expense ratio is fairly stable overcepand is close to the maximum
allowed by the CHE policy. Polacchini and OrfeuiP99) find for the year 1991 an average
front ratio of 32% for homebuyers and 26% for tdeaof the private market. Coulombel,
Deschamps and Leurent (2007) respectively find 28% 39% for year 2001. Berri (2007)
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provides the lowest housing burdens, with 28% famébuyers and 22% for tenants of the free
sector in 1994.

+ On the other hand, the transportation burden méykedreases with distance to the
Central Business District (CBD), as a result of@ager car modal share in the suburbs as well as
households making longer trips. Coulombel, Desclsaapd Leurent (2007) have found that
expense ratios range from 7% for inner Paris to &i%he most remote parts of the GPR.

Given these two facts, all works bring to lightiaareasing spatial trend for the overall housing
plus transportation burden.

Interestingly Haas et alii (2006) reach similamcosions for the U.S. despite the
notorious differences with Europe regarding generban structure. Analyzing 28 metropolitan
areas, they find the housing burden to be signifigaless sensitive to location than the
transportation burden, which strongly increases$ wistance to the nearest employment center.
By example, the average housing burden of houssiwaith yearly income between 35,000 and
50,000% fluctuates between 23 and 26% dependirtheotocation within the metropolitan area,
against 16 to 26% for transportation.

Assessing the scope and significance of the CHE oyl

Above findings naturally lead to the following &ments:

« The relative constancy of the housing expense ratier space (within a given
metropolitan area), combined to its closeness aatlieoretical upper bound, is most likely the
effect of the CHE policy.

« Given this constancy, the increasing trend of thendportation share jeopardizes
suburban and exurban households, who face a heawy jousing & transportation burden
(sometimes exceeding half their income).

Although the former statement might not come oubvlagous at first, two elements corroborate
it. First, housing burdens display volatility acsdsouseholds: thus an average housing burden
close to the theoretical upper bound probably comis a sizable number of constrained
households. Secondly, exhibiting a front ratio lowean the upper bound does not automatically
imply that the household was not constrained by @iE policy at the time of its present
housing choic® In other words, the number of households concermg the CHE policy
probably surpasses the number of households witlsihg burdens at or above the theoretical
upper bounf

To be thorough, one has to mitigate the firstestent by underlining the key role of
income in the previous analyses. As a matter of, fat works accounting for income (e.qg.

® Indeed, income usually rises along the householdyiife, be it through inflation or job promotions. &n
nominal mortgage payments are held constant oves, tie housing burden decreases. Furthermore, wigen th
household has successfully reimbursed its mortgagépitsing burden also drops. Because rent variations are
regulated, similar phenomena often occur in the rentaket. Therefore, one household usually sees itsrgus
burden progressively decline until its next residentialve. To mitigate this point, let us note that tleiding
burden may increase in case of an adverse everteofolb market (e.g. unemployment spell), or if hogsin
expenses increase due to specific conditions (renégatiat the lease, flexible interest rate mortgagelpcts...).

® Because the CHE policy is not enforced in a dynamidn a static fashion (i.e. the capping is origaked once
at the time of housing choice), households may beasing burdens greater than the fixed bound.

A Monocentric Analysis of Housing Budget Restrictions 2008, Working Paper
Including and Without Transportation



N. Coulombel 6/34

Coulombel, Deschamps and Leurent, 2007 or Haadiiet2806) put forward the marked
decrease of both the housing and transportatioaresepratios with incomeSince households in
the lower income bracket are more likely to fackeavy H+T burden than those in the upper
one, they are also more prone to be effectivelysttamed by CHE and CH+T policies.

Additional figures provided by Gobillon and Le B&a(2008) prove helpful in reaching
conclusions on the scope and significance of th& @blicy,. Studying the effects of borrowing
constraints, they estimate thanks to an econometoicedure that 53% of private sector tenants
would be constrained were they to opt for homeosimigt. The share of potentially constrained
households is logically lower for homeowners (hooysrs and outright owners confounded)
but still amounts to 20% of this category. Puttialj the previous elements together, the
significance of the CHE policy is clearly estabéghn the case of new home buyers. Regarding
tenancy, although previous studies have emphasigmificant housing burdens that are likely
to come along with a substantial fraction of coaisted households, a more precise assessment
of the phenomenon has yet to be made.

Coming back to the second above statement, tl@syay similarly seem peculiar at first.
A sound economic reasoning would raise the fact tlagional households with rational
expectations freely and adequately choose theisihguand transportation bundle. The high
overall housing plus transportation burden endimgduburban households would be the result
of an optimizing behavior and not a danger, evehig burden were to represent more than half
the household income. Yet three arguments at &edlenge this line of thinking:

. The housing market might not be perfectly compatitin the presence of sticky prices
households already settled in the city center (thsiders”) might stay to benefit from low
transportation costs, pushing new households (thdsiders”) towards the suburbs and the
exurbs. These locations would enjoy housing pnebgh would be lower indeed, but still not
compensating for the incurred surplus of transpiortecosts. In such a framework, stickiness of
prices would slow the adjustment of housing priceshe central part of the agglomeration
resulting from the strong associated demand, maksiders better-off than outsiders.

+ Households might not be perfectly informed of tgorgation costs. In the case of car-
owners, the coexistence of fixed and variable ¢cdbtsissue of maintenance, the cost of credit
(when applicable), and the possibility of sellitng tcar to get a new one, are all elements that
hide the true cost of car ownersHiBesides, many households do not include fixetsdasthe
equation. They take the fact that they need one,dmthree cars for granted, and thus compare

" Yet accounting for income leaves the spatial pagtefrihe housing and transportation expense ratidseues.

8 To be more precise, the econometric model develbpetie authors can estimate the number of housetdids
given their current wealth and income would facedweing constraints. This is achieved by predicting dalue
of the dwelling the household would be willing torghase if it were to opt for homeownership now. Tive
main types of borrowing constraints are consideregliritbome-based one, which is at the core of our stuty,
the upfront payment constraint. The income consdtranfound to prevail in most cases, corroborating the
significance of the CHE policy.

° While not established here, the contents of numeroustries’ rent regulations strongly supports the assompt
of sticky prices in the housing market.

9 Based on informal interviews, many car owners havelue of the order of magnitude of car-relate@di costs
expressed in a yearly or in a per km basis.
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the cost of transit to the variable cost of priviaasportation while they could save on one less
car. Lastly, the volatility of fuel prices might lo@sunderstood or poorly taken into account.

« A last argument relying on moral hazard claims thaiseholds might not sufficiently
consider the issue of bankruptcy (from a socialfavel optimizing point of view) because of
laws and public policies protecting financially tdessed households.

