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Abstract

We study the role of monetary policy when asset-price bubbles may form due to herd behavior
in investment in a new technology whose productivity is uncertain. To that aim, we build a
simple general-equilibrium model whose agents are households, entrepreneurs, and a central bank.
Entrepreneurs receive private signals about the productivity of the new technology and borrow
from households to publicly invest in the old or the new technology. Monetary policy, by affecting
their cost of resources, can make them invest in the new technology if and only if they receive an
encouraging private signal about its productivity. In doing so, it makes their investment decision
reveal their private signal, and therefore prevents herd behavior and the asset-price bubble. We
show that such a ‘leaning against the wind’ monetary policy, contingent on the central bank’s
information set, may be preferable to laisser-faire, in terms of ex ante welfare, even though the
central bank has less information than private agents on the productivity of the new technology.
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1 Introduction and literature review

Should monetary policy react to perceived asset-price bubbles'? This question has been hotly debated
since the remarkable rise and fall in stock prices in developed economies in the late 1990s and early
2000s. Today’s conventional answer among central bankers is “no”. This answer stems from the
consideration of the following trade-off. On the one hand, if there is actually a bubble, then such
a monetary policy reaction may reduce its size or its duration, and hence its welfare costs due to
overinvestment. On the other hand, if alternatively there is actually no bubble, then such a monetary
policy reaction will be distortive and reduce welfare. Given this trade-off, a monetary policy reaction

can be viewed as an insurance-against-bubbles policy, and the two conditions most commonly stressed
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discounted value of dividends generated by the asset (possibly using a different pricing kernel than the equilibrium one).



by central bankers for its desirability are the following ones: (i) the central bank should be sufficiently
certain that there is actually a bubble; (ii) the bubble should be sufficiently sensitive to modest
interest-rate hikes. Because they commonly view these conditions as unlikely to be met in practice
(Bernanke, 2002), central bankers usually conclude that, in most if not all cases, such a monetary
policy reaction is not desirable.

This paper seeks to challenge this view by considering a simple general-equilibrium model in which
these two conditions can be met because asset-price bubbles are the result of (rational) herd behavior.
We focus on bubbles in stock prices, as our argument rests on some productivity considerations that
are not likely to play a key role in the development of other kinds of asset-price bubbles, e.g. bubbles in
house prices. More precisely, we assume that a new technology becomes available whose productivity
will be known with certainty only in the medium term. Entrepreneurs sequentially choose whether
to invest in the old or the new technology, each of them on the basis of both the previous investment
decisions that she observes and a private signal that she receives about the productivity of the new
technology. Herd behavior may then arise as the result of an informational cascade (Banerjee, 1992;
Bikhchandani, Hirshleifer and Welch, 1992) that corresponds to a situation in which, because the first
entrepreneurs choose to invest in the new technology as they receive encouraging private signals about
its productivity, the following entrepreneurs rationally choose to invest in the new technology too
whatever their own private signal. This gives rise to a stock-market “bubble”, defined as a non-zero
difference between the equilibrium share price of an entrepreneur’s firm and the share price of an
entrepreneur’s firm that would be obtained if entrepreneurs’ private signals were public information.

In this context, monetary policy tightening, by making borrowing dearer for the entrepreneurs, can
make them invest in the new technology if and only if they receive an encouraging private signal about
its productivity. In doing so, it prevents herd behavior and hence the stock-market bubble. With this
explanation of stock-market bubbles, the two conditions mentioned above can be met: (i) the central
bank can detect herd behavior with certainty, even though it knows less about the productivity of the
new technology than each entrepreneur; (ii) given the fragility of informational cascades, a modest
monetary policy intervention can be enough to interrupt herd behavior, even though it may not
interrupt the new-tech investment craze®. As a consequence, under certain conditions, such a monetary
policy intervention is ex ante preferable, in terms of social welfare, to the laisser-faire policy.

Our way of modeling stock-market bubbles has some advantages over each of the following three
ways in which they are modeled in the literature on monetary policy and asset-price bubbles. First,
bubbles may be modeled as an exogenous boom-and-bust term in the asset-price-dynamics equation

(Bernanke and Gertler, 1999, 2001). This ad hoc modeling makes the bubble by construction insen-

2The latter outcome would be expected by many a central banker, e.g. Bernanke (2002).



sitive to monetary policy. By contrast, our modeling enables monetary policy to affect the bubble.
Second, bubbles may be modeled as the result of favourable public news about future productivity
that eventually fails to materialize (Gilchrist and Leahy, 2002; Christiano, Ilut, Motto and Rostagno,
2007). In this context, given that expectations are assumed to be rational and that the central bank
is assumed to have no informational advantage over the private sector and therefore to be as much
surprised as the private sector by the lower-than-expected eventual productivity level, a proper un-
conditional assessment of the desirability of a given monetary policy requires to consider not only the
case where the favourable news does not materialize, but also the case where it does, and to assign
an occurrence probability to each case — something this branch of the literature usually does not
do?. Modeling bubbles as the result of herd behavior enables us to do just that in a micro-founded
way. Third and finally, bubbles may be modeled as the result of a permanent increase in productivity
growth that economic agents gradually recognize afterwards (Gilchrist and Saito, 2006). However, in
a new-technology context, this late-recognition assumption may be viewed as less relevant than the
early-news assumption that we make.

The other side of the coin, though, is that our way of modeling stock-market bubbles and our wish
to secure some analytical results compel us to consider a highly stylised model that fails to reproduce
some basic characteristics of observed new-tech investment crazes, most notably the concomitant
steady growth in consumption and stock prices. Indeed, this model predicts that, during a new-tech
investment craze, as long as some uncertainty remains about the productivity of the new technology,
consumption should initially jump to a lower level and remain at this level thereafter, while stock
prices should initially jump to a higher level and, under the laisser-faire policy, remain at that level
thereafter. We therefore view our paper as a first step in building an empirically more relevant model
of herd behavior in new-tech investment?.

Our paper is related to the literature on the role of informational cascades in the business cycle.
Within this literature, the paper closest to ours is that of Chamley and Gale (1994), which models
investment collapses as the result of herd behavior. A first difference between the two papers is that,
unlike them, we consider a general-equilibrium model and conduct policy analysis. A second difference
is that they consider an endogenous timing of investment decisions, as they are also interested in
modeling strategic investment delay, while in our setup the timing of investment decisions is exogenous.

And a third difference is that, in equilibrium, in their model, an investment surge is always socially

3@ilchrist and Leahy (2002) do actually consider both cases, without needing to assign an occurrence probability to
each of them, because the “strong inflation-targeting” monetary policy that they consider is very close to the optimal
monetary policy in both cases.

4This research agenda would benefit from the works of Beaudry and Portier (2004), Jaimovich and Rebelo (2006)
and Christiano, Ilut, Motto and Rostagno (2007), whose models predict an increase in aggregate output, employment,
investment and consumption in response to news of future technological improvement.



optimal, unlike an investment collapse, while in ours, both new-tech and old-tech investment crazes
may be socially non-optimal.

The remainder of the paper is structured as follows. Section 2 presents the model. The competitive
equilibrium with exogenous information about the productivity of the new technology is described in
Section 3. We introduce endogenous information, derive the results about the desirability of policy
intervention in a simple case and conduct simulations in more complex cases in Section 4. Section 5

concludes.

2 The model

We consider an economy populated with infinitely lived households, overlapping generations of finitely
lived entrepreneurs, and a central bank. For simplicity, we restrict our analysis to equilibria that
are symmetric across entrepreneurs and across households, i.e. equilibria such that there is one
representative household and, in each generation, one representative entrepreneur. Time is discrete,

indexed by t € Z, and there is a single good that is non-storable and can be consumed or invested.

2.1 Technology

A production project requires k¢ units of good at date t, the investment date, and allows to operate
a firm that produces Yiyn = Ay nL{,  units of good at date t + N, where N € N*, Ay n is a
productivity parameter, L;, n is labor services and 0 < a < 1. A production project needs a newborn
entrepreneur to be undertaken, and a newborn entrepreneur cannot undertake more than one project.

To undertake a production project, a newborn entrepreneur needs to choose a technology. We
consider altogether three different technologies, which we denote by the real numbers 0, Z and z, with
0 < Z < z. Technology 0 corresponds to the absence of any production project. It is characterized
by the investment x; = 0 and the productivity parameter A;.n = 0. Technology Z is characterized
by the investment x; = k(Z) > 0 and the productivity parameter A4y = A(Z) > 0. Technology
z requires more investment than technology z: k; = k(z) > k(Z). It may be “good” and lead to
the productivity parameter A4y = A(z) > A(Z), or be “bad” and lead to the same productivity
parameter Ay = A(Z) as technology Z.

We consider two different economies. One is the economy of tranquil times, where at each date
t € Z the only available technologies are 0 and Z and this situation is (rightly) expected by households

and entrepreneurs to last forever:
Vt € Z, Yk € N*, iy = Eqnp Firk = Eqe)Frrk = 10,2},
where JF; denotes the set of technologies available at date ¢, Eqj ;) the expectation operator conditional
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on the representative household’s date t information set € (h,t), and Eq(e,t) the expectation operator
conditional on the representative newborn entrepreneur’s date ¢ information set €2 (e, t). Endogenous
differences in information sets will be the at the core of the model.

The other is the economy with technological change. In the latter, until date 0 included, the
only available technologies are 0 and Zz and this situation is (wrongly) expected by households and

entrepreneurs to last forever:
Vt e Z”,Vk € N*, Fy = EqunpyFeak = EqeenFrrr = {0,2} .

From date 1 onwards, technology z becomes available as well and this situation is (rightly) expected

by households and entrepreneurs to last forever:
vVt e Z+*, vk € N*, Fi = EQ(h7t).Ft+k = EQ(eJ)ft_i_k = {O,f, Z} .

We then call Z the “old technology” and z the “new technology”. In period 1, Nature chooses whether
the new technology is good or bad: it is good with probability p, bad with (1 — p). We assume that
whether the new technology is good or bad becomes common knowledge at date N + 1 whatever the
investment decisions taken at dates 1 to N. For each t € {1,..., N}, we note p, the probability that
the new technology is good conditionally on € (h,t) and g, the probability that the new technology
is good conditionally on € (e,t). The endogeneity of those believes p and g will allow for herds and

therefore asset bubbles.

2.2 Preferences

The representative household supplies inelastically one unit of labor at each date. Her preferences are

represented by the following utility function:

Uy = Egny Y 8 In(cry),
i=0

where ¢; denotes her consumption at date ¢, and 0 < 3 < 1. We choose a logarithmic utility function
to simplify the algebra.

At each date, one representative entrepreneur is born. She lives for N + 1 periods and consumes
only in her last period of life. The preferences of an entrepreneur born at date ¢t are represented by
the following linear utility function:

Vi = BN Eq(e.¢i N

where ¢f, y denotes her consumption at date ¢ + N. We assume that each generation contains a large

number of entrepreneurs, so that the representative entrepreneur is price-taker.



2.3 Market organization

There is a good market, a labor market, a bond market and a stock market. All are competitive.
The final good is the numéraire. A newborn entrepreneur may want to borrow x to undertake a
production project. The return from this investment will be the profit she will obtain from production
N periods onwards. We assume that the only financial market to which the entrepreneurs have access
is a market for N-period bonds. Households have also access to this market, and there is secondary
market for those bonds. We denote By n the number of bonds that pay in period ¢ 4+ N, and that has
been subscribed by the household in period t. Each of this bond will pay one unit of good in period
t+ N, and its price is denoted ¢;. By is the number of bonds emitted by the entrepreneurs. On the
stock market will be traded claims on the future profits of firms. The price of a new firm stock is
denoted ¢. By assumption, entrepreneurs (the firms owners) do not have access to the stock market,
as this would reveal their private information. Therefore, transactions will always be zero and the
stock market will serve here only as a device to price firms. For that reason, and to facilitate the

reading, we will omit firms shares in the household budget constraints.

Definition 1 (stock market index M)
Firms shares (which are claims for future dividends) are traded among households. The stock
market index is the equal to the expected discounted value of the dividends that firms created in t will

distribute in t + N, based on the public information available at date t, i.e. My = Eq ) [qtsc;_N}.

