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Abstract

What is the meaning of ‘majoritarianism’ in a judgement aggregation problem
when the propositionwise majority view is logically inconsistent? We argue that the
majoritarian ideal is best embodied by the principle of supermajoritarian efficiency
(SME): it is acceptable to overrule a supermajority in one proposition, but only if
this allows us to agree with a larger supermajority in some other proposition. We
show that for certain judgement spaces, the SME outcome is generically unique. For
most spaces, however, there are a range of SME judgement aggregation rules. We
show that SME, along with separability, characterizes the class of additive support
rules. We then show that the median rule is the unique additive support rule which
satisfies reinforcement, upper hemicontinuity, and a weak regularity condition; this
can be seen as a judgement aggregation analog of a classic result by Young and
Levenglick.

1 Introduction

Let K be a finite set, representing a collection of propositions. A judgement on K is
an element x € {£1}*, where z, = 1 if x ‘asserts’ proposition k, and z;, = —1 if x
‘denies’ proposition k. A judgement space is a subset X C {£1}*; typically X the set of
judgements which are ‘admissible’ or ‘logically consistent’ according to our interpretation
of the elements of .

For example, let A € N, and let A :=[1... A] represent a set of A social alternatives.
Let K := {(a,b) € A% a < b}. Then any judgement x € {£1}* can be interpreted as a
complete, antisymmetric binary relation (i.e. a tournament) < on A, where a < b if and
only if either z,, = 1 or 2, = —1. (Recall that exactly one of (a,b) or (b,a) isin £.) Now
let X5 C {£1}* be the set of judgements representing transitive tournaments (i.e. strict
preference orders) on A; this space is sometimes called the permutahedron. Judgement
aggregation over X' therefore corresponds to classical Arrovian preference aggregation.
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Judgement spaces can be used to encode a variety of decision problems. These include:
allocating a finite budget over two or more expenditure categories; selecting a committee
from a set of candidates; classifying a set of objects into equivalence classes or into a
taxonomic hierarchy; designing a communications network; or deciding the truth values of
a set of logically interconnected propositions. Nehring and Puppe (2007), Nehring et al.
(2011), and Nehring and Pivato (2011a) provide many other interesting examples.

Let X C {£1}* be a judgement space, and let A(X) be the set of all functions p :
X—R, such that ) _, p(x) =1. An element € A(X) is called a profile, and describes
a population of (weighted) voters; for each x € X, the value of u(x) is the fraction of
(weighted) voters who endorse judgement x. The data (IC, X, ) is called a judgement
aggregation problem.

For example, let A/ be a finite set of voters, and let w : N—R_ be a ‘weight function’
such that ) _. w(n) = W for some W < oo (reflecting, e.g. the differing expertise or
priority of different voters). For all n € N, let y™ € X describe the opinion of voter n.
The profile determined by this data is the function p : X—[0, 1] defined by

u(x) = % Z {w(n); ne N and y" = x}, for all x € X. (1)

Observe that p € A(X). (If w(n) =1 for all n € N, then p is an ‘anonymous’ profile; we
do not generally assume anonymity.)

Judgement aggregation is the problem of selecting the element from & which best
represents the ‘collective will” of the voters described by profile p. Versions of this problem
were studied by Guilbaud (1952), Wilson (1975), Rubinstein and Fishburn (1986), and
Barthélémy and Janowitz (1991). Since the work of List and Pettit (2002), there has been
much interest in this area; see List and Puppe (2009) for a recent survey.

Fix a set K and a judgement space X C {£1}*. A judgement aggregation rule on X is a
multifunction F : A(X) = X; for any p € A(X), it yields a nonempty (usually singleton)
subset F'(u) € X, which represents the social consensus given the profile x. Sometimes we
restrict F'to a smaller domain. For example, if w : N—R is a weight function, let A, (X)
be the set of all profiles obtained as in equation (1) for some assignment {y"},cn C X of
opinions to the individual voters. We shall sometimes consider a rule F, : A, (X) =% X.

On the other hand, we sometimes define F' over a larger domain. For example, let X be
a collection of judgement spaces (possibly with varying choices of K). Let A(X) be the set
of all ordered pairs (X, u), where X € X and p € A(X). A (judgement) aggregation rule
on X is a multifunction F': A(X) = (Jycyx & such that, for each X € X and p € A(X),
we have FI(X, ) C X. (Even in this case, we will indicate F\(X, u) by “F(u)” if X is clear
from context.)

Condorcet admissibility. Treat {4-1}* as a subset of the vector space R*. For any
profile € A(X), we define the tally vector i € RF by

e = Z xp p(x), for all k € K. (2)

xeX

Thus, i € conv(X) (the convex hull of X in RY). The vector ji tallies how much ‘voter
support’ there is for each of the propositions in K. For any k € IC, we have fi;, > 0 (resp.
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< 0) if a majority asserts (resp. denies) proposition k, and ji, = 1 (resp. —1) if the voters
unanimously assert (resp. deny) proposition k. For any x € {£1}* let

M(p,x) = {k ez = 0}, (3)

This is the set of all propositions where x agrees with the majority view. Let Maj(u) :=
{x € {£1}* M(u,x) = K}. This set is always nonempty, and is usually a singleton,
unless there is a ‘perfect tie’ on some propositions. (If Maj(u) = {x}, then we will abuse
notation by writing “Maj(u) = x” and defining Maj, (x) := xy for all k € K.)

If Maj(p) N X # 0, then it is possible to comply with the majority opinion on every
proposition, while still respecting the logical constraints defining X'. Unfortunately, this is
generally not the case —often Maj(p) N X = 0. (In the case of aggregation over X} with
|A| > 3, this problem was first observed by Condorcet (1785).)

We say that x is Condorcet admissible if M (1, x) is maximal in X —that is, there
exists no y € X such that M(u,x) C M(u,y). Let Cond (X, 1) be the set of all Con-
dorcet admissible elements. This set is always nonempty, and its elements are the ‘best
approximations’ of Maj(u) which are feasible given the logical constraints of X. Thus,
a ‘majoritarian’ judgement aggregation rule should always select from Cond (X, ). Un-
fortunately, for many judgement aggregation problems, the set Cond (X, 1) is quite huge
—indeed, in some cases Cond (X, 1) = X’; see Nehring et al. (2011). Thus, it is necessary
to refine the notion of Condorcet admissibility in some way.

Supermajoritarian efficiency. Let € A(X) and let ¢ € [0, 1]. For any x € X, let

Yux(@) = #{keK; iy > g} (4)

This measures the number of coordinates of x for which the popular support exceeds
the supermajoritarian threshold ¢. For example, v,x(0) is the number of coordinates
where x receives a bare majority, 7, x(0.5) is the number of coordinates where x receives a
75% supermajority, and 7, x(1) is the number of coordinates where x receives unanimous
support.

For any x,y € &, write “x & y” if 7,(q) > 7.y (q) for all ¢ € (0, 1], with at least one
strict inequality. Then © is a partial order on X'. An element x € X is supermajoritarian
efficient (SME) if x is undominated in the poset (X, > ). This means that it is impossible
to change some coordinates of x to capture one more supermajority of size ¢, without losing
some other supermajority of size ¢’ > ¢. This refinement of Condorcet admissibility is based
on the idea that it is acceptable for the aggregation rule F' to overrule a supermajority
in one coordinate, but only if this allows F' to agree with a larger supermajority in some
other coordinate.

Let SME (X, i) be the set of SME elements in X'. An aggregation rule F': A(X) = X
is supermajoritarian efficient if F'(u) C SME (X, u) for all p € A(X). For example, the
median rule is defined:

Median (X, ) := argmax (x e 1), for all 4 € A(X), (5)
xeX
where xep = Zxkﬁk, for any x € X.
kek



In the setting of Arrovian preference aggregation (i.e. when X is a permutahedron), this
corresponds to the Kemeny (1959) rule, which has been analyzed by Young and Levenglick
(1978) and Young (1986, 1988, 1995, 1997). As a general-purpose judgement aggrega-
tion rule, the median rule has been studied by Barthélémy and Monjardet (1981, 1988),
Barthélémy (1989) and Barthélémy and Janowitz (1991).

A (real-valued) gain function is an increasing function ¢ : [—1,1]—R. For any judge-
ment space X C {£1}* and any gain function ¢, we define the additive support rule
F, : A(X) = X as follows:

for all p € A(X), Fy(p) = argmax (Z (T ﬁk)> : (6)

xex kek

For example, fix s > 0, and suppose ¢(r) = sr for all r € [—1,1]; then F} is the median
rule. More generally, fix d € (0,00), and define ¢? : [—1,1]—R by ¢%(r) := sign(r) - [r|?
for all r € [—1,1]. (If d was an odd integer, we could simply write ¢¢(r) := r%.) The
corresponding additive support rule H? := Fa is called the homogeneous rule of degree d.
If d =1, then H? is the median rule. If 0 < d < 1, then the function ¢? is ‘S-shaped’; this
means that H¢ magnifies the distinction between majorities and minorities, but diminishes
the distinction between small supermajorities and large ones. On the other hand, if d > 1,
then the function ¢? is ‘inverse S-shaped’; thus, H¢ diminishes the distinction between
majorities and minorities, but magnifies the distinction between small supermajorities and
large ones. As d—oo it is increasingly the case that one large supermajority (especially a
unanimous one) can overrule many small supermajorities.

Any additive support rule is SME (see Proposition 1.1(b) below). Another SME rule
is the LexiMin rule. For any x,y € X, write “x % y” if 7,x = 7uy; otherwise write
“x < y” if there exists some Q € (0,1] such that v,x(q) = Yuy(q) for all ¢ > Q, while
Yux(@) < Yuy(q). Then = is a complete, transitive ordering of X'. We then define

LexiMin (X, ) = max(X, < ). (7)

In other words, LexiMin first maximizes the number of coordinates which receive unan-
imous support (if any); then, for every possible supermajoritarian threshold ¢ € (0, 1],
LexiMin maximizes the number of coordinates where the support exceeds ¢, with higher
values of ¢ given lexicographical priority over lower ones. This rule was proposed by Tide-
man (1987) in the setting of preference aggregation (he called it the ranked pairs rule; see
also Zavist and Tideman (1989)). The leximin rule can be seen as the ‘limit’ of the system
{H%} 4= of homogeneous rules as d—oo (Nehring and Pivato, 2011b).