Overview of the existing literature on CHE and CH+Tpolicies

While there is little work about the regulation fwfusing expenses on the rental madrkehe
effects of borrowing constraints on the demancdhfausing have largely been documented by the
economic literature. These works, described attdesgth in the survey carried out by Gobillon
(2008), focus on the household decision to move @mdhe subsequent choice of tenure.
Typically, households are assumed to choose th&desnd the quantity of housing stock (or
housing service in the case of tenancy) that madntieir utility. Moving and/or transaction
costs are usually introduced to induce punctual rastdcontinuous housing adjustments (which
occur under the form of a residential mtfyebased on a [s,S] rule. When a move occurs,
household chooses its type of tenure accordingeaadlative current and future prices of renting
and owning and then opts for its quantity of hogsiconsumption. Because borrowing
constraints may prevent households from choosieg thptimal value of housing stock, they
have the double impact of making tenancy more @ite@ and hindering residential mobility.
The latter effect would even prevail according twrZ(1989) or Gobillon and Le Blanc (2008).

This strand of literature has shed significantiign the behavior of the household under
borrowing constraints. It has also collected enoegldence to answer positively to above
question 22 Yet it displays two major shortcomings. Most wodd not consider the housing
supply side, and thus equilibrium mechanisms: mig@adar the impacts of borrowing constraints
on housing prices are usually beyond scope. Thessoom of space is another significant
weakness of most works on this topic, as well atheffew works which specifically deal with
the issue of location efficient mortgadesSince housing prices vary within the metropolitan
area, borrowing constraints are likely to alter $eholds’ location choices. According to Hare
(1995), what he calls “clunker mortgages” are esemtral in accounting for urban sprawl.

Theoretical framework

Fully understanding the effects of CHE and CH+Tigie$ implies considering the role of space
as well as equilibrium mechanisms. This is whetleiral strand of the economic literature, which
focuses on the analysis of land-use regulatorycigslj proves useful. Various forms of
regulation including restrictions on city size, ®te or density (or alternatively building-height
with the introduction of maximal or minimal Floorrda Ratios) have been largely addressed
based on the use of the classic framework of udzamomics, namely the urban monocentric

™It is important to note that the regulation of bimg expenses, which operates at the household léffetsdrom
rent control, which is enforced at the dwellingdewith rental price ceilings.

2The possibility of home improvements as a form of stadjustment is seldom considered in this strand of
literature.

3 Once again | refer the reader to Gobillon (20@8)cbnclusive evidence on this issue.
14 E.g. Blackman and Krupnick (2001)
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modef®. The ability of this model to represent both tleena@nd and supply side of the housing
market, and this within a spatial framework, makemn adequate tool for the analysis of such
policies. Recent contributions of Bertaud and Bkmec (2005) and Brueckner (2006) afford a
good overview of this significant body of the urbasonomic literature.

Because the monocentric model has been shown tpatieularly suitable to study
housing or land use policies in a spatial equilibrisetting, | have chosen it for the present
analysis and | will now outline its main charactéos. In the version of the model that | am
going to use, households with incoMenaximize their utilityU(zs) through a tradeoff between
two goods under a budget constraint. The two g@wedand ¢ representing land consumption
or lot size) and a composite good denotedzlstanding for all other goods. This economic
behavior is represented by the following maximizagproblem:

'\4‘;")} U(z,s) st. R(r)s+z+T(r)=Y
While R(r) stands for the relative land remtis the numéraire good, afigr) represents transport
costs. The variable represents location: since locating farther fréwe ¢entral business district
(CBD) implies higher transport costs, householgscilly trade-off between accessibility and
housing prices when choosing their location. Tleeeese of this model lies in the endogeneity of
housing prices, which vary according to the lawsopply and demand. At equilibrium, prices
reflect the “spatial advantage” of a given location

Scope of the study

The choice of this specific version of the monddermodel holds several assumptions,
which | am now going to discuss. This will als@gde me with the opportunity to specify the
scope of the present study.

Transportation network

Several assumptions are made about the transporgtstem:

(H1) The transportation network is assumed to lmermiodal” and dense.
(H2) Transportation costs solely include monetarsts.

(H3) These costs are isotropic and determined loylpcation.

(H4) They increase with distance.

Among the four assumptions (H2) is the most nattoaltwo reasons: firstly, only monetary
costs are considered in the CHE and CH+T consstagcondly, even if travel-time costs were
to be included, Coulombel, Deschamps and Leure@07R have established for the Paris
Metropolitan Area that neither location nor houddhncome have a significant impact on travel
time budget¥. (H4) is a usual assumption in a monocentric fraot&; it was verified for the
Greater Paris Region by Coulombel, Deschamps ancehe (2007).

15 See Fujita (1989) for a very thorough analysithisf model.
18 Yet even constant travel-time costs would obvionsater in case of distributed value of times (VOT).
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Now let us consider (H1) and (H3). While transption costs slightly increase with
income, this feature is neglected for the sakeimipkcity. Besides this point, the strongest
assumption is to my view that of “unimodality”. i& important to note that this so-called
“unimodality” hypothesis does not necessarily imphe single mode throughout the whole city
(within the present stylized model). It rather esponds to the fact that one location stands for
one given amount of transportation costs. Suchsaosly correspond to either transit costs in the
central part or car costs in the suburbs withofdctihg the validity of the model. Nevertheless,
households may not choose between different mddegi@en location. Thus, the “unimodality”
assumption could be reformulated as the fact treadtiges of mobility are wholly determined by
location. This is not far from being true, espdgiah the Greater Paris Region: walking and
transit prevail in the dense and usually congeateds, while the car often represents the only
sensible option for households living in the sulsurBecent findings by Haas et alii (2006)
corroborate this assumption: they establish thahsportation costs are more driven by
neighborhood characteristics than by household typecome.

[Under development...]

CAPPING THE HOUSING EXPENSE RATIO

This section analyzes the impact of the CHE padlicterms of:

+ Household utility
« Land use: city size, density
« Composition of the household budget

To do so, | first present the constrained houskpeases (CHE) model and solve the household
maximization problem. Then | characterize the ealguim city and proceed to comparative
statics in the general case. Lastly, | study tffilerdint impacts of the CHE policy in the case of a
linear city.

The Constrained Housing Expense (CHE) model
Let us consider the general case of the monocamwiel wherdJ(z,9 andT(r) are assumed to
comply with only the classic hypotheses :

- The utility functionU(z,9 is concave, strictly increasing wittands, and well-behaved
« Transportation costB(r) increase with distanageto the CBD.

" See definition provided in Fujita (1989) p.99
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Presentation of the CHE model

The CHE policy consists in capping expenditures given fraction of the household income. In
order to study the effects of this policy, | amehd monocentric model with the corresponding
constraint:

R(r)s<aY ED

wherea[0,1]." The lowera is, the harsher the constraint is for househdld® special cases
arise:

+ a=1yields the original unconstrained model.
+ =0 leads to a null housing expense (this specs# vall be discussed later).