2.4 Resource constraints

The resource constraint on the good market states that, at each date ¢, the total number of goods

consumed and invested cannot be larger than the total amount of goods available:
o+ +r <Y

The resource constraint on the labor market states that, at each date ¢, labor services cannot exceed

the total amount of labor that is supplied:

2.5 Monetary policy

We consider a policy that has an effect on the economy only through its effect on the real interest rate,
and we interpret it as monetary policy. This amounts in effect to focusing on the real-interest-rate
transmission channel of monetary policy. More specifically, we model monetary policy as a tax (or

subsidy) on lending together with a positive (or negative) lump-sum transfer to the representative



household: at each date ¢, the representative household lends ¢ By to the entrepreneur and gives
(1 — 1) ¢ Biyn to the central bank (when 7, > 1) or receives — (7, — 1) ¢By+n from the central
bank (when 0 < 7, < 1), while the central bank gives a lump-sum transfer T, = (7, — 1) ¢;By+n to
the representative household (when 74 > 1) or receives a lump-sum transfer T, = — (74 — 1) ¢ Bi+ N
from the representative household (when 0 < 7, < 1). The budget constraint of the representative

household at date ¢ is therefore
ct + 1@ Bign < By +wi Ly + T

We assume that there is no monetary policy intervention before date 1 and after date N: Vt €

Z~A{1,...,N}, 7, = 1. This assumption will be justified in Section 4.
2.6 Agents programs

The representative household enters period ¢ with a portfolio S;—1 = (B4, ..., Biyn—1) of bonds that
pay interest if at maturity. She then decides how much to consume and how much to save, supplying

inelastically one unit of labor. Her program can be written in the following recursive way:

W (Si—1) = max {In(c;) + BEqpunW (St)}

CtyDt+ N

subject to ¢; + T4 Biyn < By +wiLi + T} and L <1,

where w; is the wage rate at date t. The corresponding optimality conditions are

C
Tt = 5NEQ(h,t) [Cth},

L = 1

)

and a transversality condition.

The representative newborn entrepreneur borrows s at date ¢, and hires L;;y to produce Yiiy
at date t + N. Production proceeds are used to pay wages, reimburse the debt and consume. Her
budget constraints are therefore

Kt < aBf N in period t,
gyt By < Iy =ApnNLE, v —winLeyny  in period ¢+ N.

Labor demand L.y will be set such that marginal productivity of labor equalizes the real wage wy v:
aAry N LN = Wi,

while the technology chosen at date ¢ will be
N Kt
z = argmaxf3" Eqe ) |:Ht+N - } .

2t EF Qt

We assume entrepreneurs always plays pure strategies, ad do not consider non symmetric equilibria

in which entrepreneurs randomize over investment decisions.



2.7 Discussion

We have made a set of strong assumptions, which are not equally restrictive. Let us first consider
preferences. Assuming log utility for the households is crucial for our analytical results, but could be
relaxed if we ware to do only numerical analysis. Considering risk-neutral entrepreneurs that consume
only in the last period of their life is also crucial in order to solve analytically the model when we
introduce endogenous information and potential informational cascades, but is not if we were to do
only numerical simulations.

Second, we have introduced bonds of maturity IV only. This is not a restriction since other maturity
bonds would not be traded.

Third, we have assumed that only non-contingent debt contracts are possible. This assumption
is crucial. As entrepreneurs are risk-neutral and have some private information, they would reveal
by their net supply of some contingent claims that pay in those state of the world on which they
have better information, and informational cascades would then not be possible. What we need here
is not the absence of any contingent claims, but only of claims contingent on the quality of the
new-technology. As we want to think of those episodes as quite infrequent ones, and the quality
of a technology being partially soft information in the real life, we think the assumption is a good
description of the actual environment. Similarly, the assumption that investment is of fixed size is
crucial. If entrepreneurs could choose the investment size, their private information would be revealed
by their actions.

Fourth, we consider that entrepreneurs are exogenously ranked (by date of birth), that they cannot
wait to invest and that investment projects that pay only N periods ahead. Those assumptions are
made to have a simple structure of the model: after exactly N periods, uncertainty is resolved. We
can therefore solve the model by backward induction, which happens to be particularly convenient.

Fifth, monetary policy is modeled as a tax on real interest payments. Although such a policy
could (should) be labeled tax policy in our model, we want to think of it as monetary policy for two
reasons. First reason, it is possible to write down a (admittedly) particular monetary model whose real
allocations are the ones of our current model. In such a model®, the control variable of the monetary
authorities is the inflation rate between period ¢ and period t+ N. The important assumption we have
to make to recover the same real allocations is that the central bank can commit on the inflation rate
between period t and period ¢ + N. Second reason, the implementation of a fiscal policy that would
subsidize or tax individual firm is quite complex, requires a lot of information on who are the agents,

where are they, whose turn it is to invest, etc... Monetary policy, by manipulating the cost of funds,

>The monetary model is presented in appendix A



requires very little information in the implementation phase. Obviously, it has a cost of distorting not
only investors decisions, but also some others agents’ ones. This tradeoff is present in the paper as

households savings are distorted by real interest rate manipulations.

3 Competitive equilibrium with exogenous information

In this section, we consider economies with exogenous information. More specifically, we assume
that the sequence of newborn entrepreneurs’ believes (fi1, ..., fiy) and social believes (py, ..., pn)
are exogenous. Our aim is to derive necessary conditions on the parameters for the existence and
uniqueness of a competitive equilibrium for all (uy, ..., uy) € [0; 1]N and (fig, ..., fiy) € [0; 1}N and for
this equilibrium to have some desirable properties. We first define a competitive equilibrium. Then
we study the existence, uniqueness and local dynamic stability of the steady state in tranquil times.
We then turn to the equilibrium path when there is a technological change. The results obtained will

be useful for the analysis of the endogenous information case considered in the next section.
3.1 Competitive equilibrium

In this economy, a symmetric competitive equilibrium is a sequence of prices (g, w;),c, quantities
(B¢, Bf ¢4, ¢f, Lt) ez and technology choices (z;)ez such that, for exogenous sequences of actual and

expected technological possibilities (F;),., and (EQ(h,t)fH-k = EQ(67t).Ft+k) and for an exoge-

teZ,keN*
nous sequence of monetary policy interventions (7),¢ (1,..N}s (i) prices and quantities are positive,
(ii) the representative household’s consumption and bonds holding solve her maximization problem
given prices, (iii) the representative newborn entrepreneur’s investment decision maximizes her utility

given prices, (iv) labor demand maximizes the representative aged N + 1 entrepreneur’s profits given

prices, and (v) labor, bonds and good markets clear.
3.2 Tranquil times

In tranquil times, the only available technologies are 0 and z. This case corresponds to p; = i, = 0 for
all t. The following proposition gives necessary and sufficient conditions for the existence, uniqueness

and dynamic local stability of a steady state (¢,q).

Proposition 1 (Existence, uniqueness and dynamic local stability of the steady state)
(i) in tranquil times, there exists an equilibrium at which households’ consumption level is strictly

positive and constant if and only if
N1-a)AF) —k(Z)>0 (1)

and oA (Z) — k (Z) + 8 VK (2) > 0; (2)



(ii) if (1) and (2) hold, then this equilibrium is the unique equilibrium at which households’ con-
sumption level is strictly positive and constant, and we call it the steady state;

(i) if (1) and (2) hold, then: in tranquil times, the steady state is locally, dynamically stable if
and only if

<)
" 0d ) - RGN )

where dynamic local stability is defined as the existence of some neighborhoods Nz of € and N7 of §

such that if Vt € Z, z =z, Vt € Z~, ¢ € Nz and ¢ € N, then ¥t € Z**, ¢; € Nz, ¢ € N7 and

ﬁN

(ct,qt) — (¢,q) ast — +o0
Proof of Proposition 1: see appendix B. B
3.3 Technological change

We now consider the response of the economy to the unexpected availability of the new technology
z from date 1 onwards. We restrict our analysis to equilibria such that the economy is at its steady
state until date 0 included, i.e. in particular such that Vi € Z~, (2, ¢, q¢) = (Z,¢,q). Moreover, we
assume that all these equilibria are such that V¢ > N, z; = z if the new technology turns out to be
good and z; = Z otherwise, and will check later that this is indeed the case given the restrictions on
parameters that we consider. In words, this mean that if the new technology will always be adopted
once i is known to be good, and never once it is known to be bad. As technologies z or Z can be chosen

in period t < N, this implies that, Vt > N,
e = aA(z)—k(2)+ qt_lN/i z) if z;_n = z and the new technology is good,
¢ = aA(z)
a = aA(Z)—k
a = aA(Z)—k(Z
Moreover, since the representative entrepreneurs born at dates — (N — 1) to 0 have invested in Z
and pay back their debts at dates 1 to N at the interest factor R, the representative household’s

consumption at each date ¢ € {1,...N} is ¢, = @A (Z) — k(z) + B VK (Z). As a consequence, for
p ) M q )

te{l,...,N} and z; = Z, the Euler equation is written

rog = BN [aA 2 —r(E)+"2 (Z)} e . 1 — W

BY 1 lad@) — k() + 42 aA(z) -k (z)+ L2

qt qt

Alternatively, for ¢t € {1,..., N} and z; = z, the Euler equation is written

Kk () Iy L —py
BN } aA(z) —k(z)+ ~(2) ©)

qt

Tiqr = BV [OéA () — K (2) +
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In the following proposition, we find necessary and sufficient conditions under which equations (4)
and (5) have a unique positive solution in ¢; for any believes. We also derive some properties of the
interest rate (which is inversely related to ¢;), namely that it increases when the new technology is
more likely successful, and that an increase in the lending tax rate 7 increases the interest rate, which

corresponds to a monetary policy tightening.

Proposition 2 (Existence, uniqueness and some properties of the bond price q)
(1) if (1), (2) and (3) hold, then:

(i) there exists a strictly positive real number q; solution of (4) for all t € {1,...,N} and
(figs s i) € [0: 1Y if and only if

@A (Z) —k(2) >0 (6)
and VvVt € {1,..,N}, 7+ < 7(2), (7)
BN [aA (Z) — K (2)] + £ (2) |

where Vo > Z, T (x) = ;

K (x)
(ii) if (6) and (7) hold, then ¥Vt € {1,..,N} and ¥ (iy,...,uy) € [0;1]Y, g, which we note
q (2, T, 114, 0), is unique, and
(I1) if (1), (2), (3), (6) and (7) hold, then:
(i) there ezists a strictly positive real number q; solution of (5) for allt € {1,..., N} and (py, ..., ty) €
[0; 1) if and only if

9q(2,7¢,144,0) 9q(2,7¢,144,0)
o <0 and Dpis > 0.

Vie{l,...N}, 1t <7(2); (8)

(ii) if (8) holds, then ¥t € {1,...,N} and ¥ (i1, ..., uy) € [0; 1], qi, which we note q(z,7¢, s, 1),
s unique, and aq(%;;“t’l) < 0;
(i) if (8) holds, then %ﬁ;’”’l) <0 forallte{l,...N} and all (g, ..., uy) € [0;1]" if and only
if
aA(Z)—k(Z) < adA(z) —k(z). 9)

Proof of Proposition 2: see appendix C. B
The results W < 0 and w < 0 simply illustrate the fact that a positive tax on

lending (i.e. a monetary policy tightening) raises the interest rate and therefore lowers ¢;. The result

%ﬂ’t’”’o) > 0 is due to the fact that if entrepreneurs invest in the old technology at date ¢, then, as
1

Ct+N

1, increases, ¢; remains unchanged but Ej{ } increases (because the representative household is

expected to lend more, and hence to consume less, at date ¢t + N), so that ¢ increases. The result
%}i’t’”’l) < 0 is due to the fact that if entrepreneurs invest in the new technology at date ¢, then,

as i, increases, ¢; remains unchanged but E;{——} either increases or decreases depending on the
t ’ Ct+N
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sign of [aA (z) — aA(Z)] — [k (2) — K (Z)] (because the representative household is expected both to
lend more, as k(z) > k (%), and to receive a higher wage, as aA(z) > aA(Z), at date t + N), so
that g; either increases or decreases depending on the sign of [ A (2) — aA (Z)] — [k (2) — £ (Z)]. In the

following, we will restrict our analysis to the case where < 0, which seems to be the more

0q(z,7¢,p4,1)
0
relevant: the interest rate increases when the economy invests in a new technology whose probability
of success increases.
We now derive a necessary and sufficient condition for the competitive equilibrium to have the
following property (that will be used later to show that it is symmetrical): a competitive entrepreneur

has no incentive not to invest in any project between dates 1 to IV, in any circumstance, if all the

entrepreneurs born in that period do invest.