Strong supermajoritarian efficiency. For any probability measure p € A(X), and
any ¢ € (0, 1], define

Yup@) = Y p(%) (). (8)

xeX

Intuitively, suppose p describes the outcome of a ‘stochastic’ judgement aggregation rule,
which produces a p-random element of X" as output. Thus, 7, ,(¢) is the expected value of
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Yu,e(q) for this stochastic rule. For any x € X, define dx € A(X) by

0x(x) == 1, and Ox(y) := 0, forally e X\ {x}. (9)
Clearly 7,5, = Vux- For any pi,po € A(X), write “py & po” if 7,5, (¢) > Ypup,(q) for all
q € (0,1], with at least one strict inequality. Then > is a partial order on A(X). An
element x € X is strongly supermajoritarian efficient (SSME) if , is undominated in the
poset (A(X), > ). Let SSME (&, 1) be the set of SSME elements in X. An aggregation
rule F is strongly supermajoritarian efficient if F' (X, ) € SSME (X, ) for all X and p.

Proposition 1.1 Let (IC, X, p) be a judgement aggregation problem.

(a) O # SSME (X,u) € SME(X,u) C Cond (X, pu). In general, these inclusions
are strict.

IfMaj(p)NX # 0, then SSME (X, ) = SME (X, u) = Cond (X, ) = Maj(u)NX.

(b) If ¢ any gain function, then the additive support rule F, is strongly superma-
joritarian efficient. In fact, if ®r is the set of all odd, continuous, real-valued gain
functions, then U Fy(p) = SSME (X, p).

peEP

This paper studies the structure and properties of supermajoritarian efficient judgement
aggregation rules, and provides representation theorems and axiomatic characterizations
for several classes of such rules. One of our goals is to provide a ready-to-use ‘menu’ of
supermajoritarian efficient aggregation rules. An end-user seeking a rule with particular
properties can choose the appropriate item from this menu.

This paper is organized as follows. In §2 we show that the set SME (X, i) is generically
a singleton whenever X satisfies a geometric condition called ‘proximality’. Proximality
holds whenever || = 3 (e.g. it holds for X} when |A| = 3). It also holds for certain
‘committee selection’ problems. In §3 we introduce a more general class of additive support
rules (by allowing ¢ to range over a hyperreal field) and study some of their properties.
We introduce a time-consistency condition called separability; the first main result of this
paper states that a judgement aggregation rule F' is SME and separable if and only if F'
can be represented as an additive support rule Fj.

Section 4 contains our second main result, which states that the median rule is the
only regular, upper hemicontinuous, additive support rule satisfying a condition called
reinforcement: if two sub-populations of voters both select a certain judgement x € X,
then the combined population of voters should also select x. This is analogous to the
classic result of Young and Levenglick (1978) characterizing the Kemeny rule. In §5,
we show that the set of homogeneous rules are the only regular, upper hemicontinuous,
additive support rules satisfying neutral reinforcement. This means that, for any x,y € X,
if one sub-population selects the judgements {x,y}, and the other population is evenly
split between x-supporters and y-supporters, then the combined population should also
select {x,y}. Finally, in §6 we consider what conditions under which the gain function ¢ is
continuous and /or unique up to scalar multiplication. Appendices A-D contain background
and technical results. Appendix E contains the proofs of all the main results.
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2 Proximality and supermajoritarian determinacy

A judgement space X is supermajoritarian determinate if, for any u € A(X), and any
x,y € SME (X, i), we have v, x = v,y. This means that all additive rules yield the same
output: Fy(X,p) = SME (X, ) for all nondecreasing ¢ : [—1,1]—R. Also, generically,
SME (X, 11) is a singleton. Which judgement spaces are supermajoritarian determinate?

Let C := conv(X) (a compact, convex polyhedron in R*). Thus, i € C for any
€ A(X). Let D :=dim|C]. For any x,y € &, let Bxy := {c € C; Median(c) 2 {x,y}}.
Equivalently, Bxy :={c € C; xec=yeoc>zec, forall ze X}. Thus, Bxy is a convex
sub-polyhedron of C (defined by a finite system of linear (in)equalities). Write “x 5 y” if
dim(Bxy) = D — 1. The relation “ 5 ” defines a graph on X', which we will call the internal
graph.

For any x,y € X, let Ki(x,y) :={k € K; xx #uyr}. Let d(x,y) = |[KL(x,y)| be
the Hamming distance from x to y. Say X is proximal if d(x,y) <2 forallx Ty € X.
Finally, say X is thick if dim[conv(X)] = K —that is, int (conv(X)) # (. This means that
no coordinate of X can be expressed as an affine function of other coordinates. Thickness
is a very mild condition which is satisfied by most ‘interesting’ judgement spaces.

Theorem 2.1 (a) If X is proximal, then X is supermagoritarian determinate.

(b) If X is thick and supermajoritarian determinate, then X is proximal.

Example 2.2. If |[K| = 3, then any X C {#1}* is proximal, and thus, supermajoritarian
determinate. To see this, observe that d(x,y) < 3 for all x,y € {+1}*, and d(x,y) = 3 if
and only if x = —y, in which case clearly x Z y.

In particular, if | A| = 3, then X" is proximal, hence supermajoritarian determinate. ¢

For another example of proximality, let IC represent a set of ‘candidates’. Any x €
{£1}* represents a ‘committee’ (where x;, = 1 if and only if candidate k is on the com-
mittee). Let |x| := #{k € K; x, = 1} be the size of this committee. Let 0 < < J < K,
and let Xem := {x € {£1}*; I < |x| < J}. Thus, X represents the set of committees
drawn from K, containing at least I members and at most J members.

Proposition 2.3 X is proximal, and thus, supermajoritarian determinate.

3 Separability and additive support rules

We will now show that the class of additive support rules is characterized by supermajori-
tarian efficiency along with a simple consistency condition involving multiple judgement
spaces. Let K; and Ky be disjoint sets, and let K = K; U Ko. Let Xy C {&1}51) let
Xy C{£1}*2 and let X := X x Xy C {£1}*. If x € X, then we write x = (x1, X3) where
X, € X, for n = 1,2. For any p € A(X), let uV) € A(X}) be the marginal profile of ;i on
X,. That is:

for all x; € A}, u(l)(xl) = Z p(x1, Xa). (10)
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Likewise, define u® € A(A;). (Observe that 1 = (™, 1), because ﬁ,(cl) = Ju, for all
k € Ky and ﬁ,(f) = py, for all k € KCy.)

For any judgement space X, and any n € N, let X" := X x X x --- x X be the n-fold
Cartesian product of X. Let (X) := {X™; n € N}. Let F': A(X) = X be a judgement
aggregation rule. For all n € N, define the rule F : A(X") = &A™ as follows:

Fr(p) = FpY)x F(u®) x - x F(u™), for all € A(X™). (11)

Here, ™M, ... u™ € A(X) are the marginal profiles of x onto the n copies of X which
comprise X", If we define A(X) := |J~, A(X"), then we obtain a judgement aggrega-
tion rule F* : A(X) = |~ X". We say that F* is supermajoritarian efficient if F"™ is
supermajoritarian efficient on A(X™) for all n € N.

Fix W € N. Let Ay (X) be the set of all profiles on (X)) involving exactly W equally
weighted (i.e. ‘anonymous’) voters. Thus, if Qu := {1 — 2%, k € [0... W]}, then Qy =
{fir; k € K and p € Ay (X)}. If p € Aw (&™), then ™. .. u™ € Ay (X). Thus, as
long as F is well-defined on Ay (&X'), the extended rule F* is well-defined on Ay (X). We
say that F™* is supermajoritarian efficient on Ay, (X) if F™ is supermajoritarian efficient on
Aw (X™) for all n € N.

Theorem 3.1 Let W € N, let X be a judgement space, and let F': Ay (X) = X be a
Judgement aggregation rule.

The rule F* is SME on Aw (X) if and only if there is an increasing function ¢w :
Ow—>R such that F"(u) C Fy,, (X", 1) for alln € N and p € Ay (X").

If W is fixed in advance, and all voters are anonymous, then Theorem 3.1 is sufficient
for most practical purposes. However, if W or the weights of individual voters are allowed
to vary, then the rule F" must be well-defined on all of A(X). Also, Theorem 3.1 only states
that F™* is contained in Fj, ; if we want to ensure that F* = F} ,, we need a continuity
condition which only makes sense if F' is defined on all of A(X).

To extend Theorem 3.1 this setting, we must extend the range of ¢ to hyperreal num-
bers. Loosely speaking, a hyperreal number field is a linearly ordered field "R which contains
the field R as a proper subfield, but which also contains a large number of ‘infinite’ and
‘infinitesimal’ elements, having a well-defined arithmetic. (Formally, *R is an ultrapower of
R; see Appendix A for details.) A (hyperreal) gain function is now any increasing function
¢ :[—1,1]—"R. (Note that a real-valued gain function is a special case, because R C "R.)
Given any hyperreal gain function ¢, we define the additive support rule F as in eqn.(6).

For example, let *d € "R be any positive infinite’ hyperreal number, and define ¢ :
[—1,1]— "R by ¢ “(r) := sign(r) - |r| ®. Then Nehring and Pivato (2011b) show that the
additive support rule F,+ is the lezimin rule introduced in §1.

If = € "R and z € {£1}, then z - * is also an element of *R. Thus, if T € R* and
x € {£1}*, then we can define x ® r := >, , x4 - "y, an element of *R. In particular,
for any y € A(X), we define ¢(11) := [p(fin)|hexc € RY; then x @ ¢(f1) = 3, 21 - ¢ ().
The function ¢ is odd if ¢(—r) = —¢(r) for all r € [—1,1]. We can assume without loss of
generality that ¢ is odd, which yields a convenient expression for Fj( X, p):

LA positive hyperreal number *d is infinite if *d > M for every M € N.
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Lemma 3.2 Let ¢ : [—1,1]— "R be any gain function.