Given the budget constraint of the househokll) (is equivalent to the following constraint,
which will prove easier to handle:

zz2Q-a)Y-T(r) €2
Consequently, the household maximization problecobes:
{z+ R(r)s+T(r)=Y

maxU (z,s) st.
z=(1-a)Y-T(r)

Z,S,r

€3

Notation

| use the following notations throughout this seti

« A ~ superscript refers to the CHE model as oppasdte unconstrained one (for which
no symbol is used).

« The parametex may be included as an argument for the purposermparative statics.

+ Yzu) andZ(s,u) are the inverse functions Bf{zs) relatively to eithesor z

«  TI'maxiS the farthest feasible location(r,y) =Y .

| also define two specific subsets[of:

e Ea(u,a)={r/z(r,u)< @-a)Y-T(r)} is the strictly binding zone, defined as the det o
locationsr where the Lagrange multiplier associated&g) (s strictly positive.
. E (ua)=E,(u,a) is the nonbinding zor& andE, (u,a) its open subset.

wherez(r,u) is the solution of the bid-max program for theamstrained model (see below).

The bid-max program

Bid rent function of the household Bid rent functions are defined as usual:

8 The monocentric is a single time period equilibriumodel: savings and borrowings are not taken into
consideration, and>1 is consequently irrelevant.

9 Thus the complementary Bf(u,«), which is also the zone where the constraint istivec
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P(r,u) = max{m U(zs)=u } (CHE mode)
z,s S z=z2[1-a)Y-T(r)
W(r,u)= max{&sr)_ﬂu (z,9) = u} (unconstrained modgl

Let us note the argmax of the maximization progian,u),s(r,u)) in the unconstrained case,
and (Z(r,u),3(r,u)) in the constrained one. Figure 1 brings an erdiging insight into the
economic interpretation of the solutions:

FIGURE 1: GRAPHIC SOLVING OF THE BID -MAX PROGRAM

Y-T(r)

(1-a)¥-T() |- = “'_\\s ________________________

S(ru)  slnu)
Source: Author

The household starts with considering all consuomptiptions providing it with its target utility.
This comes back to restricting its choices to swuiility curveU(zs)=u. Now the household
wishes to maximize its bidding power (i.e. its wigness to pay for a unit of land) while
considering its remaining budget after accounting transportation costs subsequent to its
location choice (i.eY-T(r)). This bid-rent ¥-T(r)-2)/s is the slope of the “budget lin&"passing

by the two points (&,-T(r)) and §,2).

In the unconstrained case, maximization of therbit leads to the tangent budget line
and the solutior?(r,u)= (Y-T(r)-z(r,u))/s(r,u).

In the constrained case, the set of feasible ekois restricted to the quarter-plane
z>(1-a)Y-T(r) and s>0, that is to say the area above the dashed heaizdine. If

20 |et's recall that the bid rent program consists irking for the maximal land rent that a household atard
given a target utilityu and its incomeY-T(r). Therefore the “price” is the output of this pragracontrary to the
classic economy framework where the price is set, misievhy we use this precaution.
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2(r,u) < (1-a)Y -T(r) then the unconstrained solution violates the cairgt(which is the case
in Figure 1). Constrained maximization within th#&ersection of the quarter-plane and the
isoutility curve provides the sub-optimal budgeieliandb(r,u) < W(r,u). It is also clear that in
such a casé&(r,u) > z(r,u), and therebys(r,u) < s(r,u).

Properties of the bid-max variables Let us recall the main properties sff,u), z(r,u), and
Y(r,u):

+ g(r,u) increases witlh andu
+ Y(r,u) decreases withandu
« Z(r,u) decreases with (no specific result regarding the variatiorujn

Considering thatTJ(r,u) is obtained by adding (E2) to the unconstrainegimization program,
we have the following property:

PROPERTY1
Z(r,u) = ma{z(r,u), - a)Y -T(r)]
S(r,u) = min[s(r,u), S(@- @)Y = T(r),u)] E4)

LTJ(r,u) = min[LP(r,u),aY/§(r,u)]

While its rigorous proof is put back in the appengiroperty 1 may be seen as a shortened and
mathematical formulation of the above analysisigfiFe 1.
A direct implication of this property is that(r,u), zZ(r,u) = z(r,u), s(r,u) < s(r,u) and

LTJ(r,u) < Y(r,u). In plain words, capping housing expenditures cedt

+ the lot size which is bid for.

+ the ability to pay for a unit of land.
FurthermoreE4) ensures that:

« S(r,u,a) increases with, u ande

. lTJ(r,u,cr) decreases with u and increases witf

. Z(r,u,q) decreases withanda
Conservation of the properties with respectrtand u will be central in demonstrating the
existence and uniqueness of the equilibrium larel &egarding the role af, relieving the

constraint increases the maximum level of housixgeerditures, which allows households to
purchase bigger lots, increase their bid rent,raddce their consumption of thgood.

2L This is for a given utility level. Because the CHEhstraint alters the equilibrium utility of the citye will see
that implementing the CHE constraint may lead tgdatots than in the unconstrained city at equilitori
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Additional results relating to the spatial vawatiof LT’(r,u) and the characterization of

the binding zoneEa(u,z) were found. They are given in the appendix fomare complete
analysis of the CHE model in the general case.

The case of single household type

| investigate in this subsection the standard fraork of a closed city with absentee landlords
and inhabited by households of a given single typ# incomeY and utility functionU(z,s)
After demonstrating the existence and uniquenesghefequilibrium in the CHE model, |
perform comparative statics in order to compareQhkE equilibrium to the original equilibrium.

As is usual, | note all the number of households and | assume positive sapply
L(r)>0 at allr>0.

Existence and uniqueness of the CHE equilibrium

Demonstrating the existence and uniqueness ofghiéileium in the CHE model is equivalent
to proving that there exists a single couiler;) that complies with the following system

(following Fuijita (1989)):
W(T;,0) = Ry
rs
I fﬂdr =N €9
0 s(r,u)
The first equality is the boundary condition thatetmines the edge of the city: atr; bid rent

equates the opportunity cost of lariRh. The second equality corresponds to the population
constraint: integration of the density function hiit the city givesN, the total number of
households. Note that densityr) is given by the available land supply divided thye land
consumption per household, i®(r)=L(r)+5(r,d)

PropPosITION1
The CHE monocentric model with single householatgdmits a unique equilibrium.
PrROOF OF PROPOSITION

Similarly to Fujita (1989), we consider the out@uhdary functiong(u )characterized by
b L(r)
Io s(r,u)
exhibits the same required featuress@gl), that is to says(r,u) is decreasing im, tends
toward +o when U - +o and tends toward O whebl — —oo, we could proceed
similarly to Fujita and show thzﬁ(u) is well-defined on an intervalsa[, where possibly
a=+o. Besides)p (u) strictly increases witlr and ranges from 0 toerwhenu ranges from
o toa.

dr=N. 5(u) determines the city size for a given target wtilit Since s(r,u)
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Then we consideRggyng(X) = P(x,U(x)) whereU (x) =b (x) for XO[0,mal. Reound(X)
is the land rent at the edgeof a city, the utility of which has been choserasao procure
the required siz&. Sinceb(u )increases strictly withy, U (x) also increases strictly with

implying that ﬁBound(x) is strictly decreasing ir (remember that»TJ(r,u) is decreasing in
bothr andu). Since ﬁBound(rmaX) =0 and ﬁBound(X) - +0o,the equatiorﬁBound(x) =Rp
Xx-0

admits one and only one solutiofy . Eventually, by takingi =U(Ff ), itis trivial to check
that (u,r; ) satisfies systenEg).