Proposition 3 (Symmetry of competitive equilibrium between 1 and N.) if (1), (2), (3),
(6), (7), (8) and (9) hold, then a competitive entrepreneur has no incentive at date t to deviate from

the other entrepreneurs’ common investment decision and invest nothing for all t € {1,...,N}, all

(1, oons o) € [0; 1Y and all (fiy, ..., fine) € [0;1]™, if and only if

‘ 7(2) 7(2)
vt e {l,..,N} either 5 7 < T <
Ty ’ (2)[0A(Z)—k(Z)] aA(E)—k(z)’
L+ () L+ T=yae
 (2) ™ (2)
0rB(z)>77(det<f
1—a)A QAEZ)=r(Z)’
(1-a)Az) 1+ SACE
5 (2) ™ (2)
or B < qTayA® M TS [ mekAO—G ( (10)

where B (z)

Proof of Proposition 3: see appendix D. B

We want to restrict the analysis to a set of parameters in which the the equilibrium is well-behaved
(exists, is unique, stable,...) with Laissez-faire (no active monetary policy). The next proposition
derives a necessary and sufficient condition for the three constraints on the monetary policy instrument

obtained above to be satisfied in the absence of monetary policy intervention, i.e. when 74 = 1 for all

te{l,..,N}:

Proposition 4 (The equilibrium is well-behaved absent monetary policy)

if (1), (2), (3), (6), (7), (8) and (9) hold, then (7), (8) and (10) hold in the absence of monetary

12



policy intervention, i.e. when 7¢ =1 for all t € {1,..., N}, if and only if

B(z)[0A(Z) -k (2)]
K (2)

2

{ez’ther1<7(z) <1+
K (2)
orB(z)>m and 1 <7 (2),

o KE k@A sG]
BO<i—mam ™' wmi-0im - “}' )

Proof of Proposition 4: see appendix E. B

For each t € Z™*, let I; denote the representative newborn entrepreneur’s investment decision
at date t (I; = 1 when she invests in the new technology and I; = 0 when she invests in the old
technology). We now derive necessary and sufficient conditions for a competitive entrepreneur to have
no incentive, this time at dates t > IV, in any circumstance, to deviate from the other entrepreneurs’

common investment decision I; = 1 (when the new technology is good) or I; = 0 (when it is bad):

Proposition 5 (Symmetry of competitive equilibrium after N.) if (1), (2), (3), (6), (9) and
(11) hold, then: a competitive entrepreneur has no incentive to deviate from the other entrepreneurs’
common investment decision Iy = 1 (when the new technology is good) or Iy = 0 (when it is bad) for
allt > N, all (g, ..., py) € [0; 1], all (Fiy, .., fiy) € [0; 11N and all (1, ...,7n5) € RN satisfying (7),
(8) and (10), if and only if

A Znle) max | ——— 2 P
A(z) =k (2) OéA(Z)—K;(z)> (1—a)A(z)’B() . (13)

and BN a
o
Proof of Proposition 5: see appendix F. B

Up to now, we have imposed restrictions on parameters «, 3, x (%),  (2), A(Z), A(z), N and 7y
for t € {1,..., N}. Given that (6) and (12) imply (2) and (3) and that (8) implies (7), the conditions
imposed on these parameters are 0 < a <1, 0< <1, k(2) >k (Z) >0, A(z) > A(Z) >0, N € N,
Tt >0 fort € {1,..,N}, (1), (6), (8), (9), (10), (11), (12) and (13). We will show in the next section

that the set of parameter values satisfying all these conditions is not empty.
We now check that under those conditions, it is indeed the case that, in equilibrium, once uncer-
tainty is resolved (¢ > N + 1), entrepreneurs invest in the new technology if it a success and in the

old technology if the new one is a failure (as we have assumed up to now). We also show that, under

the conditions so far obtained, the dynamics of ¢, ¢; and ¢f is “well-behaved” from date 1.

Proposition 6 (Equilibrium investment for t > N + 1 and equilibrium dynamics) if (1),

(2), (3), (6), (7), (8), (9), (10), (11), (12) and (13) hold, then, ¥ (py, ..., piy) € [0; 11N, ¥ (Fiy, -..r i) €
[0;1)V:
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(i) Vt > N, z; = z if the new technology is good and zy = Z if it is bad.
(5) Vt > 1, g+, ¢t and ¢§ are strictly positive,
(iii) .

I =g
Hm g =57,

lim (¢, ¢f) = (@A (z) — k(2) + B Nk(2),1—a)A(z)— B8V, (2))

t— 400

if the new technology is good and

lim (ct,¢f) = (@A(Z) -k @)+ Vk(2),1-a)AE) -8V (2))

t—-+400

if it is bad.

Proof of Proposition 6: see appendix G. B

The conditions that we impose on the parameters are necessary for the existence and uniqueness of
an equilibrium with some desirable properties, for all (uy, ..., ux) € [0; 1]V and (i, ..., fiy) € [0; 1]V,
The reason why they are not sufficient for that matter is that they do not ensure that, at each
date between 1 and N, either a competitive entrepreneur has no incentive to deviate from the other
entrepreneurs’ common investment decision I; = 0 and invest in the new technology, or a competitive
entrepreneur has no incentive to deviate from the other entrepreneurs’ common investment decision
I; = 1 and invest in the old technology, with these two possibilities being mutually exclusive. This
will be ensured by an additional condition that we will derive in the next section in the context of
endogenous information.

We finally show that, under the conditions so far obtained, both households and entrepreneurs

gain in the long term from a good new technology:

Proposition 7 (Successful new technology gives higher steady state utility )
if (1), (2), (3), (6), (7), (8), (9), (10), (11), (12) and (13) hold, then: ¥ (i1, ... jiyy) € [051]",

Y (fqs - i) € [0; 1]N, both households’ welfare Uy and entrepreneurs’ welfare V; increase in the long

term if the new technology is good.

Proof of Proposition 7: see appendix H. B

3.4 Numerical simulations

Here we provide a numerical illustration of the model working. Parameters values are as follows.
The period is one year and we assume N = 5, so that uncertainty is resolved after 5 years. The
discount factor is 3 = .99, so that the real interest rate is 1.01% a year (101 basis points). The share

of value added that goes to labor is @ = .7. The old technology has a TFP A(Z) = 1 and requires
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an investment of x(Z) = .1 units of goods. The new technology requires an 10% larger investment
(k(z) = .11) and, if successful, delivers a 10% larger TFP (A(z) = 1.1). These parameter values fulfill
the conditions imposed above. In the simulations, we check that for the exogenous believes that we
have chosen, for any period ¢, a competitive entrepreneur that takes the interest rate as given has no
incentive to deviate from the aggregate investment behavior, so that the allocations we are computing

are equilibrium allocations.

Figure 1: Response of the economy to a deterministic technological change
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This Figure shows the response of the economy to the arrival of a new technology
in period 1, which (if used) may lead to a higher TFP from period 5 onwards. The
dashed line represents the initial steady state level of the variable, the solid line
its final steady state level.

Figure 1 corresponds to a simulation in which there is no uncertainty about the success of the
new technology (p; = ... = uy = fi; = ... = fiy = 1). At the equilibrium, entrepreneurs invest in the
new technology from date 1 onwards. Note that between 1 and IV households consumption ¢; is lower
than its initial steady state level, as investing in the new tech is relatively costly. The steady state

interest rate is 1.01% (101 basis points), and increases by about 3 basis points on impact. This is for
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the following reason: households learn that that they will have a lot of goods in N + 1. Therefore, the
marginal utility of one extra unit of good in N + 1 is low, and households would like to bring back
some on these goods from N + 1 to 1. To give them an incentive to lend to the entrepreneurs, rather
than consuming while their marginal utility is high, the interest rate must be large. From N + 1 to
2N, households consumption is large (both because they receive the return from their loans of period
1 to N, which were signed at a high interest rate, and because production is higher). Consumption
will not be relatively larger in period 2N + 1. Therefore, households want to save, and the interest
rate is low. Note that the dynamics display an oscillating effect, that eventually vanishes. The stock
market index is always above its pre-new tech level except in the first IV periods, where the interest
effect dominates the dividend effect in the asset valuation.

Figure 2 corresponds to a simulation in which believes are common to entrepreneurs and households
(vt € {1,...,N}, u, = f;), and evolve exogenously. In period 1, the technology is unlikely to be a
success (probability 10%), and this probability increases by 20% every period until period 5. In period
5, uncertainty is resolved and the technology is either a success or a failure.

Recall that the first NV (here 5) periods of figure 2 are the same, regardless the technology happens
to be a success or a failure. As already explained, believes exogenously increase from 0.1 (success is
unlikely) to .9 (success is very likely). Given those believes, there is investment in the old technology
in periods 1 and 2, and in the new technology in periods 3, 4 and 5. The interest rate decreases slightly
in periods 1 and 2: if the technology happens to be good, the economy will invest more in NV + 1, and
will not have more production because it has invested in the old technology in period 1. Therefore,
cn+1 will be low compared to ¢;. Because of this (very unlikely) event, households would like to save
a bit more. Since higher savings are not possible in equilibrium, the interest rate must decrease to
discourage households from saving more. When investment becomes profitable in expectations (from

period 3), interest rate shoots up.

4 Competitive equilibrium with endogenous information

In this section, we assume that the conditions on the parameters listed in proposition 6 are met. We
first introduce private signals, study the endogenous dynamics of the information sets and examine
the role of monetary policy. We then consider a particular parametrization that enables us to solve

the model analytically. We finally run numerical simulations for other parametrizations.
4.1 Information dynamics

As stated previously, Nature chooses in period 1 whether the new technology is good or bad: it is

good with probability p, bad with (1 — p). This choice becomes common knowledge in period N + 1.
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Figure 2: Response of the economy to an uncertain technological change with no private information
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This Figure shows the response of the economy to the arrival of a new technology
in period 1, which (if used) may lead to a higher TFP from period 5 onwards. The
lines with circles correspond to the case where the new technology happens to be
a success, the lines with stars to the case where it happens to be a failure. The
dashed line represents the initial steady state level of the variable, the solid line
its final steady state level.
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We now assume that at each date ¢t € {1, ..., N}, the representative new-born entrepreneur, the repre-
sentative household and the central bank observe the same variables with the only exception that the
representative new-born entrepreneur receives a private signal about whether the new technology is
good or bad, while the representative household and the central bank receive no such private signal.
As a consequence, at each date t € {1, ..., N}, the representative household and the central bank’s in-
formation sets coincide with each other and are included in the representative new-born entrepreneur’s
information set. We call “public information at date t” the information of the representative household
and the central bank at that date. The probability that the new technology is good based on public
information available at date ¢ is therefore p,.

We assume that, at each date ¢t € {1, ..., N}, the timing of events is the following:

e The representative new-born entrepreneur starts with the public information available at date
t — 1. Therefore, she has the prior u,_; about the probability that the new technology is good.

We assume that the initial prior pg is exogenous.

e The central bank sets 7;. Her intervention is public information, so that the probability u, that
the new technology is good based on public information available at date ¢ does take 74 into

account.

e The representative new-born entrepreneur receives a private signal S; € {0,1} about whether
the new technology is good or bad. This signal is “good” when S; = 1 and “bad” when S; = 0.
We note A € ]%, 1[ the probability that a signal, whether good or bad, is right. Bayes’ theorem
implies that the representative new-born entrepreneur’s posterior j, about the probability that
the new technology is good is

pe—1 (1= A)
frp—y (1 =A) + (L= p_q) X

Pi—1A
X+ (1= ) (1= A)

e The representative new-born entrepreneur takes her investment decision I; € {0,1}. This deci-
sion is public information, so that the probability p, that the new technology is good based on

public information available at date ¢ does also take I; into account. The equilibrium price is

then qt = ¢q (Z, Tty [y, It)

For each t € {1,..., N}, let ﬁ? denote the value taken by pi, when S; = 0 and ﬁ% the value taken by
i, when Sy = 1. The following proposition shows that there exists at most one equilibrium, derives
necessary and sufficient conditions for the existence of this equilibrium, and describes the equilibrium

dynamics of I; and g:
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Proposition 8 (Existence, uniqueness and dynamics of equilibrium)

(i) there exists an equilibrivm if and only if, ¥t € {1,...,N}, ¥(Si,...,S;) € {0,1}, either (a)
ﬁ%q (z,Tt,,ut_l,O) < B(z), or (b) ﬁ?q (z,Tt,ut_l,l) > B (z), or (c) ﬁ?q (z,Tt,ﬁ?,O) < B(z) and
fva (2,70 fig, 1) > B (2);

(ii) when there exists an equilibrium, this equilibrium is unique;

(iii) ¥t € {1,..., N}, ¥ (S1,...,S;) € {0,1}", at most one of the three conditions (a), (b) and (c) is
met, and if it is (a) then ¥S; € {0,1}, I = 0 and p, = py_q, if it is (b) then ¥S; € {0,1}, I = 1 and
Wy = fy_q, if it is (c) then VSy € {0,1}, I; = Sy and p, = 1.

Proof of Proposition 8: see appendix . B
Proposition 8 implies in particular that V¢ € {1,..., N}, 3 € Z, i, = p; and p, € {pi—1, i, Pi+1}s
where pg = g € |0; 1] and, for ¢ € N*,

p—i+1 (1 =)
p—i+1 (1= A) + (1 = p_it1) A

_ Di—1A
S pia A+ (1 —pic1) (1= N)

Di and p_; =

In cases (a) and (b) of Proposition 8, herd behavior arises as the result of an informational cascade

(Banerjee, 1992; Bikhchandani, Hirshleifer and Welch, 1992):

Definition 2 (high and low informational cascades) there is an informational cascade at date
te{l,...,N} when VS, € {0,1}, py = py_q; (i) an informational cascade is high when I = 1 and low
when I; = 0.