(a) There ezists an odd function 5: [—1,1]— "R such that, for all judgement spaces
X and all p € A(X), we have Fy(X, i) = F3(X, ).

(b) If ¢ is odd, then for all judgement spaces X and all jp € A(X'), we have Fy(X, p) =

argmax x e ().
xeX

A judgement aggregation rule F': A(X) = X is upper hemicontinuous (UHC) if, for every
€ A(X), each of the following two equivalent statements is true:

(a) There exists some € > 0 such that, for any ¢ € (0,€) any other v € A(X), we have
Flev+(1—€)p) C F(p).

(b) For every sequence {p,}22, C A(X), and every x € X, if lim p,, = pu, and x € F(u,)
for all n € N, then x € F(u).

Condition (a) is sometimes described as the ‘overwhelming majority’ property. Heuristi-
cally, the profile e v + (1 — €) pu represents a mixture of two populations: a small ‘minority’
described by the profile v, and a large ‘majority’ represented by the profile p. Condition
(a) says that, if the majority is large enough, then its views effectively overwhelm the
minority view (except that the minority can perhaps act as a ‘tie-breaker’ in some cases).
Condition (b) means that the outcome of judgement aggregation is robust under small
measurement errors or perturbations of public opinion.? We now come to the extended
version of Theorem 3.1:

Theorem 3.3 Let X' be a judgement space, and let F': A(X) = X be an upper hemicon-
tinuous judgement aggregation rule.

The rule F* is supermajoritarian efficient on A(X) if and only if there is an hyperreal
field "R and a gain function ¢ : [—1,1]— "R such that F"(u) = Fy(X", ) for alln € N
and p1 € A(X™).

In fact, Theorems 3.1 and 3.3 are both special cases of a more general result. A
Judgement monoid is a collection X of judgement spaces which is closed under Cartesian
products. That is: for any X,) € X, we also have X x ) € X. For example, (X) is a
monoid, and the set of all judgement spaces is a judgement monoid. Fix some judgement
spaces &1, ..., X (for some J € N), then we call the set X = {A]™ x A" x -+ x AJ";
mi,...,my € N} a finitely generated monoid.

We define A(X) := [Jyex A(X). A judgement aggregation rule I : A(X) = Jper X
is separable if, for all X}, X, € X and all p € A(X]} x Xy), we have F(&X] X Xo,u) =
F(&x, M) x F(Xy, u®) (here, u™ € A(X)) and pu® € A(Ay) are the marginal profiles
of ). For example: if F': A(X) = X is a judgement aggregation rule, then the rule F*
defined by formula (11) is the unique extension of F' to a separable rule on A(X).

2Note that a nontrivial judgement aggregation rule can never be lower hemicontinuous (because it is a
nonconstant function from A(X') into a discrete set).



A finitary weight function is a function w : N— R such that the set supp(w) := {n € N;
w(n) > 0} is finite. (If [supp(w)| = N, then w represents a weight function for N voters.)
Let €2 be the set of all finitary weight functions. For any w € Q, let A, (X) be the set of all
profiles in A(X) generated using w, in the sense of eqn.(1). Let Q,, = {jx; p € A, (X) and
k € K}. (For example, suppose W € N, and w(n) =1 for all n € [1... W] while w(0) = 1
for all n > W; then A (X) = Ay (X) and Q, = Qw, as defined prior to Theorem 3.1.)
Here is the main result of this section, and one of the two main results of the paper:

Theorem 3.4 Let X be any judgement monoid, and let ' be a separable judgement ag-
gregation rule on X.

(a) Let w € Q and suppose X is finitely generated. The rule F' is SME on A,(X) if
and only if there is a gain function ¢, : Q,—R such that F(X,pn) C F, (X, p) for
all X € X and pp € A (X).

(b) The rule F' is SME on A(X) if and only if there is a hyperreal field R and a
gain function ¢ : [—1,1]— "R such that F(X,pu) C Fy(X,p) for all X € X and
w e A(X). In this case, for all X € X, there is a dense open subset O C A(X) such
that F'(X, p) = Fy(X, ) and is single-valued for all p € O.

(c) Let F and ¢ be as in part (b). Fiz X € X, and suppose F is upper hemicontinuous
on A(X). Then F(X,pn) = Fy(X, p) for all p € A(X).

We finish this section by noting some other convenient properties of additive support rules.
For any p € A(X), let X () :=={x € X; pu(x) > 0}. Let ¢/ € A(X) and let y € X. We
say that p’ is more supportive than p of y if p/(y) > u(y), while p/(x) < p(x) for all
x € X(p) \ {y}, and p/(x) = p(x) =0 for all x € X'\ X(p). For example: let o, € A(X)
be the ‘point mass’ at y (so dy(y) := 1 and dy(x) := 0 for all x € X \ {y}). Then
for any p € A(X) and any r € (0,1], the convex combination rdy, + (1 — r) g is more
supportive than p of y. A judgement aggregation rule F' : A(X) == X is monotone if, for
any u, (' € A(X), and y € F(u), if ¢/ is more supportive than p of y, then F(u') = {y}.
In other words: if y is already one of the winning alternatives, then any slight increase in
the popular support for y at the expense of the support for other elements of X will make
y the unique winning alternative. The rule F' is generically single-valued if there is an open
dense subset O C A(X') such that F(u) is single-valued for all u € O.

Proposition 3.5 Let "R be any hyperreal field, and let ¢ : [—1,1]— R be any gain
function. Then for any judgement space X, the additive support rule Fy is (a) strongly
supermagjoritarian efficient, (b) monotone, and (c) generically single-valued on A(X).

Nehring and Pivato (2011b) give a partial converse to this result: if ¢ is not strictly
increasing, then there exists a judgement space X such that Fj, is not supermajoritarian

efficient, generically single-valued, or monotone on A(X).

Proposition 3.6 Let ¢ : [—1,1]—R be any continuous, real-valued gain function. Then
for every judgement space X, the rule F, is upper hemicontinuous on A(X).
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The next section provides a partial converse to this result, but the details are subtle.
Nehring and Pivato (2011b) gives a different sort of partial converse to Proposition 3.6:
if ¢ is not continuous, then there exists a judgement space X such that Fj, is not upper
hemicontinous on A(X'). Furthermore, Proposition 3.6 is true even for continuous hyperreal
gain functions (under a suitable definition of ‘continuity’). However, any such continuous
hyperreal gain function is ‘equivalent’ to a real-valued gain function (Nehring and Pivato,
2011b). Thus, allowing ¢ to be hyperreal in Proposition 3.6 does not yield any additional
generality.

4 Reinforcement and the median rule

Let pq, o € A(X) be two profiles, describing two subpopulations of size S; and Sy. Let
g = S1/(S1 + S2) and ¢y = S5/(S1 + S2). Then p = ¢y + copa is the profile of the
combined population. If each subpopulation separately endorses some position x € X,
then the combined population presumably should also endorse this position. A judgment
aggregation rule F' : A(X) = X satisfies reinforcement if the following holds: for any
pi, o € A(X) with F(uy) N F(pe) # 0, and any ci,co € (0,1) with ¢; + ¢ = 1, if
W= cipin + capio, then F(u) = F(py) N F(u2). In other words, for any x € X, we have
x € F(u1) N F(pe) if and only if x € F(u).

In the setting of preference aggregation, Young and Levenglick (1978) showed that the
Kemeny rule is the only rule which is neutral, anonymous, Condorcet admissible, and
satisfies reinforcement. The Kemeny rule is simply the median rule on the permutahedron.
The second main result of this paper is an analog of the Young-Levenglick theorem for
judgement aggregation.

A gain function ¢ : [—1,1]— "R is regular if there exists some ro > r; > ry > 0, such
that ¢(ro)/(¢(re) — ¢(r1)) is finite. For example: any real-valued gain function is regular.
To be irregular, ¢ must either be infinitely large on (0, 1], or have infinitesimal slope on this
domain, or both. For example, if co represents some infinite hyperreal, then the functions
o(r) = sign(r) - (co+log |r|) and ¢(r) = sign(r) - (1+log|r|/oco) are irregular. A judgement
aggregation rule F': A(X) = X is regular if F' = F}; for some regular ¢. We now come to
our second main result.

Theorem 4.1 (a) The median rule is upper hemicontinuous and satisfies reinforce-
ment on every judgement space.

(b) Let X be a thick judgement space, and let F' : A(X) = X be any judgement
aggregation rule. Then F' is reqular, upper hemicontinuous and satisfies reinforcement
on A(X) if and only if F is the median rule.

Theorem 4.1 make it desirable to have an efficient way to compute the median rule. Of
course, any additive rule can be computed by solving a linear program on the polyhedron

3Nehring and Pivato (2011b) give another reinforcement characterization of the median rule, which
does not require X to be thick or require F' to be UHC, but instead imposes a slightly stronger regularity
condition on the gain function near 0.
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conv(X'), but this may be quite time-consuming. However, for the median rule, there is
another, possibly faster method, by traversing the internal graph ( % ) from section 2.

Let p € A(X). Define an orientation -~ on the internal graph by setting x - y if
xe <yej, forany x Ty € &X. This is an acyclic binary relation. Let < be the
transitive closure of ~ ; then = is a strict partial order on X'. Let max(X, %) be the set
of ( < )-undominated elements in X'

Proposition 4.2 For any judgement aggregation problem (X, p), we have Median (X, p1) =
max (X, < ).

5 Neutral reinforcement and homogeneous rules

Let pt, u? € A(X), and let ¢;,co € [0, 1] with ¢;+cy = 1. If x € F(p!) and x € F(p?), then
the reinforcement axiom requires x € F(ciu! + cop?). One objection to this requirement
is that the profiles ;! and p? may choose x over other elements of X for two very different
and incompatible reasons, and neither reason may be applicable for the combined profile
cipt +eop?. For example, suppose x € F(u') because there is some k € K such that xy, i3 ~
1, while x € F(p?) because there is some other &' € K\ {k} such that zy g3, ~ 1. But
perhaps there is no large supermajority supporting x in the combined profile ¢;pu! + cop?;
thus, x might not be the best choice for F(ciu! + cou?). Reinforcement excludes this sort
of argument; in this way, it excludes rules like leximin, which are strongly oriented towards
satisfying large supermajorities. We will now consider a weakened form of reinforcement,
which more tightly controls the mixing population 2.