Comparative statics in the general case

| determine here the influence of the constraint par@medn the equilibrium city.

City Size Quite intuitively, the CHE policy reduces the city size:
PROPOSITIONZ

For any setN,Y,R,) the sizer; (a) of the CHE city increases with
PROOF OF PROPOSITIOR

Let us first show that the constrained boundaryt @nve E{Bound(x, a;) is below the

second one, i.eRgoyng(X 1)< Reound(X. @)

As 0(r,u), s(r,u,a;)<5(r,u,a,) thenﬁ%drzg‘ g(rLl(Jr)a )dr.
U, Uq u,d-,

Since J.B(u'al)—,, L(r) drzj.a(um)—,, L(r)
0 s(r,u,a) 0 s(r,u,a,)

which in turn implies that the inverse functions an reversed order, that is to say

U(x,aq)2U(xa,).

Using the inequalityI(r,u), lTJ(r,u,crl) < LTJ(r,u,az), we have:

Px,U(xa1),a7) < P U(xa,),01) < P(xU (x a, ). a5)

= RBound(X' 0’1) s RBound(X' 0’2)
which is the claimed property. Considering this,mdestration of proposition 2 is
straightforward sinceRgy,nq(f1 (@1),@1) = Reound(T7 (02),02) = Ry

dr =N, this implies b(u,a,)<b(u,a,),

Becausex=1 yields the original model, proposition 2 unvehat the CHE city is smaller than
the original one.

Equilibrium utility ~ The constraint bearing on housing expenses exltwo effects that alter
the equilibrium utility level:
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+ Being constrained in their choices, householdseaxeha lower utility at a given location
and land rent price

« But capping housing expenses has a depressing efidud prices, hence on land rents,
which tends to increase the utility of the housdhd@ivhich may be seen as an income effect).

Depending on the relative magnitude of these twectd, the resulting utility level of the HE
city is higher or lower than that of the originayc We will see in the application to come that
both cases are possible: setting a moderate cond@ads to a higher utility level at equilibrium
(u(a) = Ugq), but u(a) < Ugq arises when the constraint puts an excessive bucte the

households.
Despite this difficulty, the following propositiazasts some light on this issue:

PROPOSITION3
For any couple;<a,, if the household located at the edge ofdheity spends less thanY
on housing (.67 (a,) JEA(U(a,),a1)), then the equilibrium utilityli(a;) of thea, city
is superior to the equilibrium utilityi(a,) of thea city.

PROOF
For a household located Bt(a, ), we have the following relations:
-W(F (), U(az).a1) = P(Ts (@2),0(a2),a2) from T (@) DEA(U(a2) )
- lTJ('r} (al),G(al),al)= Ra = ‘TJ(Ff (az),G(az),az) (boundary conditions)
- lTJ('r”f (az),U(al),al)s \TJ(Ff (al),ﬁ(al),al) due tor; (ay) <T¢ (a,) (proposition 2)
By combining these relations, we haGé(’r'f (az),U(al),al)s lTJ('r"f (az),U(az),al), which
implies u(ay) =2 u(a») .

Proposition 3 gives specific conditions under whtble equilibrium utility of the CHE city
decreases with. When setting,=1, it gives a sufficient but not necessary craerior the CHE
city to display a higher equilibrium utility thahd unconstrained city (with equilibrium utility

Ueg)-

Housing expenses

Determining the influence af on housing expenses proves not trivial, becagbeetning the HE
constraint may result in a lower utility level, whiin turn may increase the housing expenses of
unconstrained househofds Nonetheless, when the equilibrium utility risétsjs possible to

22 While we do mention this possibility, it would beryeare and would involve atypical utility functisnAs a
matter of fact, we can show thanks to proposition Bppendix that as long as the binding zone is alwagsla
(centered on the CBD) whatever the target utiliyg amount of housing expenses increases avifhhis is the
case for the family of log-linear utility functionsrfinstance. There is also strong support (but nimiteeforoof at
this stage) for the fact that the total differenté&k would also increase withunder the previous conditions.
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show that tightening the constraint always dimiastthe total land rent distributed to the
landlords. This also holds when the constraintrisling for the whole cit§?.

Application to a linear city

Considering the limitations of the general cas®w provide a special case consisting in a linear
city L(r)=1, with linear transport costg(r)=ar, and that is inhabited b households with
incomeY and a log-linear utility functiotJ (z,s) =1/2logz+1/2logs.

The aim of this specification choice is twofold:

« It allows for the analytical derivation of the elijuiium land use while maintaining
several flexible parameters;,(a for transportation costs, etc.). This in turn a#ofor an
illustration of my previous results and a deepeatysis of the CHE.

« It also aims at developing a reference frameworkafdurther comparison of the CHE
and CHT policies, which would not be feasible ia general case.

Consequently, this subsection is divided into tvaotg first a derivation of the equilibrium city,
then the performance of comparative statics.

| did not choose a disk-shaped city (ilgr)=2ar) since calculations prove more complex,
especially for deriving analytical results.

Derivation of the equilibrium city

After establishing the binding zone, | derive tlitedent variables of interest, that is to say bid-
max variables, utility level and city size. Theyllvbie used in the next subsection to analyze the
equilibrium outcomes.

Determination of the binding zone

The log-linear form of the utility function provgsrticularly convenient to handle thanks to its
property of allocating fixed fractions of the disable income for each expense téntere
z(r,u) =1/2(Y —ar), and the housing expenditure constraint is syrigithding when:

- 2a)Y c6

I <rping (@) =

Thus:

« if a=1/2 the HE constraint is never binding. The CHE modeéquivalent to the
unconstrained model.