In particular, a high cascade corresponds to a situation in which, because a sufficiently large
number of past representative entrepreneurs chose to invest in the new technology as they received
encouraging private signals about its productivity, the current representative entrepreneur rationally
chooses to invest in the new technology too whatever her own private signal.

The existence of informational cascades is linked to the existence of what we call an stock-market

bubble:

Definition 3 (stock market bubble)
There is an stock market bubble at date t € {1, ..., N} when the stock market index at date t differs
from the value that it would have taken if all present and past private signals S;, 1 < i < 't, had been

public instead of private.

Indeed, there is an stock market bubble at date ¢ € {1, ..., N} if and only if there exists i € {1, ...,t}
such that there is an informational cascade at date i. Importantly, whether or not there is a cascade

at a given date can be deduced from the sole public prior at that date. Therefore, the central bank can
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infer in real time when there is a cascade or a stock market bubble, even though she never observes

entrepreneurs’ private signals.
4.2 Monetary policy intervention

Here we do not determine optimal (welfare-maximizing) monetary policy, but show that there exists a
policy that eliminates stock market bubbles. We discuss optimal monetary policy in another subsection
below.

From (4) and (5), it is easy to check that, whatever z > Z, p € [0;1] and @ > 0, there exists a
unique 7 > 0 such that ¢ (z,7,1,0) = @ and there exists a unique 7 > 0 such that ¢ (z,7,pu,1) = Q.

Let us note

(2,1, 1) = BN [ozA () — K (2) + ’iﬁ(;) © 1—p

] Az - s ()22 +5(2) [0AE) —r@] 22 +5(2)

the unique value of 7 such that ¢ (2,7, pu,0) = % and

K (2) p N 1—p

(2, 1) = BN |aA (Z) — k(2
k) =10 [ & (HBN} @A (2) =k ()] 22 +5(2)  [0A(Z) - k@] E2 +k(2)

the unique value of 7 such that ¢ (z,7,u,1) = %. Since w < 0 and w < 0 (as implied
by Propositions 1 and 2), conditions (a), (b) and (c¢) of Proposition 11 can then be rewritten in the
following more policy-oriented form that singles out 7;: (a) there exists a low cascade at date ¢ if and
only if 7, > 7' (2, py_1, ﬁtl), (b) there exists a high cascade at date ¢ if and only if 7 < 7% (2, y;_1, ﬁ?);
(c) there exists no cascade at date ¢ if and only if 7 (=, 7y, ,E(t)) <7< T (2, Ti ﬁ%)

In order to illustrate the mechanism of monetary policy intervention, suppose for a moment that
there exists ¢ € {1,..., N} at which there is a high cascade under laissez-faire, i.e. that there exists
t € {1,...,N} such that fiq (2, 1, py_ v, 1) > B (z). Then, as implied by Proposition 8, a necessary
condition for the monetary policy intervention to get rid of the cascade at date ¢ is ﬁ?q (z, Tt, ﬁ? , O) <
B (z). Now, it can be shown that ﬁ?q (z, 1, py_q, 1) > B (z) implies ﬁ?q (z, l,ﬁ?,O) > B (2).5 Since
w < 0 (as implied by Proposition 3), 74 > 1 is therefore a necessary condition for the monetary
policy intervention to interrupt the cascade at date ¢t. In other words, monetary policy must be tight-
ened to interrupt a high cascade. This is because monetary policy tightening, by making borrowing

dearer for the entrepreneurs, can make them invest in the new technology if and only if they receive

an encouraging private signal about its productivity. In doing so, it eliminates the high cascade.

5This is a straightforward consequence of Lemma 1 in the appendix.
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4.3 An analytically tractable case

We assume here that the functions

Rt — Rt Rt — Rt

z+— K (2) and z+— A(z)

are twice differentiable at point z = Z, with ‘;—’;} _> 0 and ‘é—ﬂ __ > 0. We also assume that z is
z zZ lz=z

2=
arbitrarily close to Z and that 7; remains arbitrarily close to 1 at dates 1 to N. The latter conditions
are necessary and sufficient for ¢, ¢; and cf to remain arbitrarily close to their steady-state values for
all t € N*, all pg € ]0;1[ and all (S, ..., Sy) € {0,1}¥. This, in turn, enables us to linearize the model
in the neighborhood of its steady state. We also assume, for simplicity, that N = 3. We focus on the

case examined in the following proposition:

Proposition 9 (Existence of cascades and arbitrarily small monetary policy interven-
tion)

There is no cascade at date 1 under laissez-faire (11 = 1), there is a high cascade at date 2 when
S1 = 1 under laissez-faire (T = 1), and there exists a monetary policy intervention To arbitrarily

close to 1 that ensures the absence of cascade at date 2 when Sy =1, if and only if

2 K
Fla-afpid| -9 | 1+pa-p+ e
PRI T dA@ —r0) (14)
2 (E’z:f)
and B (Z) = 03>, (15)
|
where B (Z) = — 25—
(1 - Oé) dz zZ=Z

Proof of Proposition 9: see appendix J. l

dj‘ &£r
dz lz=2" dz2 ez

714(5)7 dA d2A

The relevant parameters are now «, (3, k (%), Pl T
- L

s pos A N
and % ‘z:E for t € {1,..., N}. The conditions imposed on these parameters are those correszponding to
the conditions listed in proposition 6, to which should be added the following conditions: 0 < py < 1,
3 <A<1, N =3, (14) and (15). Because, when z is arbitrarily close to Z and 7, remains arbitrarily
close to 1 at dates 1 to NV, (6) and (13) imply (1), (10), (11) and (12), these conditions are altogether

equivalent to the following ones: 0 < a < 1,0< <1, k(Z) > 0, ‘fl—’;‘ - >0,4(z)>0 A _ >0,

z= ' dz lz=

0<po<l,3<A<1, N=3, (14), (15), @A (Z) — £ (2) > 0, po3® < 12 and

K (2) K (2)

— > Inax m

53 - m 7P0ﬁ3 . (16>

It is easy to see that the set of parameter values satisfying all these conditions is not empty. As a
consequence, neither is the set of parameter values satisfying all the conditions imposed in the general

case in proposition 6.
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Our aim is to show that there exists a non-empty subset of parameter values satisfying all these

conditions and such that the corresponding sequence of monetary policy interventions, characterized

by the policy parameters ddi; o ddi; . and %3 L is welfare-improving compared to laissez-faire,
where the latter is defined as dg—; L= % = % L= 0. To that aim, we consider the following
investment-decisions-contingent pa_th of mongtary polic; interventions: (i) % =0; (i) if L =0,
then % .= 0; (iii) if I; = 1, then % = min { %2 - there is no casgade at date 2}; and
(iv) V(II,I;) € {0,1}?, 4= __=0 ) )

The social welfare criterion that we consider is a weighted sum of the utility of the representative
household, the utility of the current representative entrepreneur and the expected utilities of the future

representative entrepreneurs:

_ 3 = - o
Wi = Eqn,nU{s1=1} [K )+ 5 [Ogg () — =) Uy + Z;o ﬂkV}M} .

The weights are chosen such that the locally linearized social welfare criterion is equal to the
discounted sum of current and expected future GDPs. With such a welfare function, we can prove the

following proposition:

Proposition 10 (Welfare-improving monetary policy avoiding cascades)
There is a non empty set of parameters for which monetary policy avoids cascades and is welfare-

improving compared to laissez-faire.

Proof of Proposition 10: see appendix K. B

Note that, even when the particular sequence of monetary policy interventions considered is welfare-
improving compared to laissez-faire, there is at least one reason why it might not be the optimal
sequence of monetary policy interventions for the welfare criterion that we consider. In effect, the
optimal monetary policy may set % L higher than zero when I; = I, = 1 in order to eliminate the
high cascade at date 3. By making S;ipzublic, this would not benefit future entrepreneurs, since the

true productivity of the new technology is common knowledge at date 4 anyway, but it could benefit

the representative household at date 3.
4.4 Numerical simulations

Here we provide a numerical illustration of the model working. Parameters values are as in the previous
section, except for N = 4. Some new parameters are introduced: the objective probability of success
of the new technology is p = .4, the informativeness of the signal is A = .6, and the initial prior p,
is equal to the objective probability p. These parameter values fulfill the conditions imposed above.

Without loss of generality for what happens between 1 and 4, it is assumed that the new technology
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turns out to be a failure at ¢ = 5. Figures 3, 4 and 5 show three possible configurations of signals and
policies.

Case 1 is a case with no cascade and no monetary policy, case 2 is a case with cascades and no
monetary policy, while case 3 is case 2 with a monetary policy that eliminates cascades.

Case 1 is presented in Figure 3. The sequence of private signals is {bad, good, bad, bad}. The fourth
panel of this Figure compares social believes p, with what we call “complete information” believes,
i.e. believes computed with observing the current and past signals. Any difference between the two
indicates a cascade at the current date or earlier. Observe that the two series of believes are always
superimposed.

In case 2 (Figure 4) and case 3 (Figure 5), the sequence is {good, bad, bad, bad}. Absent monetary
policy, the first good signal generates a cascade, which causes a brutal revision of believes in period
5. In case 3 (Figure 5), some tight monetary policy is implemented in period 2: the interest rate is
increased by increasing 7. At this higher interest rate, the entrepreneur of period 2 invests only if the

signal is good. Social learning is then active.

4.5 Welfare Analysis in Numerical Simulations

In this subsection, we compute the welfare consequences of a policy that eliminates bubbles. We
consider a parametrization similar to the previous one except that the new technology is now only
marginally better. The old technology has a TFP A(Z) = 1 and requires an investment of x(z) = .1
units of goods, while the new technology requires an .1% larger investment (k(z) = .1001) and, if
successful, delivers a .1% larger TFP (A(z) = 1.001). These parameter values fulfill the conditions
imposed above. We simulate the economy for all possible histories of signals and final realization of
the technology (success or failure), and compute the expected utility of households and each gener-
ation of entrepreneurs. We then repeat those simulations for different sequences of monetary policy
interventions. Parameters are such that there is no cascade in period 1. The first policy follows the
minimal monetary policy intervention that prevents cascades in period 2. The second one prevents
cascades in periods 2 and 3, the third one in all periods (periods 2, 3 and 4). For each of those
policies, we compute the expected utility of households and each generation of entrepreneurs. Results
are presented in Figure 6, where expected utility is expressed in percentage of the initial steady state
output.

Households do benefit from a policy that eliminates cascade, and the more so when that policy
eliminates cascades in all periods. A policy that eliminates cascades in period t is always detrimental
for the entrepreneur of that period, and beneficial for the subsequent ones. In those simulations,

households gains are one order of magnitude smaller than entrepreneur losses, so that policies do not
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Figure 3: A simulated path with no policy and no cascade
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Figure 4: A simulated path with no policy and a cascade
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Figure 5: A simulated path with some policy and no cascade
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This Figure shows the response of the economy to a sequence of private signals (0
if the signal is bad, 1 if it is good). The dashed line represents the initial and final
steady state level of the variable.
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Figure 6: Expected welfare for different monetary policies
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This Figure shows the expected welfare of households and entrepreneurs for dif-
ferent monetary policies. The expectation is taken over all possible histories of
signals and realizations of the productivity of the new technology.

increase social welfare.

5 Conclusion

The first contribution of this paper has been to develop a dynamic general equilibrium model in
which informational cascades can occur in equilibrium. In this model, entrepreneurs receive private
information about the productivity of a new technology, and invest or not in that new technology,
borrowing from households. While entrepreneurs’ information is private, entrepreneurs’ actions are
publicly observable. Because investment is lumpy (invest or not in the new technology), it is not
always possible for households and other entrepreneurs to infer private signals from actions. When
it is not possible, an informational cascade starts, social learning stops, and investment decisions are
characterized by herd behavior. We call such a situation a stock price bubble.

The second contribution has been to show that monetary policy (defined as manipulation of the
real interest rate) can be used to eliminate those stock market bubbles, even though the central bank
has less information than the entrepreneurs about the productivity of the new technology (since,
unlike them, she receives no private signal). In some circumstances, even a modest monetary policy
intervention can be enough for that matter, and may improve social welfare from an ex ante point
of view. These results suggest that, insofar as booms in new-tech stock prices can be modeled as
the result of herd behavior, the two conditions most commonly stressed by central bankers for the
desirability of a monetary policy reaction to these booms may prove less demanding than they seem

at first sight.
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Appendix
A A Monetary Model

Here we construct a monetary model that shows that a sequence of taxes {74} can be implemented
with a properly chosen path of money supply.