For any x,y € X, let 6*Y := 05 + 30,. A judgement aggregation rule ' : A(X) = X
satisfies neutral reinforcement if, for any x,y € X and p € A(X), if F(u) = {x,y}, then
F(ru+(1—r)0*Y) = {x,y} for all r € (0, 1]. Reinforcement implies neutral reinforcement
(because {x,y} C F(6Y) for any supermajoritarian efficient rule F'), but the latter con-
dition is much weaker. For any d € (0, 00), the d-homogeneous rule H? : A(X) = X is the
additive support rule defined by ¢¢(r) := sign(r) - |r|%.

Theorem 5.1 (a) Any homogeneous rule is upper hemicontinuous and satisfies neu-
tral reinforcement on every judgement space.

(b) Let X be a thick judgement space, and let F': A(X) = X be a judgement aggre-
gation rule. Then F is reqular, upper hemicontinuous and satisfies neutral reinforce-
ment on A(X) if and only if F = H? for some d € (0,00).4

Homogeneous rules also satisfy two other, slightly stronger forms of neutral reinforcement.

Proposition 5.2 Let F' : A(X) = X be a homogeneous rule, let x,y € X, and let
w € A(X) such that x € F(u). Then:

4Nehring and Pivato (2011b) give another neutral reinforcement characterization of homogeneous rules,
which does not require X to be thick or F' to be UHC, but instead imposes a stronger regularity condition
on the gain function near 0.
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(a) x € F(ru+ (1 —r)0®Y) for all r € [0,1].

(b) Suppose there ezists v € A(X) such that v = 0 (i.e. 0 € conv(X)). Then
x € F(ru+ (1 —r)v) for allr € [0,1].

The proofs of both (a) and (b) are very similar to the proof of Theorem 5.1(a). Con-
versely, these properties also characterize homogeneous rules, via statements analogous to
Theorem 5.1(b). However, these characterizations are less interesting, because the con-
dition of Proposition 5.2(a) logically implies neutral reinforcement (so it yields a weaker
characterization), and the condition of Proposition 5.2(b) only applies when 0 € conv(X).

6 Continuity and uniqueness

In §3 we showed that many SME rules can be represented as additive support rules. In
what sense is the gain function ¢ in this representation unique? When is ¢ real-valued
and continuous? In particular, Proposition 3.6 states that a real continuous gain function
yields an upper hemicontinuous rule. Is the converse true?

The answer to these questions depends upon the structure of the judgement space X.
To see this, suppose that X is supermajoritarian determinate, in the sense defined in §2.
Then for any gain functions ¢ and 1, we have F,(X, ) = Fy(X,p) for all p € A(X).
In particular, the median rule and the leximin rule are identical on A(X). Thus, the
additive representation is far from unique, and continuity of ¢ is not necessary for the upper
hemicontinuity of F,. This suggests that, in general, the additive representation of an SME
rule on A(X) will be unique only to the extent that X deviates from supermajoritarian
determinacy. Furthermore, we shall see that the uniqueness, real value, and continuity of
the gain function ¢ can only be established in a subset Rf( C [-1, 1], the ‘domain of robust
tradeoffs’, which we now define.

Recall C := conv(X). Let A be the affine subspace of R* spanned by C, and let int (C)
denote the relative interior of C as a subset of A (if X is thick, then this is just the interior
of C as a subset of R*). Let ¢ : [~1,1]— "R be an odd, nondecreasing function. For any
X,y € X, define

By, = {c€int(C) ; Fy(c) ={x,y}} (thisset may be empty).

For all k € K1(x,y), let Ri’y be the projection of OBny onto the kth coordinate. Define
RS = U U =, (12)
xX,yeX  keKi(x)y)

d(x,y)>3

Lemma 6.1 Let X be a judgement space which is not supermajoritarian determinate. If
¢ is any gain function such that Fy is upper hemicontinuous on A(X), then R‘i S a
nonempty open set.

In particular, Lemma 6.1 implies that ng # () if X thick and non-proximal. We now come
to a partial converse to Proposition 3.6.
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Theorem 6.2 Let X be a thick judgement space, and let ¢ : [—1,1]— "R be a gain func-
tion such that Fy: A(X) = X is upper hemicontinuous and RY # (.

a) Let’R C R be a connected component o RY ,and fixry,re € R with0 < r; < ra.
A X X

Define ¢ : R—R by 5) — 8(r)
0 = ()

for all v € R. Then ¢ is continuous, real-valued, and increasing on R.

-

(b) Suppose there exists some s € "R such that the function st (s ¢) is continuous and
real-valued on cl Rﬁ,) Then there exists a real-valued, continuous gain function
¢ [=1,1]—R such that Fy = F).

The next result shows that, even on a thick, non-proximal space, the ‘full’ converse to
Proposition 3.6 is false: upper hemicontinuity of F, does not imply that ¢ is either con-
tinuous or real-valued everywhere on [—1,1].

Proposition 6.3 Let M € N, and let X' be the permutahedron on M alternatives. Let
¢ [-1,1]— "R be a gain function such that ¢ is continuous, real-valued, and unbounded
on (—1 + %, 11— %), and ¢ 1is infinite on [—1, -1+ %} U [1 — %, 1]. Then Fy is upper
hemicontinuous.

Finally, we turn to the uniqueness of the additive representation. As with our results about
continuity, it is only possible to establish uniqueness inside the domain R?(

Theorem 6.4 Let ¢ : [—1,1]—R and ¢ : [-1,1]—R be odd, continuous and increasing.
Let X be a thick judgement space, such that R% U {0} is connected.

We have Fy(X, ) = Fy(X, ) for all p € A(X) if and only if there is some s > 0 such
that (1) = s ¢(r) for all + € RY.

Thus, the behaviour of Fy on A(X) uniquely determines the gain function ¢ (up to positive
scalar multiplication) inside the region Rff. However, outside of Rfa the gain function ¢
can be redefined arbitrarily, without changing the behaviour of Fj.

When is R% U {0} is connected? A subset & C R¥ is star-shaped (at 0) if, for any
nonzero s € S, the line segment conv{0, s} is contained in S. For example, any convex set
containing 0 is star-shaped. Let C := conv(X'). For any ¢ : [-1,1]—R and ¢ € C, recall
that ¢(c) := ¢(cp)rex € RF. Then define ¢[C] := {¢(c); c € C}, a subset of R¥.

Proposition 6.5 (a) If §[C] is star-shaped, then R% U {0} is connected.

(b) If0 € C, then for any d € (0,00), there exists € > 0 such that, if H¢ — qﬁdHoo < €,
then R% U {0} is connected.

c) If Fy: A(X) = X satisfies neutral reinforcement, then R% U {0} is connected.
¢ X

Thus, Theorem 6.4 is applicable whenever ¢ is ‘close enough’ to some homogeneous rule.
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7 Further directions

Up until now, we have assumed that all voters have logically consistent judgements, so that
the ‘profile’ could be represented as a function p : X—R. Furthermore, while different
voters may have different weights, we assumed that a given voter should have the same
weight with respect to all propositions in K.

These assumptions are not always appropriate. Certain voters may have a special
‘expertise’ or ‘priority’ on certain propositions, but not on others. Indeed, perhaps they
shouldn’t have any weight at all on certain propositions. In a complex judgement aggrega-
tion problem, some voters might be ‘specialists’, whose judgement is reliable on a certain
subset of I, but whose overall judgement is not necessarily even an element of X.

Fortunately, these assumptions are not necessary for our results. Suppose there are
N voters, and for each k € K, introduce a distinct weight function wy : [1... N|—R™"
(summing to unity), describing the relative priority of different voters on proposition k. Let
{x!,...,xV} € {&1}* be the judgements of the voters. (Thus, some voters could provide
logically inconsistent judgements.) This information can no longer be be adequately
summarized with a function p : {+1}*——R. However, we can still define the vector
i € [-1,1)" by setting 71, = SN wi(n)ap for all k € K.

A judgement aggregation rule must now be defined as a multifunction F : -1, 1" = x.
The information in i is all that is required to define supermajoritarian efficiency using
the functions v; x defined in eqn.(4), or to define the additive rule F, via eqn.(6). Most of
our results should generalize easily to this setting.

We have also assumed that all propositions in K should be treated as having equal
importance. But in some judgement aggregation problems, certain propositions should
receive special treatment. (For example, in truth-functional aggregation, ‘premise’ propo-
sitions should be treated differently from ‘conclusion’ propositions.)

To relax this assumption, we could introduce a weight vector A € R’i, where A\, measures
the ‘importance’ of coordinate k. For any u € A(X), x € X, and ¢ € (0, 1], we then define
Yux(q) =D {\g; k€ K and zy i, > ¢}. We can then define supermajoritarian efficiency
as before. For any ¢ : [—1, 1]—1L, we define

Fo(X, A\ p) = argmax (Z)\kﬂﬂ?k/jk))-

xXeX kek

Again, most of our results should generalize easily to this setting.

Appendix A: Hyperreal fields

Let Z be any infinite indexing set, and let RZ be the space of all functions r : Z—R. A
free filter on 7 is a collection § of subsets of Z satisfying the following axioms:

(FO) No finite subset of Z is an element of §. (In particular, () € §.)

(F1) If &, F € §, then ENF € §.
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(F2) Forany F e Fand £ CZ,if F C &, then £ € 5.

For any £ C Z, axioms (F0) and (F1) together imply that at most one of £ or £L can be
in §. A free ultrafilter is filter § which also satisfies:

(UF) For any £ C Z, either £ € § or £ € §.

Equivalently, § a ‘maximal’ filter: it is not a proper subset of any other filter. Heuristically,
elements of § are ‘large’ subsets of Z: if F € § and a certain statement holds for all 1 € F,
then this statement holds for ‘generic’ element of Z. In particular, axioms (F0) and (UF)
imply that Z € §.