23| refer the reader to the Appendix for a demortistneof these results.
?*For reminder, in the case of a log-linear utility étion U(z,s) = Blogz + (1- B)logs, the household allocates a

fraction g of its disposable incom¥é-T(r) to the composite googl and the remaining fractiob-$ to the housing
good.
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« if a<1/2, only households located closer thanqs(«) are effectively submitted to the
HE constraint.

These two cases are illustrated in Figure 2, whdepicts the variable(r,u) and the HE
constraint for two values @f, one below 1/2 and one above:

FIGURE 2 : ILLUSTRATION OF THE BINDING ZONE

4 Z
1 a>1/2 4 a<l/2

Z=1/2(Y-a.r)

Binding
zone

v

r bind r
Source: Author

Based on its preferences specified by our lineadehhdhe household chooses to spend half its
disposable incomé&'-T(r) on housing expenses. Therefore wherl/2 the constraint line is
always below the(r,u) line as is illustrated on Figure 2, meaning ttie constraint is never
violated. On the other hand, dk1/2, the constraint is binding for locations clasethe CBD.
Because the constraint bears on total income ahdmdisposable income, it becomes less and
less binding as transport costs grow until locatign(«) is reached, where the constraint is not
binding anymore.

Characterization of the equilibrium  Resolution of the bid-max program brings abdw t
following formulae:

Z(r,uy=@L-a)Y —ar Z(r,u)=(Y —ar)/2
I < ying (@) {3(r,u)=e® /Z(r,u) [ 2 ying (@) {3(r,u)=e® /Z(r,u) (S5
P(r,u)=e Xav{@-a)Y -ar} Y(r,u)=e (Y -ar)? /4

Figure 3 illustrates these solutions for the follagvsettings (which will constitute the reference
model): N=10, Y=80, a=8 andRa=20. In addition to that | choose=0.20 andu=21.21 (which
corresponds to the equilibrium utility of the CHEodel for the chosen settings). For these
settings max=10 andrping=6.
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FIGURE 3A : LOT SIZE AND Z GOOD CONSUMPTION IN THE UNCONSTRAIN ED (U) AND CHE MODELS
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FIGURE 3B : BID RENT FUNCTIONS
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As previously observed, for a given utility the ld&nstraint reduces both the lot size and the bid
rent inside the binding zone, and increases thswuaption of the composite good. Outside the
binding zone, we find the same solutions for theEGifhd unconstrained models.

We are now ready to characterize the equilibriums.
ProOPOSITION4
In the applied case, the equilibrium is characeetias follows:

asag aD[aCr ,1/2] a=1/2

2,2 2 21 _ 2 2
eZG a'\z( \/a2N2+(1_aj Ri—aN Y (1 2a +2a ) 7\(
RZ a 2(aN +R,) 4(aN +Rp)

Y aN) (1-a)? an||| v R Y- | _Ra
rf —|1-al1+. | — | +|—= - —1- A (2—4a'+4a'2) a aN+RA

-1
wherea, [1 /1@}
RA

Calculations are based on the distinction of 3sase

+ >1/2 yields the unconstrained model
« If a[ac,1/2], the edge of the city is beyonghq(«)
+ If a<ae, the HE constraint is active for the whole city

Comparative statics for the applied model

After computing the different equilibriums, we caroceed to a more precise analysis of the role
of a.

Utility level In the applied model, while an appropriate ce@ta increases the households’
utility compared to the unconstrained city, setttg too low a value usually decreases it.

PROPERTYZ2
For any given set of parametei$ Y,Ra>0,a), the equilibrium utilityu(a )of the CHE city
strictly decreases ona{,1/2] with U (@1/2) = Ueq- It is maximal for ama<ae, With

U(@max) > Ueq- Furthermore, u(a) o

If Ra=0, U(a) strictly decreases on ]0,1/2] and therefore isimakwhena tends toward O.
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Demonstration (proof omitted) is carried out byngsproposition 4.

Figure 4 depicts the variations e];za(a) for the reference model (correspondindNtdl O, Y=80,
a=8 andRa=20); for these settingg,=0.25.

FIGURE 4 : UTILITY LEVEL AND SIZE OF THE CHE CITY
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One can check that 0.17&ms<ac =0.25, which corroborates property 2.

Property 2 confirms proposition 3: whenever thg @inge is beyond the binding zone
(i.e. 7, (a)=r,,,(a) which is equivalent te=ac ), the CHE city displays a higher utility level

than the unconstrained city. On the other handhef city is entirely constrained, reducing
proves worthwhile at first but quickly utility dwithes.

In fact, when the outside competition for lande(thgricultural sector) is mild, the
constraints put on households’ choices are mone ¢tbanpensated for by the drop in prices that
results from less fierce competition for land withihe binding zone. This increases the utility of
all households. Conversely, if the competitivenafsthe households is too weak relative to the
agricultural sector, the reduction of the city sSgexacerbated and leads to declining utility.

City Size and Density Unlike the utility level, tightening the housitgidget constraint always
reduces city sizésee proposition 2) as shown on Figure 2. Whes decreased from 0.5 to O,
city size shrinks, and this phenomenon is acceatiahena<omax i.€. Wwhen the HE constraint
becomes too significant relatively to the needdmpete with the agricultural sector for land.
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Reduction of the city size is achieved in diffdresays according to the value @f

+ When the utility level increases, owing to highensities near the CBD that overweigh
lower densities in the suburban area
« When the utility level decreases, density uniformes throughout the city

Figure 5 illustrates the equilibrium densities fioe original city, and two CHE cities with=0.3
anda=0.15:

FIGURE 5 : INFLUENCE OF Ol ON DENSITY IN THE REFERENCE MODEL
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Whena is chosen withindmax1/2], one observes as predicted higher densigas the CBD, but

lower densities in the suburbs. Wheris chosen within [@ma, density rises throughout the
whole town.

Average composition of household budgetsSince the HE policy was designed to cap housing
expenses so as to ensure the solvency of the hadselone key issue is the average
composition of the household budget at equilibrland use (proof omitted):

PrROPERTY3

For any given set,Y,Ra,a), the average expenditures for both housing aemksportation
are rising withe, inducing a declining consumption of thgood

Figure 6 exemplifies Property 3 for the referenamdel. For high values af (between 0.4 and
0.5), decreasing only slightly reduces the housing and transpamabudget shares, because a
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limited number of households is affected by thest@int. If« further decreases (approximately
until ama=0.176), housing expenses decrease more sharplg wailsport costs are moderately
affected. On this interval, decreasindpas a more significant depressing effect on piticas on
lot sizes. Belowimay the constraint weighs more on the householdsicelsoof lot size, resulting
in smaller cities and lower transportation and hogiexpenditures.