In the paper, equilibrium allocations are given by a resource constraint and two optimality condi-
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tions in every period

¢+ Cte + H(Zt) = A(Zt_N>, (17)
c
g = BYEquy Lth} ) (18)
2z = arg maxBNEQ(&t) [(1 —a)A(z) — Klz) . (19)
2t€F¢ qt

In this model, we are interpreting changes in the tax rate 7 as monetary policy action. Here we
propose a monetary model in which the central bank sets the growth rate of money supply, and whose
allocations replicate the ones of the paper. The main ingredients of the model are the following:
households derive utility from real balances, from which we obtain a money demand equation. House-
holds have only access to a market for nominal bonds. Entrepreneurs have only access to a market for
real bonds. Banks are playing the role of intermediaries: they have access to both financial markets
and transform nominal bonds into real ones. Banks are constrained to keep a share of their nominal
liabilities in cash. In such a setup, a proper choice of the money supply sequence (that determines

inflation) allows to replicate real allocation for a given sequence of taxes {74}.

A.1 Households

Households derive utility from real balances and consumption:

Ut = EQ(h,t) Z /8] <ln(ct+‘]) + l/ln < Pt+j>> 5

J=0

where M; are nominal balances held by the household, P; is the price in units of money of the
consumption good and v is a positive parameter. Households only have access to a financial market

on which nominal bonds are traded. The budget constraint of a given period t is
PtCt + QtBt+N + Mt S Bt + thtLt + Mt.

Bty n is the number of nominal bonds bought by the household in period ¢t. Their nominal price is @
and they pay for sure one unit of money in period ¢ + N; M, represents the amount of money created
by the Central Bank in period ¢. This money supply is distributed to the household in a lump-sum

way. First order conditions of this program are

Ct 1
Q: = BYEqmy { ] ; (20)
Ct+N Tt+N
My = vPq,
where 7y = PtP%N is the inflation factor between ¢ and ¢ + N.
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A.2 Entrepreneurs

The problem of the entrepreneurs is unchanged compared to the model of the paper. They only have
access to a financial market for real bonds. In period ¢, they issue real bonds by n to finance their

investment, and their optimal behavior is characterized by:

K(2t)

z¢ = arg maX/BNEQ(&t) (1—a)A(z) — (21)

2t E€EF qt
A.3 Banks

In each period ¢, a bank is created, that behaves competitively, and that will be active only in periods
t and ¢ + N. It is owned by the household, that receives the dividends from the bank (dividends will
be zero in equilibrium). The period ¢ bank is the only economic entity that can access both nominal
and real bonds of maturity N markets in period ¢. In period ¢, it will therefore issue nominal bonds
(subscribed by the households) and subscribe real bonds (issued by entrepreneurs). In period t + N,
it will collect revenues from real bonds and repay nominal ones. The source of money non-neutrality
comes from the fact that the bank is required to hold a fraction g > 0 of its nominal liabilities By

in cash, and we denote R; this amount of cash reserves:
Rt = /LBH_N. (22)
The budget constraints of the representative period ¢ bank are:

Pygibin + Ry = QBN in period ¢, (23)

Biin = Poonbiin + Ry in period t + V. (24)
A.4 Central Bank

The Central Bank sets the sequence of money supply {M;}. In order to get an equivalence result
between some monetary policy and a sequence of taxes, we restrict the Central Bank to policies that
makes deterministic the inflation rate between ¢ and ¢ + N. This is achieved by the choice of an
appropriate policy rule that makes { M, v} contingent to the state of the economy in period t + N.
The Central Bank is assumed to be able to commit to this rule. We will show in the next subsection
that such a rule does exist. Finally, we assume without loss of generality that money supply My to
M n_1 are given and equal to the pre-new technology steady state level.

When inflation is fully predictable, (Eymn = min), equation (20) rewrites

c
QiTiyN = ﬂNEQ(h,t) |:Ct—:N:| . (25)
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A.5 Real Equilibrium Allocations
Equations (22), (23) and (24) imply
Qimepn = (1 — p)ge + pmegn (26)

For a given sequence of inflation rates, real allocations (consumption ¢;, investment z; and the real

price of real bonds ¢;) are given by equations:

c+ci+r(z) = Alzi-n), (27)
c
(1= wae + pren = BV Eguy [ : ] ’ (28)
Ct+N
k(2
2 = arg maxﬂNEQ(e,t) [(1 —a)A(z) — () (29)
2 €F Qt

(27) and (29) are identical to equations (17) and (19). Allocations will be therefore the same in the

real and the monetary economy if and only if (28) is identical to equation (18), which implies

T — 1+
TR
0

T4 N = (30)

To summarize, real allocations of the initial model, that are indexed by a sequence {7;} can be
replicated in the monetary economy provided that inflation is determined by equation (30). We now

determine the equilibrium level of 74y and show how it is determined by money supply.
A.6 Equilibrium prices and Inflation

The money market equilibrium of period ¢ writes

My+R, =M;+R_y (31)
N—— —
money demand money supply

Using (20), (22), we get an expression for the price of period t¢:

_ M+ ,U(Bt — Biyn)
vVt

P

As Byiy = ﬁPtJrNbHN and Py nbiy Ny = K(2¢) in equilibrium, (32) implies

1 [/
Pt:<Mt+

|4¢&7

e (sero) — (a0 (59

from which we obtain an expression for equilibrium inflation:

Ct (MHN + i (k(2e) — ’i(zt+N))>
M+ 1t (k(ze-n) — #(2))

T4 N = (34)

Ct+N
The central bank can make 74y deterministic by committing in period ¢ to a properly chosen

state contingent policy MHN =M (ct, Ct4 Ny Zt—Ns 2ty Zt4+N Mt).
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A.7 Equivalence Result

The following proposition summarizes the previous results

Proposition 11 Consider real allocations and prices A = {¢, ¢, 2z, @1 }72, that salisfies equations
(17), (18) and (19) for a given tax rule announced in zero. Then A is also an equilibrium allo-
cation of the monetary model when the central bank commits to a monetary supply rule M.y =

M (ct,ct+N,zt,N,zt,zt+N,Mt) that satisfies (i) M1 to My are arbitrarily chosen, (ii) inflation sat-

isfied TN = T ItuE and (131) the level of inflation in (i7) implies the choice of a money supply rule

I
& <Mt+N+m<n<2t>—n(a+N>))

v \ Mt (RGo-n)—r(z2)

Myin = M (ct,ceN, 2N, 2t 2e4- N, M) according to mpyn =

When v is driven arbitrarily close to zero, the welfare properties of monetary economy with the

properly chosen money supply rule are the same than the ones of real economy with taxes.

B Proof of Proposition 1

Suppose that such an equilibrium exists and note ¢ > 0 households’ constant consumption level at this
equilibrium. Then, at this equilibrium, Vt € Z, z; = Zz. Indeed, otherwise, if there existed ¢ € Z such
that z; = 0, then we would get ¢,y = 0 # €. Moreover, at this equilibrium, Vi € Z, ¢, = gN =g,
i.e. the N-period interest factor is Ry = ¢! = 7 = R. The labor market equilibrium condition
then implies that, at this equilibrium, V¢ € Z, w;L; = aA(Z) and II; = (1 — a) A(Z), from which
we deduce ¢ = aA (Z) — k(2) + VK (Z). Therefore, this equilibrium is the unique equilibrium at
which households’ consumption level is strictly positive and constant. Moreover, since ¢ > 0, (2)
holds. Finally, the condition that no entrepreneur is willing to deviate from this outcome’ implies
(1—-a)AE) - Nk (Z) > 0, so that (1) holds. Conversely, suppose that (2) and (1) hold. Then it
is easy to see that the outcome Vt € Z, ¢; = aA(Z) — k(Z) + V6 (2), ¢ = ~ and 2z = Z is an
equilibrium. Points (i) and (ii) follow.

Moreover, if Vt € Z, z; = Z, then Vit € Z,

and hence
—k (%) q-n — BN

_ N:
P = AR r ) e

so that there exists a neighborhood of § such that any sequence (¢;) originating in this neighborhood

will remain in this neighborhood and converge towards g if and only if (3) holds. Point (iii) follows.

"Recall that we restrict to symmetrical equilibria among entrepreneurs. This condition ensures that such a symmetrical
equilibrium exists.
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C Proof of Proposition 2

We first prove part (I) of the proposition. Let us note, for all z > Z and 74 > 0,

N -
Do(r) =" ad@) —r(z) + “ﬁ(ﬁ)} L Fy(2) = 0A(2) =k (2), Go = aA(2)—k(2) and Hy =k (3),
Tt
so that (4) corresponds to
My L=y
=D
“ T R T G I

Note that conditions (2) and (3) together imply Go > 0.

Suppose first that (4) admits a strictly positive solution ¢; for all u, € [0;1]. Then, (4) admits
a strictly positive solution ¢; in particular for p, = 0, which implies that Do (7¢) > Hp, and for
w; = 1, which implies that Fy (z) > 0 (given that Do (7¢) > Hp). These two inequalities correspond to
conditions (6) and (7) in Proposition 3. Now suppose conversely that Dg (7;) > Hy and Fp (2) > 0.
Then, when p, € {0;1}, (4) admits a unique solution ¢; and this solution is strictly positive. When
wy ¢ {0;1}, (4) is equivalent to

@ (2) g7 + Vo (2,74, 1g) @t + Qo (1) =0

where, for all z >z, all 7y > 0 and all y, € ]0; 1], ®¢ (2) = Fy (2) Go, Yo (2,7, 1) = [Fo (2) + Go] Ho —
Do (1¢) [Gopy + Fo (2) (1 — )] and Qo (1) = Ho [Ho — Do (4)]. We have: Yy, € |0;1[, [Ug (2, 74, 1)) —
49 (2) Qo (1¢) = —4P¢ (2) Qo (71) > 0, so that (4) admits two distinct real-number solutions and, since

%00((1 t)) < 0, one solution is strictly negative and the other strictly positive. Point (i) follows.

From the previous paragraph, we also get that if Do (7¢) > Hy and Fp (z) > 0, then (4) admits a
unique strictly positive solution ¢, for all u, € [0;1], which we note ¢ (2, 7¢, tt;,0). When p, € ]0; 1[, the
derivation of ® (2) q (z, ¢, f1s, 0)2+Wo (2, 7¢, 1) @ (2, Tt 1y, 0)+Qp (7¢) = 0 with respect to = € {7y, 1, }
leads to

aq (Z, Tty Mty 0)
ox

8\110 (27 Tt, /’Lt)

=0
Ox ’

[QCI)O (Z) q (27 Tty Kty O) + \IIO (Z7 Tt, Mt)] +4q (Z> Tty M, 0)

where 2® (z) q (2, T+, piy, 0) + Wo (2, ¢, 1) > 0 by definition of g (z, 74, 14, 0). Given that %ﬁ’“t) =

%:t) [Gopy + Fo (2) (1 — )] > 0 and %}Z““f) = Dy (1¢) [Fo (2) — Go] < 0, we therefore obtain
that aq(%f_;“t’o) < 0 and %}T“O) > 0 for p; € ]0;1[ and by continuity for u, € {0;1} as well. Point
(i) follows.

We now prove part (II). Let us note, for all z >z and 74 > 0,

N K(z
Dq (z,n)zﬂ— aA(Z)—k(z)+ ﬁ(N) ,

Tt

Fi(2) =aA(2)—k(2), Gt =aA(Z)—k(Z) and H (2) = K (2),
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so that (5) can be rewritten as

My L —py

Jr
Fi(2)+ L;fz) Gq+ qufz)

qr = Dl (Z)Tt)

Note that conditions (2) and (3) together imply G; > 0 and that condition (6) implies Fj (z) > 0.

Suppose first that (5) admits a strictly positive solution ¢; for all y, € [0;1]. Then, (5) admits a
strictly positive solution ¢; in particular for p, = 0, which implies that D; (z,7;) > Hj (z). The latter
inequality corresponds to condition (8) in Proposition 4. Now suppose conversely that Dp (z,7¢) >
Hi (z). Then, when p, € {0;1} or Fy (2) = G1, (5) admits a unique solution ¢; and this solution is
strictly positive. When p, ¢ {0;1} and F (z) # G1, (5) is equivalent to

D (Z)QtQ+‘I’1 (2, Tty py) gt + 1 (2,74) =0

where, for all z > Z, all 7y > O and all i, € |0; 1], @1 (2) = Fi (2) G1, Y1 (2,74, 11y) = [F1 (2) + G1] Hy (2)—
Dy (z,74) [Gipy + F1 (2) (1 — py)] and Q4 (2,7¢) = Hy (2) [H1 (2) — D1 (2,7¢)]. We have: Vu, € ]0;1],
(U1 (2,74, 11)]* — 4®1 (2) Q (2,7¢) > —4®y (2) Q1 (2,7¢) > 0, so that (5) admits two distinct real-

number solutions and, since lez(’;)t) < 0, one solution is strictly negative and the other strictly

positive. Point (i) follows.