Ultrafilter lemma. Fuvery free filter § is contained in some free ultrafilter

Proof sketch. Consider the set of all free filters containing §; apply Zorn’s Lemma to get
a maximal element of this set. O

Let § be a free ultrafilter on Z, and for all r,s € RZ, define r Y s if the set {i € T;
r(i) = s(i)} is an element of §. Let *R := R*/( 7). Then "R is both a linearly ordered
field and a linearly ordered real vector space; it is called a hyperreal field. In particular, if
Z =N, then "R is the field of hyperreal numbers (Anderson, 1991).

Appendix B: The internal graph

Let X be a judgement space, and let C := conv(X). For any x,y € X, write “x > y” if
some edge of the polyhedron C connects x to y; this yields the edge graph of X'. This section
will investigate the relationship between the internal graph and the edge graph. We will
also consider a third graph structure on X. For any x,y € X, define Ky(x,y) := {k € K;
x, = zy}. Define [x,y] :={z € X; 2z, = 2, = y; for all k € Ko(x,y)}. We write “x 5 y”
if [x,y] := {x,y}; this is the adjacency graph of X.

For any x,y,z € X, let med(x,y,z) € {£1}* be the outcome of a propositionwise
majority vote amongst three voters who respectively endorse positions x, y, and z. (For-
mally: med(x,y,z) := (mg)kex, where for all k € K, my, := sign(zy + yr + 21).) We say
X is a median space if med(x,y,z) € X for all x,y,z € X. Nehring and Puppe (2007)
have shown that X is a median space if and only if propositionwise majority vote on pro-
files in A(X) always produces outcomes in X’ (i.e. majority vote is a viable judgement
aggregation rule); in this case all supermajoritarian efficient aggregation rules will agree
with the outcome of majority vote. At the opposite extreme, we say X is McGarvey if
0 € int (conv(X)). Nehring and Pivato (2011a) have shown that X" is a McGarvey space
if and only if propositionwise majority vote on profiles in A(X) can produce any outcome
in {1}* (so any conceivable ‘voting paradox’ is possible).

Proposition B.1 (a) % is a subgraph of % .

(b) If X is a median space, then % is equal to

X

=l
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(c)
(d) If X is a McGarvey space, then

15 a subgraph of

=l

= s equal to 7 .

(e) The diameter of 5 is at most dim[C].

Proof of Proposition B.1. Let x,y € X. Define B , := {c € C; Median (c) = {x,y}}.
Recall that D := dim[C].

Claim 1: <dim(BX7y) =D — 1> — (B;,y # @).

Proof: Let P := {c € C; (x—y)ec = 0}; then B, , CB, , C P. Clearly, dim(P) = D—1.

Thus, dim(B, ) = D — 1 if and only if B, , contains a relatively open subset of P.
“—=" For any z € X \ {x,y}, let
Bxy. = A{c €B,,;z€F(c)} = {ceB,,;(x—z)ec= 0}.

Then dim(Byy ) = dimB, ) — 1 = D — 2, because By, is defined by imposing an
additional linear constraint on B, , (and (x — z) is linearly independent of (x —y) if
z #y). Thus

B;c,y = Bx,y \ U Bx,y,z

zeX\{xy}
is a (D — 1)-dimensional set minus a finite union of lower-dimensional sets; hence it is
nonempty.
“=" Suppose B, , # 0. Let b € B, ,. Then b € P, and (x —z) eb > 0, for all

z € X\ {x,y}. Lete:= ;Ig{n }(x —z) e b; then € > 0, because X is finite.
VA4S X,y

For any p € R* | if |b — p||, < ¢/2, then (x—z)ep > 0 for all z € X'\ {x,y} (because
|(x—z)ep—(x—z)eb| < |x—z|_-|[[p—Dbl|,=2|p—bl|, <2-¢/2=¢). Thus, if
p € Pand ||b —pl, <¢/2, thenp € B, ,. Thus, dim(B; ,) = dim(P) = dim(C) —1 =
D —1. But By , CB, ,; thus, dim(B, ) =D — 1. & Claim 1

X,y X,y)

(a) Suppose x % y. We must show that x 5 y. Without loss of generality, suppose z;, = 1 =
y for all k € Ky(x,y). Define ¢ := (x +y)/2. Then ¢, =1 for all k € Ky(x,y), and
cx = 0 for all other & € K. Thus, cex = cey = |Ky(x,y)|. For any other z € X', we have
cez < |Ky(x,y)|, with equality if and only if z € [x,y]. But x %y, so [x,y] = {x,y}.
Thus, cez < cex =cey forallz € X\ {x,y}. Thus, F(c) = {x,y},s0c € B .
Thus, B, , # 0, so Claim 1 says dim(Byy) = D — 1 as desired.

(b) Suppose x /Ay; we must show that x A y. If x /&y, then there exists some z €

x,y]\ {x,¥}; we will show that Byy = Bxy.; thus, B, , = ), and thus, Claim 1 implies
that x £ y.
Let 11 € Bxy; then {x,y} C Median (X, ;). But X' is a median space, so Median (X, 1) =
Maj(p). Thus, {x,y} € Maj(p). This means that sign(py) = x, = y, for all k €
Ko(x,y), whereas sign(zi;) = 0 for all k € KL(x,y). But z € [x,y], so 2z =z}, = y;, for
all k € ICo(x,y). Thus, z € Maj(p) also. Thus, z € Median (X, ). Thus, 11 € Bxy.z, as
claimed.
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(c)

Suppose x T y; we must show that x 7 y. Let b € B, ;. Then argmax(bez) = {x,y}.
zeX

Thus, argmax(bec) = conv{x,y} (because X contains all extremal points of C). Thus,
ceC
conv{x,y} is the set of solutions to some linear program, so it is an edge of conv(X).

Thus, x " y.

Suppose x 7~ y; we must show that x S y. Since conv{x,y} is an edge of C, there exists

some vector v € R* such that argmax(vec) = conv{x,y}. Now, X is McGarvey,
ceC
so C contains a neighbourhood of 0, so there exists some r > 0 such that r-v € C.

Find some p € A(X) such that g = r-v. Then argmax(pec) = conv{x,y}; thus,
ceC

argmax(pez) = {x,y}. Thus, Median (X, u) = {x,y}. Thus, & € B}, so B, # 0,

zeX
so dim(B D — 1 by Claim 1 above.

x,y) =

Part (a) implies that it suffices to show that the diameter of the adjacency graph is
at most dim(C). Let x,z € X. A monotone path from x to z is a sequence X =
YRy Ry R o % yh =z, such that Ki(x,y') C Ki(x,y?) C -+ Ka(x,y").

Claim 2: Ifd(x,z) = J, then there is a monotone path from x to z of length at most
J.

Proof: (by strong induction on J)

Base Case (J =1). If d(x,z) = 1, then x % z. Let y° := x and y! := z; then we have
a monotone path of length 1.

Induction. Suppose the claim is true for all X',z € X with d(x',z) < J. Let
x,z € X with d(x,z) = J. If x* z, then we are done. Otherwise, there exists
some y € [x,z] \ {x,z}. Thus, 2y = yx = 2 for all k € Ky(x,2). Furthermore, for all
k € Ki(x,z), either yx = xy, or y = 2z (but not both). Thus, if J' := d(x,y) and
J" :=d(y,z), then we have

S+ = #{k € Ki(x,2); yr # xi} + #{k € Ki(x,2) 5 yr # 21}
= |Ki(x,2)] = dx,z) = J

Also, J', J” > 1, because x #y # z. Thus, J' = J-J"< J—land J' = J-J < J-1.
Thus, the induction hypothesis yields a monotone path from x to y of length at most
J', and a monotone path from y to z of length at most J”. Gluing these two paths
together yields a monotone path from x to z of length at most J' +J"”" = J. < clain 2

Now, let x,z € X’; we must show that there is some ( % )-path from x to z of length at
most dim(C). Claim 2 says there is a monotone path x = y? >yl say2ea ... oyl — 7
for some L € N. Since this path is monotone, the set Y := {(y'—y?), (y*~yo), ..., (y*—
y%)} is linearly independent, which means that dim(span())) = L. But Y C X — X,
so dim(span())) < dim(span(X — X)) = dim(C). Thus, we must have L < dim(C), as
desired. O

17



Appendix C: Detecting identical SME aggregation rules

Throughout this section, let X C {£1}* be some judgement space. This section contains
technical results which are useful for showing that two judgement aggregation rules F' and
G are actually identical. For example, the proofs of Theorems 2.1 and 3.4(c) both use the
following result.

Lemma C.1 Let F,G : A(X) = X be two judgement aggregation rules. Suppose F(u) C
G(p) for all p € A(X), and G is monotone, and F is upper hemicontinuous. Then

F(u) = G(u) for all p € A(X).

Proof: Let u € A(X). We have F(u) C G(u) by hypothesis; we must show F(u) O G(u).
So, let x € G(u); we will show that x € F(u). Let 0x € A(X) be the point mass at
x. For all n € N, define y1, := (1 — 2)p + 26. Then g, is more supportive of x than
i, so G(u,) = {x} because G is monotone. Thus, F(u,) = {x} because F' C G, and
F(p,,) must be nonempty. However, nll_{glo [tn = i, and F' is upper hemicontinuous. Thus,

x € F(u), as desired. O

A judgement aggregation rule F' : A(X) = X is a support rule if there exists a function

F : conv(X) =% X such that F(u) = F(p) for all p € A(X). For example: for any odd gain
function ¢ : [-1,1]— "R, the additive rule F} is a support rule, because Lemma 3.2(b)
says that Fi(u) is simply the set of x € X which maximize the value of x e ¢(11).

Let C := conv(&X), and let F': C = X be a support rule. For any x € X, we define

¢ = {ceC;xecF(c)} and € = {ceC; F(c)={x}}.
Next, for any x,y € X, we define
By, = cinc; = {ceC;xyeF(c)}
A key step in the proof of Theorem E.7 is the following result:
Proposition C.2 Let .G : A(X) = X be SME, UHC monotone support rules. Then

(F = G) = (OBf,y CBS, U (C\CS) for every x,y € X with d(x,y) > 3) :

In fact, Proposition C.2 follows from a more general result, which is also used to prove
Theorem 5.1(b).