FIGURE 6 : INFLUENCE OF (L ON THE AVERAGE COMPOSITION OF THE HOUSEHOLD 'S BUDGET
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Concluding remarks for the CHE model In sum, capping housing expenditures has the
twofold effect of distorting households’ resideht&oices (regarding lot size) and reducing
equilibrium prices of the housing market. At firfte latter effect overweighs the former, leading
to an increase in the utility level while the glbbaucture of the city (size, use of transporta}io
remains relatively unchanged. Nevertheless decrgasiurther eventually drastically reduces
lot sizes, resulting in a drop in both utility léaand city size.

Of course, the increase in utility generated byhad values ofx has a cost: the total
housing expenses distributed to landlords (moreiged/, the adequate notion would be the total
differential land rent presented i8)(but to maintain the simplicity of the argumentefer to
total housing expenses). By enforcing reduced gritee CHE policy proceeds to a form of
redistribution from the landlords to the househo&isiilar to the public ownership case
described in Fujita9), where rents are redistributed to the househdits redistribution is at
the origin of the higher utility than in the unctiagned city with absentee landlords.
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Given the analysis of the Herbert-Stevens mo8@elve know that utility of the closed-
city model is maximized in the case of public ovaigp. No other configuration of the city, and
in particular the CHE city, can outperform this dneutility grounds. Yet, the CHE policy is
widely enforced and accepted, while such is notctie for the public ownership of land. Thus
it is an interesting policy that can improve thdvency of the households and increase their
utility at the same time, though being detrimetddiandlords.

CONSTRAINING THE SHARE OF BOTH HOUSING AND
TRANSPORTATION

Let us now turn our attention to an alternativeiqylconsisting in capping the total share of
housing and transportation expenditures. As pralou examine the impacts of such a policy
on the equilibrium city, in particular the influemof the constraint paramejer

Considering the similarities between the CH+T @itk policies, | first present the main
results, omitting the proofs, and then focus onagyglication to the linear city.

The Constrained Housing+Transportation (CH+T) model

Overview of the CH+T model

The CH+T model is a monocentric model amended thigtfollowing additional constraint:
R(r)s+T(r) s uY E9)

The sum of housing and transportation expenditisesapped to within a fractiop of the
household’s incom¢&. The casqu>1 is consequently tantamount to the classic uncainsd
model.

Enforcement of such a policy yields the same effastthe CHE policy:

+ constraining lot size choices of the householdsufdly it sets ade factoa minimal
density)
+ lowering prices

Yet this time it can be shown that the constraimmoerns above all the households in the
suburban area (starting from the edge of the Cltlgg tighter it becomes, the more households it
affects until covering the whole city.

Equilibrium features in the general case

The CH+T land use equilibrium exists and is uniqli@e only specific property of the
equilibrium in the general case is that city sineréases witht, which is the result of the
minimal density enforcement. The HT constraint iceki the two same economic forces that
influence the equilibrium utility level:
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« By obliging the households to make sub-optimal césj the latter achieve a lower utility
level

« But capping HT expenses generates a “discount’omsing prices, which is beneficial to
the households

Nevertheless, unlike the HE policy, there is noiobs case where one can predict the outcome.
The same goes for housing expenses.

Application to a linear city

In order to compare the CHE and CH+T policies,ugtcome back to the application where:
U(z,s) =1/2logz+1/2logs, T(r)=ar andL(r) =1.

Derivation of the equilibrium city

Determining the binding zone The HT constraint is strictly binding when:

> ting () =22 E10

Hence the following cases:

« If u<1/2 the HT constraint is always binding.
« If p=1/2, households located beyondq(i) are bound by the HT constraint.

Characterization of the equilibrium  Resolution of the bid-max program brings abdw t
following system of equations:

Z(r,u)y=(Y —ar)/2 Z(r,u)=@A1- Y
F < ing (1) 1 8(r,u) =e? / 2(r,u) F2ing () 18(r,u)=e® / %(r,u) E1)
Y(r,uy=e (Y -ar)? /4 Y(r,u)=e 2 L- )Y (LY - ar)

Figure 7 illustratesE11) for the settings of the reference modsE10, Y=80, a=8, Ra=20).
Moreover | choosgu=0.70 andu=16 (corresponding to the equilibrium utility ofettCH+T
reference model for the selected valug)pfwhich yieldsr ma=7 andrping=4.
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FIGURE 7 : BID RENT, LOT SIZES AND Z GOOD CONSUMPTIONS IN THE UNCONSTRA INED (U) AND CH+T MODELS
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As previously stated, far<r,ing the HT constraint is ineffective, leading to tlre solution that
in the original case. Faerping, the constraint becomes active, leading to conhstanes for lot
size andz good consumption.

From E11), we can derive the equilibrium utility and citige of the CH+T city:

PROPOSITIONS
In the applied case, the equilibrium is characeetias follows:
p<1/2 pO[L/2, 1] B2 fhe
2 2
i | HL-uY? Y Y
aN + R, 4aN+R,) 4aN+R,)
~ MY aN Y 1 Ra Y Ra
Fi v L 75 —|1- =
a aN+Ry a|l” 41-p)(@aN+R,)| | a aN + R,
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Ra

where ., :1—1 —
2\ aN+Ry,

Calculations are based on three distinct cases:

s > Yields the unconstrained model.

o If pO[L/2ucr], roind(W)>0, thus households living in the central area af dity are
unconstrained.

o If u<1/2, rping()<0. The HT constraint is active for the whole city.

Comparative statics for the applied model

Utility level Starting fromp=1, while decreasing has no impact at first on the utility level of

the households (compared to the unconstrained @ity)<1/2 it decreases the utility level.
PROPERTY4

For any given set of parametdid,Y,R,a), the equilibrium utility G(x) of the CH+T city
strictly increases witp on [0,1/2] and is constant fpe1/2.

Considering Proposition 5, Property 4 is straightérd. Yet, this property proves enlightening
for it states that, fonJ[1/2,u.], the capped lot sizes perfectly compensate fer‘dscount” on
housing prices given to the householdsp<di/2, the constraint becomes too strong, inducing a
drop in the utility level.

Figure 8 depicts the variations of"(“) for the reference model, whequg=0.776:

FIGURE 8 : UTILITY LEVEL AND SIZE OF THE CH +T CITY
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City Size and Density As previously stated for any given set of paramse(\,Y,R,a), the city
size increases witf1, which is illustrated for the reference model igufe 6. On [1/3)] the
city size is fairly well approximated by a lineamttion, which demonstrates the efficiency of
this policy in reducing the city size (relativety the CHE policy).

Similarly to the CHE policy, the CH+T policy altethe spatial distribution of density,
but this time it sets a minimum density level th#iects either the most remote part of the city
(uO[1/2, per]), or the whole city |(<1/2). This phenomenon is illustrated in Figure 9:

FIGURE 9 : INFLUENCE OF L ON EQUILIBRIUM DENSITY IN THE REFERENCE MODEL

3.5

CHT (=04}

2.5

CHT (=06}

CHT (p=0,7)

Unconstrained

0.5

0 1 2 3 1 5 [
Distance r

Source: Author’s calculations

Average composition of the household budgets Similarly to the HE policy, the HT policy
brings about lower housing and transportation edjteres for the households, as illustrated in
Figure 10 (proof of following property omitted):

PROPERTY5

For any given set,Y,Ra,a), the average expenditures for both housing asmksprortation
increase witht, while the average consumption of the compositelgtecreases with.