From the previous paragraph, we also get that if Dy (z,7¢) > Hj (2), then (5) admits a unique
strictly positive solution ¢; for all u, € [0;1], which we note q (2,7, p,1). When p, € ]0;1[, the
derivation of @1 (2)q (2, 7¢, g, 1)* + W1 (2,76, 11y) q (2, Tt f1y, 1) + Q1 (2,74) = 0 with respect to = €
{74, s} leads to

8\111 (27 Tt, :U't)
ox

aq (z77—t7:ut? 1)

[2(1)1 (Z)q(sztwutal)_F\I[l (Z7Tt71ut)] o

+Q(Z>Tt>.ut71) =0,

where 204 (2) q (2,7, iy, 1) + W1 (2, 74, pty) > 0 by definition of ¢ (z, 7, 4y, 1). Given that %ﬁtm =
%ﬁ’”) [Giu, + F1 (2) (1 — )] > 0 and %}’;t"“) = D; (z,7¢) [F1 (2) — G1] < 0, we therefore obtain
that, for u, € ]0;1] and by continuity for u, € {0;1} as well, aq(z’g;;’”’l) < 0, 8q(zg;’t”t’l) < 0 if

Fi(z) > Gy, %ﬁ;ﬂt’l) = 0if F1(z) = Gy, and %}Z’”’l) > 0 if F}(z) < G;. Since inequality

F1 (z) > G corresponds to condition (9) in proposition 2, points (éi) and (ziz) follow.

Here we introduce a lemma showing that, under the conditions so far obtained, the interest rate
maximized over p, € [0;1] that prevails when the entrepreneurs borrow little (as they invest in the old
technology) is strictly lower than the interest rate minimized over u, € [0; 1] that prevails when the

entrepreneurs borrow much (as they invest in the new technology):

Lemma 1 if (1), (2), (3), (6), (7), (8) and (9) hold, then: ¥Vt € {1,..,N}, ¥(p,p') € [0;1?,

q (Zth7p7 O) >q (ZaTtvpla 1)
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The proof of this lemma goes as follows. From (4) and (5) we easily get, using the notations of

appendix C,
D() (Tt) — Ho
Go

Since Dg (1¢) > D1 (2,7¢), Ho < H; (z) and Go = G1 > 0, we obtain that

Dy (z,7¢) — Hy (z)

q(Z,Tt,0,0) - Gl

and ¢ (z,74,0,1) =

q (Zv Tty 07 0) > q (27Tt)07 ]-) .

Now proposition 2 implies

9q (2,7, 1y, 0) - 0 and 0q (2,74, g, 1)

< 0.
Oy Oy

We therefore conclude that V¥ (p,p') € [0;1]%, ¢ (2,74, p,0) > q (2,74, p,1). Lemma 1 follows.

D Proof of Proposition 3

The necessary and sufficient condition for a competitive entrepreneur to have no incentive to deviate
from the other entrepreneurs’ common investment decision and invest nothing is that (a) if this
decision is to invest in the new technology and if a competitive entrepreneur has no incentive to
deviate from this decision and invest in the old technology, then a competitive entrepreneur has no
incentive to deviate from this decision and invest nothing, and (b) if this decision is to invest in
the old technology and if a competitive entrepreneur has no incentive to deviate from this decision
and invest in the new technology, then a competitive entrepreneur has no incentive to deviate from
this decision and invest nothing. Therefore, a competitive entrepreneur has no incentive at date
t to deviate from the other entrepreneurs’ common investment decision and invest nothing for all
te{l,...,N}, all (g, ..., uy) € [0;1]Y and all (fiy, ..., iy) € [0; 1]V, if and only if (a) V¢ € {1,..., N},

V(/,Ll, 7MN) S [07 1]N7 V(ﬁlv 7/~*LN) € [07 l]Na

Y LI R PR YA BT A TR Y BRI R
(1-a)A(z) Q(Z,Tt,,utao)>'ut(1 JA(z) +(1—1) (1—a)A(Z) Q(ZaTtaMmOz
—1-aa@ -y
and (b) Vit S {17 ...,N}, v(ru’lv "'7NN) € [0; 1]N7 v(ﬁla ""/jN) € [O; 1]N’
A+ A 0 a KB
fi (1 )A(z) + (1 —p) (1 )A(Z) Q(Z,Tt,,u«tal)>(1 JAG) q (2 Tty pys 1)
=>ﬁt(1—a)A(Z>+(1_ﬁt)(l_a)A(Z)_q(z,ﬁfgml)>0’

which is equivalent to (a) Vt € {1,..., N}, ¥ (puy, ..., by) € [0; 1]N, Y (figy - i) € [0; 1]N,

K (Z)

~ B ~ k(EZ)
Hiq (Z?Tt?ubo) < (Z) = Q(Z77—t7:u/t70) > (1 — a)A(E)’
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and (b) vt € {17 "-aN}v \v/(/J“la 7IU’N) € [Oa 1]N7 v(ﬁla aﬁN) € [07 1]Na

Kk (2)
g (1= a) A(z) + (1= ) (1 — ) A(Z)’

which is in turn equivalent to (a) Vt € {1,.... N}, ¥ (uy, ..., uy) € [0; 1]V,

K (Z)
q(z, T, i1, 0) > A—a)A®)’

ﬁtq (Z7Tt71ut7 1) > B (Z) g Q(ZaTtmut’ 1) >

and (b) Vt € {1,.... N}, V (g, .., py) € [0;1]7,

K (z)
5O (1-a) A+ (1- 285 ) (1-0) A7)

q(z,me,14,1) q(z,me,14,1)

q(z,Te, e, 1) > B (2) = q (2, T, g, 1) >

i

which, given Proposition 2, is in turn equivalent to (a) Vt € {1,..., N},

K (Z)

q(z,7¢0,0) > W,

and (b) ¥t € {1, N}, ¥ (g, i) € 0517,

K (2)

1 B 1 —_
(J(zﬁt,ﬂu )> (Z):>Q(zv7—tnu't7 )> (1—&)14(2)’

which, given (4) and Proposition 2, is in turn equivalent to (a) Vt € {1, ..., N},
7 (%)

aAZ)—r(z)’
L+ A

T <

and (b) V¢ € {1,.., N},

K(z K(z
|:q(Z,Tt,0, 1) >B(Z) andB(Z) < (]_;)34(2) ﬁq(z,Tt,l,l) > (10[()1)4-(2)
Given (5), condition (b) holds if and only if V¢t € {1, ..., N},
: 7 (2) K (2)
either - B(z)[aA((E))—n(E)] < T, or B(z) > A—a)A)
7 (2) K (Z) 7 (2)
o 1T < —Fopa@ @ P ¥ < Ao am 4T < T ekam @ |
{ 1+ () (1-2)A@) 1+ o wam
Now given conditions (6), (9) and 7 (z) < 7 (%), we have
K (2)
B
< i-wam —
r(2) v (2) " (2) - (2) ]
— < — — and — < — — | .
)0 A(Z)—r ()] BRLAG) —rG)] KE)aA(Z)—r ()] aAG) ()
L tGa-wae LT =) L = 5 [ By Y R el gy .

Proposition 3 follows.
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E Proof of Proposition 4

Note that (1) and (6) imply
7 (2)
aA(Z)—k(Z)’
L+ TT=aae

1<

which in turn implies 1 < 7 (%), and that (6) and

7 (2)
FE AR ()]
L+ 2 T-aae)

1<

imply 1 < 7 (2). Proposition 4 follows.

F Proof of Proposition 5

In this appendix, for simplicity, for any pair (z,2') € {z,2} x {0,%, 2} such that x # 2/, by “a
competitive entrepreneur has no incentive to deviate from x to z’” we mean that a competitive
entrepreneur has no incentive to deviate from the other entrepreneurs’ common investment decision
I =0 (when = %) or I; = 1 (when x = 2), in order to invest in the old technology (when 2’ = %) or
to invest in the new technology (when 2’ = z) or not to invest (when z’ = 0).

First, it is straightforward that V¢ > N, a competitive entrepreneur has no incentive to deviate
from Z to z when the new technology is bad. Then, we have that ¥t € {N +1,...,2N},

(2) = k() 1 Y
() =k (2) " aA(Z) — k() |4 Ten 0

aA _
e 7))

if zz_n = Z and the new technology is good,

N K (2) BN
@ =0"+ -1
t QA (z) =k (2) | q (27N p-no1)
if z;_n = z and the new technology is good,
N £ | gy '
@ =pP"+ —= = -1
' al (Z) —K(Z) _q (Zth—Nﬂut—Nao)

if z;_n = Z and the new technology is bad, and

1 BN
A (E) -k (5) q (Z7 Tt—Ny Ht—N>» 1

a=p"+ - () = (3)

if z;_ ny = z and the new technology is bad. Since 7;_ can be arbitrarily close to zero, g (z, Te—N s li— N » O)
and ¢ (Z,Tt_ Ny M N 1) can be arbitrarily large and therefore ¢;—n can be arbitrarily large in equi-

librium. Moreover, since fi,_ 5 can be arbitrarily close to zero, we can have in equilibrium both
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zt— N being equal to Z and ¢y = ¢ (z,Tt_N,,ut,N,O) being arbitrarily large. As a consequence,

Vte {N +1,...,2N},
L neA@ k() k()
o = A —k(2)  adle) -k ()

if the new technology is good and

: _ AN _ K (Z)
S A ¥ = gy

if the new technology is bad. As a consequence, Vt € {N + 1,...,2N}, a competitive entrepreneur has
no incentive to deviate from Z to 0 when the new technology is bad, nor from z to 0 or Z when the
new technology is good, if and only if conditions (12) and (13) are met. Moreover, V¢ > 2N,

N ﬁNn(z) 1
@=p5"+ aA(z) — k(2) (qtN ﬁN)

if the new technology is good, and

_ AN Bk (%) 1
“=P +04A(5)—/€(5) <Qt—N 5N>

if the new technology is bad. Therefore, condition (6) and the fact that ¢ is always strictly positive in

equilibrium together imply that Vi > 2N,

N —
G =P aA(z) —k(2)
if the new technology is good, and
N K (2)
“> B AE - )

if the new technology is bad. If conditions (12) and (13) are met, then, V¢ > 2NV,

K)o
¢t > max (1—a)A(z)’B( )

if the new technology is good, and
S k()
RO YE)

if the new technology is bad. As a consequence, Vt > 2N, a competitive entrepreneur has no incentive
to deviate from Z to 0 when the new technology is bad, nor from z to 0 or Z when it is good. Proposition

5 follows.

G Proof of Proposition 6

Let us prove point (7). First, there exists no equilibrium such that entrepreneurs choose to invest

nothing at some date ¢ > N. Indeed, if entrepreneurs chose to invest nothing at some date t > N,
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then ¢ would be infinite, so that a competitive entrepreneur would prefer to deviate from the other
entrepreneurs’ common decision and invest in the old or the new technology.

Second, there exists no equilibrium such that entrepreneurs choose to invest in the new technology
at some date ¢ > N when this technology is bad. Indeed, if entrepreneurs chose to invest in the new
technology at some date ¢ > N when this technology is bad, then a competitive entrepreneur would
prefer to deviate from the other entrepreneurs’ common decision and invest in the old technology, as
the latter requires less investment and leads to the same productivity.

Third, if there existed an equilibrium such that entrepreneurs choose to invest in the old technology

at some date ¢ > N when the new technology is good, then at this equilibrium we would have

0" — NaA (zen) — K (Z) + %
0A (Z) — ki (zn) + 22

which would then imply

qt—N

BN A (z-n) — K (Z) + M] —k(2)

@ = aA(Z) — k (2en)
B [aA(z) —r(2)] —r(2) _ gy K (2)
- aA(Z) — k(2) aA(Z) — k(Z)
since “Et=3) 5 (i equilibrium. Now, a competitive entrepreneur would prefer to deviate from the

other entrepreneurs’ common decision and invest in the new technology if and only if

(1—a)A(:) - "””q(f) S (1-a)A(z) - “q(f),

that is to say if and only if ¢ > B (z). Therefore, a sufficient condition for the non-existence of an
equilibrium such that entrepreneurs choose to invest in the old technology at some date t > N when

the new technology is good is

R o]
Now, the latter condition is met since (13) implies
woAG) k() k() ]
p aA(z) —k(z) aA(z)—;<c(z)>B()7

N k (2) ad(z) — K (2)
R N 5 P o5 B Gy = ey g
Y (:)(i)m & 8%

Point (i) follows.
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Let us now prove point (ii). Proposition 2 implies that, V¢t € {1, ..., N}, ¢ > 0. Moreover, as shown
in Appendix E, Vt € {N +1,...,2N},

NOA(Z) — k(2) K (2)
G >0 QA (z)—k(z) aA(z)—k(2)
if the new technology is good, and
N K (2)
I R

if the new technology is bad. Therefore, conditions (12) and (13) imply that V& € {N +1,...,2N},
g: > 0. Finally, using the equations

N ANk (2) L1
G =P +aA(z)—/€(Z) <Qt—N 5N>

if the new technology is good, and

_ AN Bk (2) 1
=0t AE ) <qt_N 5N>

if the new technology is bad, which hold V¢t > 2N, we get by recurrence that vVt > 2N, ¢ > 0. To sum
up, we get that V¢t > 1, ¢; > 0. Together with (6), this implies in turn that ¥t > 1, ¢; > 0. Besides,
condition (1) and Propositions 3 and 5 imply that V¢ > 1, ¢f > 0. Point (i¢) follows.