Proposition C.3 Let F,G : A(X) = X be UHC, monotone support rules. Then

(FzG) — <°B£y CBS,U(C\CS) for everyx,ye)().
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Remark. Note that, for any x,y € X and any rules F,G : A(X) = X', we have

(%fgjy CBE, u(C \cf)) — (%‘,{jy nee C cyG') . (C1)

Thus, we can use the right hand side of eqn.(C1) when applying Propositions C.2 and C.3.

We need two preliminary lemmas to prove Proposition C.3.

Lemma C.4 Let F : A(X) =% X be an upper hemicontinuous, monotone support rule.
Let x € X. Let 9CL be the relative boundary of CE as a subset of C, and let int (CL) be
the relative interior of Cf. (That is: 9CL := CEncl(C\CL) and int (C) := L\ oCL.)
Then:

(a) int (CL) =CE
(b) CL is connected.

(c) Cf =l ().
@oer - U B, = U a@).

yeX\{x} yeX\{x}

Proof: (c) “2” Clearly, CI' D °CE'. To show that CL D cl (OCf ), it suffices to observe that

CE is closed, because F' is upper hemicontinuous by hypothesis.
“C” Let c € CE. For any r € (0,1), let ¢" := rx + (1 — r)c. Clearly, 1ir% ¢" = c. Thus,
to show that ¢ € ¢l (°CL), it suffices to show that ¢” € °CL for all r > 0.

To see this, suppose ¢ = i for some p € A(X). Define §x € A(X) as in eqn.(9). Then
c¢" = u", where " = rdx + (1 — r)u. Now, u" is more supportive of x than pu; thus,
F(n) = {x}, because F'is monotone by hypothesis. Thus, F'(c") = {x}; hence c" € °CE.

For any ¢ € €L, the proof of part (c) shows that the line segment from x to ¢ is in CE.
Thus, €L is path-connected, hence connected.

To see int (Cf ) D CF, note that
€l = {ceC:Fle)=x} = ¢\ |J ¢ (C2)
yeX\{x}

Now UyE A\ ) C_f is closed because X is finite and Cf is closed for any y € X' (because

F is upper hemicontinuous). Thus, eqn.(C2) makes €L a relatively open subset of C;
thus, C£ C int (CF).

To see int (CL) C €F, note that
X X

ae\e) s U g s U aw)

yeX\{x} yeX\{x}

| |J €| < d\cf).

yeX\{x}
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Here, (x) is by eqn.(C2), (¢) is by applying part (c) to each y € X\ {x}, and () is
because X is finite.

Taking the complement of both sides, we get C\ ¢l (C\ CL) 2 C\ ¢l (C\ CE), which is
equivalent to int (C}) D int (CL), which means CL D int (CL') (because €L is relatively
open).

We must first establish some results about the geometry of CL.

Claim 1:  For any b € int (C) N OCE, there exist arbitrarily small relative neighbour-
hoods V C C around b such that the set V \ CL is path-connected.

Proof: Monotonicity implies that x € €Y. Thus, upper hemicontinuity implies that
there is some € > 0 such that B(x,e) NC C CL (where B(x,¢) is the e-ball around x
in RY). Let S := 0B(x,¢) NC; then S is homeomorphic to a ball in R~ Thus, the
Cartesian product S x [0, 1] is homeomorphic to a D-dimensional ‘cylinder’.

Let C*:=C\ {x} and let C; := CI"\ {x}.

Claim 1.1: (a) There is a homeomorphism 1 : C*—S8 x (0, 1].

(b) There is a continuous function o : S—(0, 1] such that n(C%) = {(s,t); s € S and
0<t<as)}

Proof: (a) For any ¢ € C*, let L. denote the unique ray in R* originating at x and
passing through c. Then L. passes through § at a unique point —call this point
o(c). This defines a continuous surjection o : C*—S8. Let 7 be the set of all faces
of the polyhedron C which do not contain x. Then for any ¢ € C*, the line L.
passes through 7" at a unique point —call this point 7(c). This defines a continuous
function 7 : C*—7. Let p(c) := |c — x|/|7(c) — x|; this defines a continuous
function p : C*—(0,1] (with 7 = p~'{1}). Furthermore, for any fixed s € S, the
restricted map p : L5 N C*——(0, 1] is bijective. Now define n : C*—8 x (0,1] by
n(c) := (o(c), p(c)); then n is a homeomorphism.

(b) For any ¢ € C*, let (x,c| denote the line segment from x to ¢ (a subset of L.).
If c € CL, then (x,¢] C CL (because F is monotone). If n(c) = (s,rg), then this
means that n~'(s,r) € CL for all r € (0,7,]. Thus, for any s € S, if we define

a(s) = sup{p(c); ceCinLs}t = sup{rel0,1]; n'(s,r) €y},

then (s, 7) € CI for all 7 < a(s). Thus, n~!(s,a(s)) € CL, because CL is closed
because F is upper hemicontinuous. Furthermore, n7'(s, a(s)) € 9CL if a(s) < 1
(again by upper hemicontinuity).

The set S is compact, and p : S—(0, 1] is continuous; thus, M := min{p(s); s € S}
exists, and M > 0. Clearly, a(s) > M for all s € S (because S C CL).

To see that « is continuous, let {s,}>°, C S be a sequence converging to some point
s € S, and let t, := a(s,) for all n € N. Then {¢,}5°, C [M, 1], by the previous
paragraph. The interval [M,1] is compact, so the sequence {t,}°2; must have
cluster points in [M, 1]. Let ¢t be any cluster point of {¢,}>°; we must show that
a(s) = t. First suppose t < 1. By dropping to a subsequence if necessary, we can
ensure that ¢, < 1 for all large enough n € N; thus (s, t,) € CE. The map n~! is
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continuous; thus, n~1(s, t) is a cluster point of the sequence {n='(s,,t,)}>>, C 9CL;
thus, n71(s,t) € 9CLE (because OCL is closed, by upper hemicontinuity). Thus,
a(s) =t (by definition of «).

Thus, if {t,}7°, C S clusters at any point ¢ < 1, then a(s) = t. Otherwise, we must
have lim ¢, = 1. But {n7'(s,, t,)}>2, C CL; thus, n7'(s,1) € CL (because CL is

n—oo

closed, by upper hemicontinuity). Thus, a(s) = 1. V Claim 1.1
Now, let b € int (C) N ACL, and let (sg,to) := n(b). Then t; < 1 (because b & 9C

because b € int (C)). But ty = a(sg); thus, a(s) < 1 for all s sufficiently close to sy
(because « is continuous, by Claim 1.1(b)). Furthermore, for any e > 0, there exists

some 0 > 0 such that the set
{(s,t) € § x (0,1] ; |s —so| < ¢ and «(s) <t < a(sg) + €}

is path-connected (because « is continuous). Thus, there exist arbitrarily small neigh-
bourhoods U around (sg,%y) such that the set {(s,t) € U; a(s) < t < 1} is path
connected. Mapping this back through the homeomorphism 7 from Claim 1.1(a), this
means there exist arbitrarily small neighbourhoods V around b such that the set V\CZ
is path-connected. <& claim 1

For any Y C X, define °Bf := {c € C; F(c) = Y}. (Thus, if ¥ = {x,y}, then B, =
By Nint (C).) If y € Y and Y| > 2, then clearly B3, € 9C}'.

Claim 2: Let xo € Y C X with |Y| > 3. Then every element of 085 Nint (C) is a
cluster point of 085, for some Y' C Y withxg € Y and 2 < |Y'| < |V| - 1.

Proof: Suppose Y := {Xq,X1,...,xn} (for some N > 2). Let b € B} Nint (C). We will
show that b is a cluster point of "85, for some V' C {x¢,x1,...,xXy_1} with [V'| > 2
and xp € V'

There exists some relatively open neighbourhood V C C around b such that, for all
b’ € V, we have F(b’) C )Y (otherwise, we contradict the upper hemicontinuity of F,
because F(b) = Y). Now, b € (9C{ ) Nint (C); thus Claim 1 says we can choose V
such that the set V '\ CfN is path-connected.

For any € > 0, let b§ := exo+ (1 —¢)b and let b{ := ex; + (1 —¢)b. Then F(bf) = {x¢}
and F(b{) = {x;} because F' is monotone. If € is small enough, then bf,b{ € V (it’s
a neighbourhood of b) and clearly b, b ¢ Cf ; thus by, b{ € V\ Cf , which is
path-connected. So, let 5V : [0,1]—V \ C{ be a continuous path with 5Y(0) =
by and 3Y(1) = b§. Thus, F(8Y(0)) = {x0} and F(3Y(1)) = {x;}. Thus, upper
hemicontinuity of F' yields some Ry € [0,1) such that xo € F(8Y(r)) for all r € [0, Ry],
but xo ¢ F(BY(r)) for all r € (Ry,1]. But F(3Y(r)) # 0; thus, for all r € (Ry, 1],
we must have x,y € F(8Y(r)) for some n(r) € [1...N—1]. By letting r \, Ry,
invoking upper hemicontinuity, and dropping to a subsequence if necessary, we get
x, € F(B8Y(Ry)) for some n € [1...N—1]. Thus, we have {xg,x,} C F(8Y(Ry)) C
{x1,...,xnx_1}. In other words, F(8Y(Ry)) = Y for some J' C {xp,...,Xy_1} with
|V'| > 2 and xy € )'.

Let {V,,}>°, be a sequence of neighbourhoods of b satisfying the conditions of Claim
1, whose diameters converge to 0. For every n € N, construct b" := Y»(Ry, ) as
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in the previous paragraph. Then b"—=Db, because b™ € V", and diam(V,,) ———0.

n—0o0

By dropping to a subsequence if necessary, we can ensure there is some fixed subset
YV C{xq,...,xny_1} with |V'| > 2 and x¢ € ), such that F(b") = )’ for all n € N.
Thus, b is a cluster point of 3. < Clainm 2

Claim 3: Let x € Y C X with |Y| > 2. Then every element of "[3’5 is a cluster point
of BY, for somey € Y\ {x}.