When the HT policy becomes active (starting frpg), increasing the constraint results in
decreasing transport costs and housing expensdigellime HE policy, the two items decrease
simultaneously in similar proportions, which resultom capping housing and transportation
expenses instead of only housing expenditures. WHels below 1/2, the decrease steepens.
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FIGURE 10: INFLUENCE OF L ON THE AVERAGE COMPOSITION OF THE HOUSEHOLD 'S BUDGET
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CONCLUSIONS

Let us compare the main results concerning a licggrimplementing either the CHE or the
CH+T policy. | shall present the equilibrium utjlitevel and city size for the reference applied
model with a target solvency level, defined asfthetion of income remaining after paying the
housing and transportation costs (Figure 11).

In both models, increasing the solvency of houkiEhads done by tightening the
corresponding constraint, until reaching the makiswdvency level of 100% for a value of the
constraint parameter equal to zero. Since a cansfrarameter of one yields the unconstrained
model in both cases, each pair of curves stattseeatame point.

Figure 11 reveals that the CHE policy providesr@ater utility for any target level of
solvency, but at the cost of a greater city sizeg&ding land use, while both policies induce
shrinkage of the city, the CHE policy steepensdéesity curve when the utility rises, while the
CH+T policy always flattens the density curve. Murer, the CH+T policy is more efficient in
reducing the city size, and consequently transport@osts and energy consumption.
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FIGURE 11 :UTILITY LEVEL AND SIZE OF THE CHE AND CH +T CITIES ACCORDING TO TARGET SOLVENCY LEVEL
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Consequently, the linear model suggests that wihileCHE policy is beneficial to households on
utility grounds, and does improve their solvencyilevlsimultaneously reducing city size and
transport expenses, the CH+T policy makes a baitdrto struggle against urban sprawl and
transportation costs. Because the model includéisemeseveral externalities such as pollution or
congestion, nor the scarcity of energy, the CH+licganight prove a better choice than the
CHE policy depending on the objectives of the loeakhorities, and this despite utility
considerations. In all cases, both policies candssl to secure a target level of solvency for the
households.

While the model developed in the present paper vedsful in understanding the CHE
and CH+T policies, several improvements are plarinegissess the effects of these policies in
more realistic settings:

» Considering the case of a disk-shaped city, whithcamplicate the calculations.

« Calibrating the utility functions and the paramstagainst existing metropolitan areas.

« Considering the policy impacts in terms of car omghg decision and modal choice,
especially for the CH+T policy.

A Monocentric Analysis of Housing Budget Restrictions 2008, Working Paper
Including and Without Transportation



N. Coulombel 30/34

REFERENCES

Bertaud A., Brueckner J.K. (2005), “Analyzing Builg-Height Restrictions: Predicted Impacts
and Welfare Costs”, Regional Science and Urban &woics, Vol.35, pp.109- 125

Blackman A. and Krupnick A. (2001), Location Efect Mortgages: Is the Rationale Sound?,
Journal of Policy Analysis and Management, Vol.2)) pp.633-649

Brueckner J.K. (2006), “Government Land-Use Intatiens: An Economic Analysis”,
Presentation at the 4th Urban Research SymposiwrgBank, Washington, D.C.

Cervero R. et alii (2006), “MAKING DO: How Workingamilies in Seven U.S. Metropolitan
Areas Trade-Off Housing Costs and Commuting TinR&search Reports for the Institute of
Transportation Studies (Berkeley, USA)

Coulombel N., Deschamps M. and Leurent F. (200Residential choice and households
strategies in the Greater Paris Region”, Procesdifighe European Transport Conference 2007,
Leeuwenhorst, The Netherlands

Duca J.V. and Rosenthal S. (1994), Borrowing Cairsis and Access to Owner-Occupied
Housing, Regional Science and Urban Economics 24ppp.301-332

Fujita M. (1989), “Urban Economic Theory: Land Us&d City Size”, University of Cambridge
Press

Gobillon L. (2008), Une Synthése de la Littératste la Consommation de Logement des
Ménages, Working Paper

Gobillon L. and Le Blanc D. (2008), Economic Effedf Upfront Subsidies to Ownership: the
case of the Prét a Taux Zéro in France, Journidboing Economics, Vol.17(1), pp.1-33

Haas P. et alii (2006), “Housing & Transportations€ Trade-Offs and Burdens of Working
Households in 28 Metros”, Report for the CenteNeighborhood Technology

Hare P.H. (1995), “Clunker Mortgages and TranspiornaRedlining: how the mortgage banking
industry unknowingly drains cities and spreads wpraPatrick H. Hare Planning and Design
(Washington, DC), 21pp. Available online atww.vtpi.org/clunker.pdf

McCann B. et alii (2000), “Driven to Spend, the gwp of sprawl on household transportation
expenses”, Joint Report of the Surface Transporte®olicy Project (Washington, DC) and the
Center for Neighborhood Technology (Chicago, Il4p4Available online at: www.transact.org

Polacchini A., Orfeuil J-P. (1999), “Les dépenses thénages franciliens pour le logement et les
transports », Recherche Transports Sécurité N{%31p46

Zorn P.M. (1989), Mobility-Tenure Decisions and &mgial Credit: Do Mortgage Qualification
Requirements Constrain Homeownership?, AREUA Jouvw.17(1), pp.1-16

A Monocentric Analysis of Housing Budget Restrictions 2008, Working Paper
Including and Without Transportation



N. Coulombel 31/34

APPENDIX

Proofs

PROOF OF PROPERTY
Demonstration of property 1 is straightforward:
« If Z(r,u)=(1-a)Y-T(r) the CHE model and the unconstrained model yietdstime
solutions for the bid-max program, a@éf,u) = z(r,u)
« If Z(r,u)<{@-a)Y-T(r), the constraint (E2) is binding in the CHE bid-n@mogram
and Z(r,u)=@1-a)y -T(r).
Expressing these two alternatives into a singlmidation yields:
Z(r,u) = max{z(r,u), A-a)Y = T(r)]
S(r,u) =min[s(r,u), S(@A-a)Y -T(r),u)] and ®(r,u)=min[W(r,u),aY/5(r,u)] are
straightforward considering that either we are daefth the unconstrained case, or (E2) is
binding.

Additional results for the CHE model
Additional results relating to the spatial variatiof LPI'J(r,u) and the characterization of the

binding zoneEx(u,az) are presented here and complete the analysiseoCHE model in the
general case.