Let us finally prove point (7i7). If the new technology is good, then Vt > 3N,

[ ()]

(@A (2) — K (Z)}Q qt—NGt—2N

q — BN = (gi—an — BY).

Using the results: (a) Vt > N, g > 0; (b) Vt > 2N,

oo BV — BNk (2) <1 1>;

aA(z) —k(z) \@-N B ﬁiN
and (c) "
N__ RV
b aA(z) — K (2) >0,
which follows from (13), we get that V¢ > 3N,
N__ k() r (2)
- ) [ ) )
N__ k() Bk (2) [ ()]
- [ﬁ ad(z) — K (»Z)} U T A — k() (@A (z) — k (2))
2
= qt—NGt—2N > A ([Z)(_)]K (Z)]Q




from which we conclude that . lirﬂ ¢ = . Alternatively, if the new technology is bad, then V¢ > 3N,
— 100

[+ (2)]”

(@A (2) — & ()] @-NG—2n

g — 6" = (gi—an — BY).

Using the results: (a) V¢ > N, ¢ > 0; (b) Vt > 2N,

N Vk (2) 11,
“ P =A@ - ) <qtN 5N>’

and (c)
)
aA(Z) —k(Z)

which follows from (12), we get that V¢ > 3N,

[~ e [ e

By > 0,

aA(Z) —k(2) zZ) — Kk (2)
O ) Vk (2) = (2)]”
o GaP>T e | LR e oA () - n (T
[k (2))?
= qt—NQt—2N > oA (2) — r (E)]2
_ < ) _
[0A () — & (D)) - Nar-2n ’

from which we conclude that . hqu ¢ = Y. To sum up, we get that . lirfrl q = B whether the new
— 400 — T

technology is good or bad. Then, since Vt > 2N,

(ct,¢f) = (aA(z) —k(z)+ g vk (2), (1 — ) A(2) — ¢ vk (z)) if the new technology is good,

(ct,¢f) = (aA(z)—k(z)+ g Nk (Z), (1 —a)A(Z) — ¢ vk (z)) if the new technology is bad,

we get that tirﬂoo (ct,¢f) = (ad(z) — K (2) + B Vk(z),(1-a)A(z)— VK (z)) if the new tech-

nology is good and . 1in+1 (ct,ef) = (aA(®) — k() + B VK (2),(1—a)A(Z) — VK (2)) if it is bad.

Point (7i7) follows.

H Proof of Proposition 7

(6) and (13) together imply that 3~ > B (z) and hence that (1 — o) A (z) — % >(1-a)AZ)— ';(?V),

so that entrepreneurs’ welfare is higher in the long term when the new technology is good than it is

initially. Moreover, (9) implies that aA (2) — K (2) + ’;(ff) >aA(Z)—k(Z)+ ';(?V), so that households’

welfare is also higher in the long term when the new technology is good than it is initially. Proposition

7 follows.
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I Proof of Proposition 8

For each t € {1,..., N}, let 1 denote the value taken by u, when I; = 0 and p} the value taken by
when I; = 1. Since entrepreneurs take the interest rate as given when deciding in which technology
to invest, I; = 0 is supported by an equilibrium only if

_ K (2)
(1-a)A(Z) - . (z,Tt,,u?,O) >

A IRy YSp—C

q (ZaTtauga 0)

k (2)
q (Za Tt ,Uga 0)

Y

+ (1 — Ay) [(1 —a)A(z) -
that is to say only if

ﬁtq (Z7Tt7/”’g70) < B(Z) (35>
Similarly, I = 1 is supported by an equilibrium only if

_ K (2)
1-a)A(z) - Q(Z,Tt,/ut%;l) <

A IRy YSp—

q (Za’rtvuga 1)

k()
q (Z7 Tt ,uz:fla 1)

Y

+ (1 =) [(1—a)A(2)—

that is to say only if
ﬁtq (Z7Tt7:u’%71) > B(Z) (36)

Lemma 1 implies that V (17, p1f) € [0; 1]2, conditions (35) and (36) cannot hold for the same values of
the parameters. This implies that at most one of the following four cases can occur in equilibrium at
each date t € {1,...,.N}: S =0= 1 =0and Sy =1 = I1; =0 (case a), Sy =0 = I; = 1 and
Si=1=IL=1(case ), S;=0=—=L=0and Sy =1= [; =1 (case ¢), Sy =0 = [; = 1 and
Sy =1= I, =0 (case d).

Note first that case d is in fact impossible, as it would require ﬁ?q (z,n,,u%,l) > B(z) and
ﬁ,}q (Z,Tt,u?, 0) < B(z), where ﬁ? < ﬁ%, which contradicts Lemma 1. Note then that cases a and b
both lead to p; = p;_1, while case ¢ leads to pu; = ;. As a consequence, case a is supported by an
equilibrium if and only if 7i0q (2,74, 14—1,0) < B(z) and T q (2,74, —1,0) < B(z), that is to say if
and only if

fiq (2,76 1—1,0) < B(2); (37)

case b is supported by an equilibrium if and only if 7i{q (z, Tty thy_1s 1) > B (z) and Jilq (z, Tty My, 1) >
B (z), that is to say if and only if

fiq (2,76, gy, 1) > B(2); (38)
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and case c is supported by an equilibrium if and only if
19 (2,76, 117,0) < B (2) and figq (2,74, /1, 1) > B(z). (39)

Given that Y < i, Lemma 1 implies that at most one of the three conditions (37), (38) and (39)

holds for some given values of the parameters. Proposition 8 follows.

J Proof of Proposition 9

Given Proposition 8, there is a high cascade at date 2 when S; = 1 under Laissez-faire (7o = 1) if and
only if poq(z,1,p1,1) > B(z). Moreover, since z is arbitrarily close to Z, ¢ (z,1,p1,1) and B (z) are
arbitrarily close to 4% and B (%) respectively. As a consequence, there is a high cascade at date 2 when
S1 = 1 under Laissez-faire (79 = 1) and there exists a monetary policy intervention 79 arbitrarily close

to 1 that ensures the absence of cascade at date 2 when S; = 1 if and only if

P = B ()
and
8@(2,1)17171) aB
_ — 40
Do Oz o > dz Zzzv ( )

where the first of these two conditions correspond to (15). The partial derivative of (5) at date 2 for

79 = 1 and py = p1 with respect to z, taken at point z = Z, and the use of (15) lead to

[1+/63 (1_]71)] +ﬁ dk

9q(z,1,p1,1) dr
aA(Z) — k(Z) dz

0z

Z=Zz

2=z

Besides, using (15), we also get

2 2
B || - (- a) B |

dk
z=z 2 dz ‘z:E

a5
dz

:J ) (41)

These last two results can then be used to rewrite (40) as (14). Therefore, there is a high cascade at
date 2 when S; = 1 under Laissez-faire (79 = 1) and there exists a monetary policy intervention 7
arbitrarily close to 1 that ensures the absence of cascade at date 2 when S; = 1 if and only if (14) and

(15) hold. Now, given Proposition 8, there is no cascade at date 1 if and only if

pP-19q (Z,l,p_l,()) < B(Z)v

and p1q(z,1,p1,1) > B(z).

If (15) holds, then these two conditions hold as well, since p_; < pg < p; and ¢(z,1,p_1,0),
q(z,1,p1,1) and B (z) are arbitrarily close to 42, 3% and B (%) respectively. Proposition 9 follows.
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K Proof of Proposition 10
Let (UtLF (2), VEF (2) , WEE (z)) and (Ut] (2), VI (2), W] (z)) denote the values taken by
(E{Ut|Sl - 1},E{17;}51 - 1} ,Wt>

respectively under Laissez-faire and under the intervention considered. We first obtain the following

Lemma:

Lemma 2 the welfare effects of Laissez-faire are characterized by
dUFF

dz
df/lLF

dz

> 0,

> 04f (po,\) is sufficiently close to (0,1),

dVLEF L .
W < 0 if po is sufficiently close to 1,
z
dWEF g
1 _ dz

dz

‘z:E D1 _ 3 B
2=% S 1-p [(1—a)p0 1+6°(1 pl)]>0.

Proof of Lemma 2:

Concerning households, we have

UEF() = (1+F+8)n {aA (=) + ”ﬁ(? - n(z)} Y B [ad (2) + q(f()) ki (2)
i+1 %
+(1 —pl)ﬁg Z?:o ﬁ’ In |aA(Z) + g)& — K (z)]
441 (2)

AT (?) —K(Z
ng-)l (2) ( )] ’

where superscripts (1), resp. (2), indicates that the new technology turns out to be good, resp. bad.

+(1—p)B? ;ngﬁiln aA(Z) +

Computations then lead to

¢z = ¢? () =q(zLpr 1) fori € {1,2,3},

oz = B+ aA(ﬂj)"“Ei 8 _qﬁ);(z) _ /613 for i > 4,

@) = 6+ Mi)ﬁ6 = @ :qﬁ); ) /613 i ;%1(2)—&/52) ort < {4,564,
@) = B+ aAfj)ﬁ (z; - :qg);(z) _513 for i > 7.
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Using (15) and the fact that Vi > 1, ql(l) (z) = qi(Q) (z) = 3°, we get

dg;” —1 3 apy dk .

iz T M@_W)[”ﬁ(l—pl)m_m}dzz_z for j € {1,2,3} and k € {1,2},
dqi(’)i—)i- j . -k (2) i dq(.l) . ‘
dzjm - [ﬁ?’m(z)—mz)ﬂ g frrztedie il

daii| TG } LA k@ dd

dz | |FA@ -s@] |0AR) k@] & FloAE) k()] d= | __

fori>1and j € {1,2,3}.

We end up with

dui” _ &l of’pr | K(Z)(1-5) api
& |ee  0-A[rE+FAE -~ @] {(1 “a)p | () [1 - am]
> 0.
Concerning entrepreneurs, we have
DLF (2) = py 33500 g+ [(1 —a) A(z) - (/;&)(2)
441 (2)
(L= p) T, 6 [(1 ) ()~ | () S A [(1 ) A(F) - (f)] ,
441 (Z) 4i+1 (z)

from which we get, using (15),

d‘A/1LF _ %‘Z:E 3 3 n | k(Z) (1 _ ﬂs) ap1
dz z:E_ 1-0 1-5 JrﬁplipioJr aAZ)? [1+(1—a)p0] '

The coefficient of %(1) in this expression linear in %(1) is

I T R T
1-8 (1-a)A(z)8° 1-8 ’
given the conditions oA (Z) —  (Z) > 0 and (16), so that we get
dvir dvir
lim 1 = lim 1 = +00
(po,\)—(0,1)  dz s B — +oo dz s
Moreover,
UV LF —dr| ) (1 = 33
lim d‘/l _ dz ‘z:z R(Z) ( ﬂ ) - < 0.
po—1 dz L 1-8 |a(l—a)A(z)S

Lemma 2 follows. B

LF
1

It is worth noting in particular that we can get d‘gz < 0 even though each entrepreneur

2=z
individually gains from investing in the new technology. There are at least two possible reasons for
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this result. First, the existence of overlapping generations of entrepreneurs may create a negative
externality. Indeed, at each date ¢t € N*| new-born entrepreneurs do not internalize the possible costs,
in terms of interest-rate fluctuations, that their investment decision imposes on the entrepreneurs born
at date t — N and on those born at date t + N. Second, our simplifying discrete-choice assumption
and our focus on symmetric equilibria may play a role. Indeed, if there were only one entrepreneur
per generation, then she would choose between borrowing little at a low rate or borrowing much at a
high rate, and might prefer to borrow little at a low rate. But there are many of them, so that each
of them, taking the interest rate as given, has either to choose between borrowing little or much at a
low rate, or to choose between borrowing little or much at a high rate. If in both cases she prefers to
borrow much, then the only symmetric equilibrium is that all entrepreneurs borrow much at a high
rate.

Now let p4 denote the probability of receiving a signal Sy = 1 conditionally on S; = 1, and
pp the probability of receiving a signal S3 = 1 conditionally on S; = 1 and S = 0, i.e. pa =
piA+ (1 —p1) (1 —A) and pp = poA + (1 — po) (1 — ). We then obtain the following Lemma:

Lemma 3 The welfare effects of the intervention considered are characterized by

Ui
E . > 07
avy ‘ . ‘
o > 0 if (po, ) is sufficiently close to (0,1),
avy
d—zl < 0 if po is sufficiently close to 1,
. - e [aem
=L SR fj P —— —1
dz |, (1—a)po =" [T=a)m
D2 2 y4! dr
+8(1+8 A[—l] +8%(1-pa [—1”
R e T I el [T § (=
> 0.