Proof: Every element of "65 is a cluster point of "BJ}; Nint (C). Thus, it suffices to prove
the claim for elements of B3 Nint (C).
Let |Y| = N > 2. If N = 2 then we are done. So suppose N > 2. Let b € B5Nint (C).
Claim 2 says that b = lim b,, for some sequence {b, }>°, C 0[5’5,, where )’ C Y with

2<V<|Y|—1landx € ).

If |V'| = 2, then we are done. Otherwise, for each n € N, Claim 2 implies that
b, = lim b, ,, for some sequence {b,, ,,}>_, C "BFH, where ), € )" with 2 < [),| <
1V _'1 and x € Y,. By dropping to a subsequence of {b,}>, if necessary, we can
assume that ), = V" for all n € N, for some fixed )’ C )" with 2 < |V"| < [V'| -1
and x € )”. Now consider the diagonal sequence {b,,,}3>,. Clearly, b, ,———b;
thus, b is a cluster point of %35,

If || = 2, then we are done. Otherwise, repeat the argument of the previous
paragraph to construct a sequence {b, .}, C 085,,,, for some )" C )" with
2<|Y" <|Y'|—1and x € V", such that b, , ,———b.

Inductively, we can find a decreasing sequence Y 2 ) DY D YV" D ... D Y* O
---{x}, such that b is a cluster point of OB§<k) and |[Y®| > 2 for every k. Since |)] is
finite, we must eventually reach some k& where |Y*)| = 2 and x € Y*. <& clain 3

Now we have:

F F F oRF
s Uss g U oomg U de)
yeX\{x} VCX: xeY & |V]|>2 yeX\{x}

U B, g ac
yeX\{x}

To see (%), let b € ACL. Then b is a cluster point of C¢, but also a cluster point of CJf
for some y € X\ {x}. Then upper hemicontinuity of F implies that b € Cf NCJ =BL .
Next, (f) is because, for all y € X \ {x}, we have By C Bj for some Y D {x,y}.
Meanwhile, (¢) is by Claim 3. Finally, (f) is because for all x,y € X, we have cl (BL,) C
B, , by upper hemicontinuity.

To see (@), let y € X'\ {x}. For any b € Bf, monotonicity of F implies that b is a

cluster point of both €L and ‘Cf ; thus, B, | C act. O

Lemma C.5 Let .G : A(X) = R be upper hemicontinuous, monotone support rules.
The following are equivalent:
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(a) CE CCY forallx € X.
(b) CE C €Y for allx € X.
(c) F=G.

Proof: The statement “(c) = (b)” is immediate. The statement “(b) = (a)” follows
Lemma C.4(c). It remains to show “(a) = (c)”. So suppose C£ C C¢ for all x € X.
Claim 1: For all x € X, we have: (i) C¢ C €L, and (ii) cl(CS) C 1 ().

Proof: (i) Suppose ¢ € €S Then for all y € X'\ {x}, ¢ & CJ; hence the contrapositive
of hypothesis (a) says ¢ ¢ CJ, so y ¢ F(c). Thus, if x ¢ F(c), then F(c) = (), which
is impossible. Thus, x € F(c ) which means that F(c) = {x}; hence c € €L
(ii) Follows immediately by taking the closure in part (i). <& claim 1

Claim 2: For all x € X, we have C¢ = CL.

Proof: Combining Claim 1(ii) and Lemma C.4(c), we get C¢ C CE. But C¢ D CI by
hypothesis. Thus, C¢ = CL. < clain 2

Thus, for any ¢ € C and any x € X, we have
(x € F(c)) = (c € C,f’) = <c - ij) = (x € G(c)) ,

o)
where (x) is by Claim 2. Thus, F' = G. O

Proof of Proposition C.3. “=" is obvious: if F' = G, then OBiy = OBgy C B,Cg:y for all
x,y € X.

“«—=" According to Lemma C.5, it suffices to establish the following statement:

c¢ c ¢t for every x € X. (C3)
To verify statement (C3), first note that
ocy = |J d(BL) < ) BS,uc(c\cS)
yeX\{x} yeX\{x}
= acg uc(C\c) = c(C\CS). (C4)

Here, () is by applying Lemma C.4(d) to OCE, (o) is by the theorem hypothesis, and
(1) is by applying Lemma C.4(d) to dCS. Finally (1) is because 0CS C cl (C\ CY) by
definition.

It follows that
int (Cf)uint (C\Cf) = c\(@cf) 2 c\cd(C\cS) = int(CS),

o)
where (x) is by equation (C4). But int (C¢) is connected, by Lemma C.4(b). Thus, we
must have either int (Cf ) Cint (Cf ), or int (Cf ) Cint (C \CF ) However, x € int (Cf )
and x € int (C£') (by monotonicity). Thus, we must have int (C¢) C int (CL'). Take the
closures and apply Lemma C.4(c) to get C¢ C CL'| as desired. O
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To go from Proposition C.3 to Proposition C.2, we need two more lemmas, which analyze
the way SME rules distinguish between elements of X with Hamming distance 1 or 2. The
first of these is also used in the proof of Proposition 3.6.

Lemma C.6 Let p € A(X) and let x,y € X with d(x,y) < 2.
(a) Ifxep <yej, thenx <y, and thus, x ¢ SME (X, ).

(b) If xe =y e, then Vux = Yuy. Thus, x € SME (X, p) if and only if y €
SME (X, )

Proof: (a) Suppose d(x,y) = 1, and Ki(x,y) = {j}. Then (x —y) e = (x; — y;)11;.
Suppose without loss of generality that y; = 1. Thus, z; = —1 and

<X°ﬁ<}’°ﬁ> = ((xj—yj)ﬁj<0> = (ﬁj>0>

= (w0 ={ O TzE)
= (X < y) — (ngSME(X,u)).

To see (¢), recall that x, =y, for all k € I\ {j}.
Now suppose d(X, Y) =2, and IC:I:(Xv y) - {Z»j} Then (X - y) o /7 = (Iz - yz)ﬁz + (Ij -

y;j)fL;. Suppose without loss of generality that 0 < ji; < yz;. Thus
(X’ﬁ <ye ﬁ) — ((Iz — Y + (x5 — Y5l < O)
< ((l’Z — yz)ﬁ, < (yj — ZL‘j)ﬁj) — (yj =1 and T; = —1) .
But z, =y, for all k € K\ {i,7}. Thus:

Yyu(r) i >
o If v, =1and y; = —1, then v, x(r) =< Y.y(r)—1 if @ <r<p;
Yuy(r) i <.

Yyu(r) i >
o Ifx;=—1and y; =1, then v, x(r) =< Y.y(r) =1 if @ <r<p;

Yuy(r) =2 if o <.
Either way, x <y, and thus, x ¢ SME (&X', u1).

(b) The proof is similar to (a). In the case d(x,y) = 1, we deduce that ;; = 0. In the case
d(x,y) = 2, we deduce that pi; = j1;. Either way, we then deduce that v,x =7,y. O

Lemma C.7 Let F,G : A(X) = R be SME support rules. For any x,y € X, if d(x,y) <
2, then BY, C 1 (C\ CY).

24



Proof: Let b € BL,; we must show that b € ¢l (C\ CY). Find p € A(X) such that b = [1.

x?y ’

Claim 1: xeb=yeb.

Proof: First note that

(x.b<y.b) — (xg_iSME(X,u))

— (x¢Fb)) = (bgcr). (C5)

Here, (¢) is by Lemma C.6, while (x) is because F' is supermajoritarian efficient.

Conversely, if b € Cf, then x e b > y e b. Likewise, if b € C}, then x eb < y e b.
Thus,ibeBf:y:CfﬂCf,thenxob:yob. <& claim 1

Now, for any r € [0, 1], let b" := ry+ (1 —r)b. Then xeb” < yeb”. Identical reasoning
to statement (C5) implies that b” ¢ CY (because G is also supermajoritarian efficent);
hence b” € C\ C¢ for all r > 0. But b’——pb. Thus, b € ¢l (C\ CY), as desired. O

Proof of Proposition C.2. “=" follows immediately from Proposition C.3.
“«=" follows from Lemmas C.7 and C.3. O

Appendix D: Facts about additive rules

This appendix collects some technical results about additive judgement aggregation rules,
which are often used in the proofs in Appendix E. For example, the next lemma is used in
the proofs of Theorem 3.4(a) and Lemma D.2.

Lemma D.1 Suppose ¢ : [—1,1]—L is odd. Let X be a judgement space, and let j €

A(X). For any x € X, let M(p,x) = {k € K; xpup > 0}. Then Fyu(X,p) =
e > ol
xeXx keM(x,u)

Proof: For any x,y € X, define

Kiv = Mpx)nM@py)\ Ko = {k € xpi =y > 0},

Kio = Mpx)0M(uy)*\Ko = {k€K; aufic = —ypfix > 0},

K-y = M(/%X)B NM(p,y)\ Ko = {ke; ypir =~z > 0},
and K__ := M(/L,X)C N ./\/l(,u,y)B \Ko = {keX; xpi = yrpix <0}

25



Then K =Ko UK, U, UK_L UK__. Thus,

D dlandin) = Y Sludin) = Y (¢($k/7k) - ¢(ykﬁk)>

kel kel kel
= > <¢(xk/7k)—¢(ykﬁk)> oy (¢($kﬁk)—¢(yk/7k))
ey ke
= > (o —olimh) + D (o1 — o))
keky kek_y
= Z <¢’ﬁk\+¢‘ﬁk’) + Z (—¢|ﬁk|—¢‘ﬁk|)
keKs kek_ 4
= 2 ) Sl — 2 Y, ol
keky— kek_y
=2 > olml-2 ), ol
ek UK UKo kekK— UK+ UKo
=2 > dlml -2 D Sl
keM(p,x) ke M(p,y)

Here, both (¢) are because ¢(zxpix) = d(yrpix) for all k € Koy UK__ U Ky. Next, (x) is
by the definitions of I, and K_. Finally () is because ¢ is odd. Thus,

(Z¢($kﬁk) > Z¢(ykﬁk)) — ( ool = > ¢\ﬁk|>'

kek kek kEM (11,%) keM(uy)
Thus, argmax (Z (k[ ) =  argmax Z O |1k -
xex kek x€ kEM (x,10)
O
Let T be the space of all functions on (0, 1] of the form S 1¢, r.), Where a,, € R

and 0 < ¢, <71, <1 for all n € [1..N]. Endow I' with the supremum norm: ||y, =

sup |y(r)| for all v € I'. Let I';. be the set of all elements of I' which are nonnegative
re(0,1]

everywhere A positive linear functional on I' is a linear function P : I'—R which is ||e]| -
continuous, such that P(y) > 0 for all v € I';. Let I'}, be the set of all positive linear
functionals on I'. The next result is used in the proofs of Propositions 1.1(b) and 3.5(a),
as well as Theorem 2.1(a).