Spatial variation of the bid rent function

Property A gives us the partial derivative@(r,u) with respect ta:

PROPERTYA

PrOOF

Proof of property A is based on the distinctiontifee casesr OE, (u), r OE,(u) and
rOE (u)-E (u).
If rOE, (u) we are faced with the unconstrained case. Appdicadf the envelop theorem
gives (Fujita (1989) equation (2.27)): _
& ()= 10 __T6) ¥
s(r
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since¥(r,u) = W(r,u)=w*(r,u) on E, (u).
If on the contraryrDEA(u), the constraint E2) is binding. Partial derivation of
P(r,u)=aY/3(r,u) relatively tor gives:

B (ru)= - aYy 2 o5(ru) _ __aY 2 0Z(r,u) 0S(z(r,u),u) _ _a¥ T -1
s(r,u)?  or s(r,u)>  or 0z 3(r,u) W+ (r,u)
By substituting Y /3(r,u) by ¥(r,u), we obtain the desired relationship:

P (r,u)= —Il(r) ¥{r.u)
S(r,u) w*(r,u)
where ¥*(r,u) is the land rent that rationalizes the bund&r(u),s(r,u)) in the
unconstrained household bid-max program under tartgjegy u. When E2) is binding, bid
rents are ranked in the following orde®(r,u)<W(r,u)<Ww=(r,u).®® A graphic
interpretation of¥*(r,u) can be given thanks to Figure\t*(r,u) is the slope (in absolute
terms) of the isoutility curve at the poir(¢,u), Z(r,u)).
The untreated cased E, (u)-E, (u) (E, (u) deprived of its open component) can be

treated using continuity considerations.

The standard equationW, (r,u)=-T'(r)/s(r,u) is amended by a distortion factor

P(r,u)/w*(r,u) varying between 0 and 1, 1 corresponding to theomstrained cade

Considering the discussion & (r,u) provided in the preceding proof, the more bindihg
housing expense constraint, the lower the distofftator.

Determination of the binding zone

The analysis of the CHE model naturally raisesghestion of the specification of the binding
zone, i.e. the set of locations where householigstaiely cap their housing expenditures at the
maximum allowedxY. Is this zone near the center of the city? Or timaedge? And is this zone
even a convex set?

Unfortunately, the standard monocentric model eggain the introduction provides no
answer to this matter in the general case. It @anore than plausible that one may encounter
any kind of situation depending on the specificatd the utility function. As a matter of fact,
two economic forces counterbalance each other: véhéousehold gets farther from the city
center, its housing consumptisfm,u) increases while equilibrium land reRfr) decreases. Thus
nothing general can be said about the variatiah@housing expenditui(r)s(r,u). Depending
on the preferences of the household, the zone WR(E)s(r,u)>aY can take many forms from a
segment near the centre or near the edge, toectofi of segments dispersed over space.

% LP(r,u)< W (r,u) comes from the fact thmal(s,u) is decreasing is thanks to the concavity of the utility

0s

function.

20 Since@(r,u) =W(r,u)=w*(r,u) on E, (u)
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Despite this difficulty, a few things can be salibut the binding zone. Firga(u) is an
open set of1": becausd(u) can also be defined as the §etz(r,u)-(1-a)y -T(r) <0}, the
continuity of z(r,u)-(1-a)y -T(r) ensures this result. Similarl§(u) is a closed set dfl”.

Secondly, beyond a certain location (such fi{a}=(1-«)Y ), the constraint can never be binding
since the remaining disposable income is too lowastly, proposition A gives a utility-based
condition under which the binding zone has the sl@da disk (logically centered on the CBD).

PrROPOSITIONA

Us> OM >1= Ea(u) is either an empty set or an interval of the f@dmyind(u)[.

Z.(su)

PrOOF

To demonstrate this proposition, let us first derithe housing expenditure of the
unconstrained equilibrium relatively to

(ROS(r.u) _ . 0s(r,U) _ ()4 (ot 95 T'(r)
y =-T'(r)+R(r) e T'(r)+ (= £, (s(r,u))) R )
where syis Stands for the Hicksian (compensated) demand &mdl Using the

relationaSHicks(R(r )’ U) - —
OR

- (s(r,u),u) , we finally obtain:
ROy 2l 2
or ()T )Zss(s(r,u),u)s(r,u) T( ){1 Zss(s(r,u),u)s(r,u)}
-Z(s,u)s SR Z,(s(r,u)u) o(RM)s(r.u))
Z.(su) Z.(s(r,u),u)s(r,u or '

Since R(r)s(r,u) is strictly decreasing in then proposition A is clear.

The

)>0, which implies that

In the case of a log-linear utility functionU(z, s) =ylogz+ Blogs, we have
-Z.(s,u)s/z(s,u) = (y + B)/y >1, which means that proposition A applies.

All these elements tend to indicate the prevalariaisk-shaped binding zones put aside
the case of peculiar utility functions.

Comparative statics: the case of housing expenses

Due to the different possible outcomes of the Clakicp, analysis of the influence of proves
not trivial. This is because tightening the constran housing expenses may result in a lower
utility level, which may in turn increase the howugiexpenses of unconstrained households.

2" Which is defined as the argma{R,u)of minz+ Rsst. U (z.s)=u
S,z
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Nonetheless, when the equilibrium utility rises, tightening tonstraint bearing on the
households’ housing expenditures diminishes the total land renbudlistt to the landlords. The
same goes for the total differential land rent (TDR).

For reminder, the TDR is the sum of the housing expenses bgatie households, to which has
been substracted the opportunity cost of land:

TOR(@)= [ L)@ (r.a) - R, Jor (11.9)

These points are synthesized in the following proposition
PrROPOSITIONB
For any coupleu<a, checkingii(a,)= T(a,), the amounH(as) of housing expenses of the

a1 City is inferior to thex; city’s one. Similarly,TDR(01)< TDR(ay).
If both thea; anda. city are fully constrained|,T; (a,)] 0 E,(@(a, ).@,) fori=(1,2)), then

we also havéd (o)< H(ay)
PrROOF

Let us first consider the casga,)=(a,). This implies®(r,i(a,).a,) < ¥(r,i(a,).a,)
for any locationr (lTJ(r,u,a) decreases withh and increases with). Since proposition 2
also impliest; (a,)< T, (a,), this shows:

He) = [ LOP(a)ar < [ L0)B(r,a,)dr = Ha,)

0
Since¥(r,a,)-R, < ¥(r,a,)- R,, we also havd@ DR{a;)< TDR(ay).
In the second case, 0.7;(a,)|0 E,(T(a;).a;), all households are constrained. Then
H(ai)=Na;Y for i=(1,2) and obviouslyH(a1)< H(ay).
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