Proof of Lemma 3:

Let us first derive the intervention %

_and the corresponding interest rates. Since 7! (Z, po, po) =
z

L<r (Eap27p2)7 we get

dra|  _ 07" (2,p0, m0)
dz Z=Zz 0z Z2=Z
which, using (41), leads to
3 dn 0A(2)— n(2)] | 25| _—(1—a) B0 54| ]
dro s %‘zzz P d=? |, 0 dz2 2=Z
&2 _ - = — |po—
0z e FlaA() - k()] + A (D 2 (2] _)°

(42)
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Moreover, Proposition 8 and (41) imply

o |2 -t 54|
— zZ=z zZ=z . 43)
2 d/{’ (

dq(z,72(2),po,0)
dz

_1dB

2=z pO d’z z=z 2=z

Finally, the total derivative of (5) at date 2 for 79 = 79 (2) and py = p2 with respect to z, taken at

point z = Z, and the use of (42) lead to

dq (Za T2 (Z) y D2, 1)

dz 2=z
3 _a p2 Iﬁ?’ 1— ?A _ &
dr 1+ 8% (14 po —p2) + 12522 . (1—a) B0 55 1 "
Eles |7 A0 0 2 (%], |

Concerning households, we have

Ul(z) = [aA

)

( )

£(3)] + T 8

K (2)
oA —k(z
B+ %@2 (2) ( )]

o {z N [aA< )+

ad (z) + [ (z)]

45 (2

,«u(z)] +pp [52111 {ozA(z)—k ﬁg —ﬁ(z)}

+(1=p2) [Zf:g A'In

Z ﬂ’ In

0A (%) + “@ H(z)]

quZ

)
< (2)

+(1—pa) {mn [aA< )+

+Pp1 ZieN\{0,1,2,4}ﬂiln aA(z) + g)(z) k(2)| + 6 In [aA(z) (3)(2) —’i(z)”
475 (2) (2)
+(1—p1) [Zz’e{3,5} f'1n |aA(Z) + Z)ﬂ —K (z)]
q; 5 (2)
+ZieN\{0,1,2,3,5}/8iln aA(Z) + (,Z)(E) —5(2)”]
;5 (%)
— ’In |aA(z K(E)—m 1 3In |« K(Z) k(2
+a pB)[ﬁl 0@+ " @) 41 |10 fad) + o <>]
i — ”(2) 00 i IQ(Z)
S B [aA(Z) + m —k(2)| + 5% B In |aA(z) + m - H(Z)]]
_ K (2) _
+(1—p_1) [ﬂ?’ In |0A(Z) + m —K (z)]

B In

N

_ k(Z) _
aAZ)+ —— —k(Z ,
PO ()m}

where superscripts (1) to (6) correspond to the following cases:
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’ Superscript H So ‘ Ss ‘ Technology
(1) 1 |0orl good
(2) 1 |0orl bad
(3) 0 1 good
(4) 0 1 bad
(5) 0 0 good
(6) 0] 0 bad
Computations then lead to
0tV (2) = a(z L,p1, 1), @) (2) = 2.2 (2) .02, 1), 657 (2) = a2, 1, pa, 1),
(W) () _ g 3k (2) I .
g (2)=0"+ 0d () - (2) _qﬁ)g B 53_ for ¢ > 4,
o (2) = q(z. 1.1, 1), &) (2) = a2, 72 (2) 2, 1), 6 (2) = a2, Lo, 1),
@) Frz) [ 1 1], s@-kE
q; (z)_63+aA(E)—n(E) _qg)?)(z) ﬁ3_+ A= ()for4<z<6
@) Fre [ 1 1]
g, (2)= B3+ oA@) —r (@ _qz@g @ ﬁ?’_ fori>17,
¢ (2) = a(=,1,p1,1), ¢ (2) = a2, 72(2) .20, 0), &) () = q(z,1,p1, 1),
q,(3) (2) = B+ s (2) ! _ L fori=4andi>6
' ad(z) = r(2) | ¥ (z) B 7
G @ [ 1 1] ke)-s@+PleAR) - ad(2)]
g5 (Z)_ﬁ +aA(z)—H(Z) -qég)(z) 63 OCA(Z)—F&(Z) ;
otV (2) = a(z, 1,p1, 1), &8 (2) = a2, 72 (2) .20, 0), a5 (2) = a2, 1, p1, 1),
(4) B B (2) 1 B i_ k(z) — K (Z)
q; (z)_63+aA(E)—/€(E) _qﬁ)?)(z) 53_ —i——( G for i € {4,6},
@y _ e [ 1 1] |
g (2) =0+ oA@) —r (@ _qgg o 53_ fori=5and i >7,
¢t” (2) = a(, 1,p1,1). ¢ (2) = a(z.72 (2) 100, 0), 45 (2) = (2, 1,p_1,0),
(5) .y _ 3k (2) 11 o .
g (2) =B+ oA (2) — 1 () _qgi)?, @ 53_ fori=4andi>7,
Gy, @ [ 1 1] k@) -k@E+FeAR) -aA@)]
e Y B P o P ad(2) — 1 () for i € {5,6},
09 (2) = q(z,1,p1, 1), ¥ (2) = q(2, 72 (2) , 90, 0), ¢&7 (2) = q(z,1,p_1,0),
©, Frz) [ 1 1] k) -kE
U (z)_ﬂg+aA(E)—/<;(E) G Y eAE) — k@)
(6) _ ﬂsli (E) [ 1 B i .
g (2) =03+ oA@) —r (@ _qz@?) o ﬁ?’] for ¢ > 5.
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dqi”
dz

dqék)
dz

dgy”
dz

dqék)
dz

dqék)
dz

dqék)
dz

(1
dq3z)+]

dz

2
dqéil j

dz

3
dq:(si)+ j

dz

3
dqéi-)i-Q
dz

4
dq:gilj
dz

4
dqigi—)i-Q

dz

5
dqéi-)i-l

dz

5
dq:(si)ﬂ'

dz

6
dqignzr 1

dz

6
dqéil j

dz

Using (15), (43) and (44), we get

z=

_ —1 3 apy dr
m |:1+/8 (1_p1)+(1—01)p(]] % . for k € {1,...,6},
—1 3 a p2| ds
0AGZ) —r(2) [1+ﬁ (14 po—p2) + 1—04190] &
3 d2 dQA
2df‘ [d; 7_(1—04)53270@ } for k € {1,2},
dz lz=2% 2=z 2=z
5 [ d?A
5 %ng [dz’; T (1—a)Bpo e Z:Z] for k € {3,...,6},
— L a2 ke (1,2
aA(Z) — K (Z) b2 1-a)po| dz|,_- e
-1 3 apy dr
m |:1+/3 (1_p1)+(1_a)p0:| E . for k € {3,4},
B3Pp_1 dk
m E . fork€{5,6},
r 1% d (1)
ary (Z§ Z) = ZJZ fori > 1 and j € {1,2,3},
) dg;” 3 dn | |
FlaA @) —r ()] [ 1s —@52:7 fori>1and j €{1,2,3},
r - 1i 7,3
#loa <Z§Z) 2)] G| mrizremajen),
[ k(3 " das” i o ds |
FloA®) s (@) { iz | k@ ) d| . f et
O I 7 B . .
FlaAE) —r @), [ d; T @ az| . fori > 1 and j € {1,3},
R N 7 .
Flod@-s@ll | "0
k@ ] dgy” |
Flad@ —r@)) dz |__ ="
SN | T R
Flad@ -r@ll = | w@ T T o)
>1and j € {2,3},
D ) B A I I .
PlaAZ) -k (2)] { de | __ " (@) dz ). for i 2 1,
r (= K d (6)
e (Zgz_) e ZJZ for i > 1 and j € {2,3}.
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Using p1 = pap2 + (1 — pa) po, we end up with

dUlI — %‘zz? K (2) 4 B 9
dz |, k(3 +537[0u4 () — K (2)] {aA (z) [1+poB" +paB (1+8) + (1 - pa) pps’]
s [ 84 8%) 1 pamaB (14 9) (1= ) + (1= pa) pom 67 (1~ )]
3
- 6)ﬂ(la— g (=0 B%) +papaB (1= 5%) + (1 = pa) pep1 5 (1 = B)]
. B (2) [aA(Z) — K (Z)] (1—a)Bpo 657‘3 T % .
200A (f) (?T’; 2:2)2

> 0

given (14).

Concerning entrepreneurs, we have

Vi) = pAﬂ3{pz i 0 bl“a>f“2)“ g§2) ]
41 (2)

1— 2 ﬂill—aAz— ~(2) + f:ooﬁill—aAz—’i(z) ”}
+( pz)[Z 0" |( ) A(Z) 2. >3 B |( ) A(Z) 2.0
+(1—pa) B {PB [pl [ZieN\{l} g [(1 —a)A(z) - 7(2)(2) ]

41 (2)

_ (Z) i — K(z)
Bl(1l-—a)AZ) — 52— | +(1 - i G (1—a)AZ) —
#o{o-a0- 5|+ (B o a5
+ 2 ieN{0,2} s [(1 —a)A(z) - (Z)(Z) ”
41 (2)

+(1—pp) [P—l [ZieN\{l,Q} g [(1 —a)A(z) - (,;)(Z)]

441 (2)

+Z?ﬁ1G®A@ g”]

411 (2)
+A=pa) [“ - 0)A@) - =+ ST [(1 ~ ) A7) - 6“] ” } .
q% ) (2) qz(—i—)l (2)
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Using (15) and p1 = pap2 + (1 — pa) po, we end up with

. )

% B - fg/zZ:Z{l_lﬁ[(1—ﬂ)+p153+(1—pA)pBﬁz(l—ﬁ)erAﬁ@_g?)]
+p0 1-7) [Pl (1 —ﬁ+63) + pap23 (1 — 52) +(1 —pA)po162 (1- ﬁ)]
_A?zgzo)zﬁ3 [L+poB* +paB (1+B) + (1 — pa) B

TA®R) (f(_zl)poﬂs [(14 8+ 6°) p1 + pap2B (1 + B) (1 — 8°)

+(1—pa)pem B (1 - 3%)]
d2A 22;;

Br (D) [0A ) — k(@) | L - FpoEz| _— |

The coefficient of 7;—(1) in this expression linear in %(1) is

{ S (1B ) 48 (1— ) + (1 - pa)psf (1 - B)]

e (481 ) £ AI 4 8) (1= 8% + (- paype® (1 )] |

) [(1=B+06%) + A3 (1—8%) + (1 —pa)psf* (1 - B)]
— [+ +8°)+ A1 +8) (1—5°)+ (1 —pa)peB* (1-5%)]}
[(1—8+6%) +28(1—5%) + (1 —pa)psf* (1 - B)]

dv v}
m — = lim —— = 100
(po,\)—(0,1) dz Pl 1o dz -
Moreover,
avi dk K (Z)
lim — = - 1+ 84+ 23(1 1M\ AB2

e ?f‘?a) g [L+81 4 8) + 081+ 5) (1= 5%) + (L= ) 25° (1~ 57)]
%k

L Be@adE) s @) [0 G -]

dz
< 0,

given the conditions A (Z) — £ (Z) > 0 and (14). Lemma 3 follows. B

dvif
The reasons why we can get —

~ < 0 are pretty much the same as under laissez-faire.
z

o1



We can then examine whether the intervention considered is welfare-improving compared to

Laissez-faire by computing

I LF _ K
W W] PP g ea - et B0 pe)] o
auof|  duft _ 5L L=pa_|ps(1=po) | o, (1-8°) k(=)
e Az | k(@ P A -r@] | 0-)8 | o AG)
_1 +ﬂ(; _pB) |:0553 + afil('zi) [(1 - a) +a (1 B ﬂ3)j|:|:| + ﬁofji)lﬁ(ij)
Br () oA @) — () Q- B | — &
204 (7) (%,.)° 7
avill vt ds L=pa_[pe(1=p0) | )ﬂg_(l—ﬁ?’)n(z)
dz . dz . odz,_. | (1-a)p Do “ A(Z)
1B0pn)l KB () a1 )] - 28
Br () 0AE) - k(@) [L- PP G~ |

20d (E) ( Cdlj ‘ZZE) ’

It is clear that there exist some parameter values satisfying all the conditions listed above and such
that pg is arbitrarily close to zero, A is arbitrarily close to one, and o < % These results imply that,
for those parameter values, the sequence of monetary policy interventions considered increases social
welfare W, relatively to Laissez-faire. Of course, when pq is low, so is the probability that S; = Sy =1
and therefore so is the probability to intervene at date 2, so that the welfare gain may then not be

large.
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