Lemma D.2 Let I', be the set of positive linear functionals on I'. Let ® . be the set of
odd, nondecreasing functions from [—1,1] into R.

(a) There is a bijective correspondence between O and I'% defined as follows. Given
any ¢ € D, define ¢* : I'—R by first defining ¢* (1((”]) = o(r) — ¢(q) for all
q <r €l0,1], and then estending ¢* to all of I by linearity. Then ¢* € I'}.

To invert this map, suppose P € 1. Define ¢ : [0,1]—R, by setting ¢(q) =
P(L,q) for all g € [0,1], and ¢(q) == —¢(—q) for all ¢ € [=1,0]. Then ¢ €
and ¢* = P.

OND
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Let X be a judgement space, and let yu € A(X).

(b) Forallx € X and any ¢ € O, we havey,x € I'y, and ¢" (<) = Z o |1k
keM(x,u)

(c) Thus, for any ¢ € @, we have Fy(X, pu) = argn;(ax O (Vux)-
x€

Proof: (a) Given ¢ € &, it is easy to check that ¢* € I';.

Conversely, let P € I', and define ¢ as above. By construction, ¢ is odd and ¢(0) = 0.
To see that ¢ is nondecreasing, let ¢ < r € (0,1]. Then

¢(r) = P(Lo,n) = P(Log+1ed) = P(Log)+P(1gn) (Z) P(1q,q) = ¢(q). (D1)

(x) because P(1(,,)) > 0 because P is positive, and 1, € I'y. Equation (D1) also
shows that P (1(,,)) = ¢(r) — ¢(q) for ¢ < r € (0,1]; thus P = ¢*.

(b) For any x € X, we have

Yo = Y. Lo

keM(x,u)
Thus, ¢"(vn) = Y. & (omy) = >, ol
ke M(x,u) keEM(x,u)
(c) follows from part (b) and Lemma D.1. O

The proofs of Proposition 1.1(b) and Theorem 3.4(a) are based on separation arguments
involving finite-dimensional polyhedra. Fix () € N, and let Rg ={r e RY r, >0,
for all ¢ € [1...Q]} be the non-negative orthant. The next lemma slightly strengthens a
well-known fact about Pareto optimality.

Lemma D.3 Let Q € N. Let P C R? be a closed, convex polyhedron in which 0 is Pareto
optimal (i.e. P NRY = {0}). Then there exists an all-positive vector v € RS such that
vep <0 forallp e P.

Proof: Let T :=P — Rg; then 7 is a closed, convex polyhedron.
Claim 1: 7 NRY = {0}.
Proof: (by contradiction) If t € 7, then t = p —r for some p € P and r € ]Rg. Thus

p =t +r. Thus, if t € RY\ {0}, then p € RY\ {0} also, contradicting the Pareto
optimality of 0. <& claim 1

Thus, 0 lies on the boundary of the polyhedron 7, so it is contained in some face. Let F
be the minimal-dimension face of 7 containing 0. Thus, if S C R€ is the linear subspace
spanned by F, then F = SN 7, and there exists some ¢ > 0 such that B, NS C F,
where B, C R is the e-ball around 0.
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F is a face of T, so there exists some v € R* such that F = argmax,. (v et). Clearly
ve0 =0; hence vef =0 for all f € F, while vet < 0 for allt € 7 \ F. Thus, if
VY C R? is the hyperplane orthogonal to v, then F =7 N V.

Claim 2: ver >0 for allr € R?\ {0}.

Proof: For any r € R¢ \ {0}, we have —r € 7, s0 v e (—r) <0, s0 ver > 0. It remains
to show that v er # 0. By contradiction, suppose ver = 0. Then r € V. Thus,
—reV. But -r € T also,so -r€ TNV =F =7 NS. But F contains a relative
neighbourhood around 0 in the subspace S, so if —r € F, then there exists some ¢ > 0
such that er € F; hence er € 7. But er € RY\ {0}, so this contradicts Claim 1.
< Claim 2

For any g € [1...Q], let e, = (0,0,...,0,1,0,...,0) be the gth unit vector. Then e, € Rg.
Thus, Claim 2 says that v e e, > 0. But this means that v, > 0, as desired. O

Appendix E: Proofs of the main results

The proofs of Proposition 1.1 and Theorems 2.1, 3.4, and E.7(b) all depend upon Propo-
sition 3.5. Thus, we will prove Proposition 3.5 before anything else. Here is a preliminary
lemma.

Lemma E.1 Let X be a judgement space, and let F': A(X) = X be a judgement aggre-
gation rule. If F' is monotone, then F is generically single-valued on A(X).

Proof: Suppose F is monotone. Fix y € X. Define
Ay = {peAX); ye F(p} and Ay = {pe A(X); F(u) ={y}}.

Claim 1: Suppose int (Ay) # 0. Then there is an open subset Oy C A(X) such that
Oy C Ay but Oy is dense in Ay.

Proof: Let AL :={p € Ay; p(x) > 0 for all x € X'}. Then Af is a dense open subset
of Ay. For any p € A}, define O, := {y' € A(X); p/(y) > p(y) while p/(x) < p(x),
for all x € &\ {y}}. Then O, is an open subset of A(X). Furthermore, O, C Ay
because F' is monotone, and any element of O,, is more supportive than p of y. Note
that p is a cluster point of O,. Now let Oy := U O, Then every point in A is a

HEAS
cluster point of Oy. Thus, Oy is dense in Ay, because AJ is dense in Ay. O clain 1

Let ¥V = {y € &; int(Ay) # 0}. Let A" := (J,y Ay. Then A’ is dense in A(X)
(because its compliment has empty interior). Let O := || ), Oy. Then O is an open
subset of A(X), and F is single-valued on O by definition. It remains to show that O is
dense in A(X), and for this, it suffices to show that O is dense in A’. Let p € A’; then
€ Ay for some y € Y. Thus, pis a cluster point of Oy by Claim 1, and thus, a cluster
point of @. Thus, O is dense in A’. O
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Proof of Proposition 3.5 (a) Suppose ¢ is strictly increasing. We must show that Fjz (X, 1) C
SSME (&X', ). Contrapositively, let y € X', and suppose y ¢ SSME (X, 1); we will show
that y & Fy(X, p).

Define ¢* : I'—R as in Lemma D.2(a). For any p € A(X), we have v, , € [',, and

¢ (V) = O <Z p(x) -w,x) = ) p(x) ¢ () - (E1)
xeX xeX

where (¢) is by eqn.(8) defining 7, ,.

If y & SSME (X, 11), then there exists some p € A(X) such that p & y. Thus, v,, > Y.y,

and there exist ¢1 < ¢o € [0, 1] such that v, ,(r) > 7,y(r) for all » € [¢1, ¢2]. For any

e >0, let Re := {r €[q1,9]; Yup(r) —vuy(r) > €}. If € is small enough, then there

exist 1 < 13 € [q1, q2) such that (r1,79] € Re; thus, ., — Yy = € Lpy ). Thus,

" (’7/1,/2) — ¢ (’7u,y) = ¢ (7u,p - 'VM,y) > ¢* (61 (r1,m2] )
= e ¢ (Qpm) = € (¢(r2) . ¢(r1)> > 0. (E2)

(1)
ES

Here, () is because ¢* is positive and 7, — Y.y = € L(r, ), While (f) is because ¢ is
strictly increasing. Combine (E1) and (EQ) to get

Y px) 0 (ux) > O () -

xXeX
Thus, there is some x € X such that ¢* (y,x) > ¢*(yuy). Thus, y € Fu(X,pn), by
Lemma D.2(c).

(b) Let p € A(X) and y € Fy(p). Let pf € A(X) be more supportive than p of y; we
must show that Fj;(1') = {y}. By negating certain coordinates of X" if necessary, we can
assume without loss of generality that y = 1.

Claim 1: For all k € K, if there exists x € X with x, = —1, then [} > fi.

Proof: Recall that X (p) := {x € X; wu(x) > 0}. If i/ is more supportive than p of y,
then X(u') C X (). Let X_ = {x € X(u); v, = —1} and Xy = {x € X(u); x#y
but x; = 1}. Then

(-0 = > (W)= )

= (- XGX())W > (#6 =p09) mik 3 (1) = o))
7 (W)~ n) - Z (100 = t0) + 3 ZZ@ ~(0)

> (W) - n) + z; (160 = ) + z; (160 = )

- (u’<x>—u<§) I

29



(c)

Here, () is by defining equation (2), () is by definition of X~ and X, and (%) is
because X_ # () (by the hypothesis of the claim), while p/(x) —p(x) < 0 for all x € X_
by the definition of p'. <& Claim 1

Now, for any x € X \ {y}, we will show that x & F(y'). For all k € K.(x,y), we have
yr = 1 and x;, = —1, while Claim 1 says p}, > fig. Thus,

(y—x)e0(i) = > 20(m) > Y, 20(m) = (y-x)ed() > 0,
keK+ (x,y) ) keK+(x,y) )

(E3)

and thus, x & F,(y/'). Here, (¢) is because ¢ is increasing, and (x) is because y € Fj(u).

We conclude that x ¢ F, (i) for all x € X\ {y}; thus, F(i') = {y}, as desired.

follows immediately from part (b) and Lemma E.1. O

Proofs from §1

Proof of Proposition 1.1. (a) SSME (X, i) is nonempty because it is obtained by maxi-

mizing over a finite set. For any x,y € X', observe that
(M(X, ) > M(y,u)> — (X > y) = <5x > 5y> ~
Thus, if dy is undominated in (A(X), > ), then y must be undominated in (X, > ).

Likewise if y is undominated in (X, > ), then y must be Condorcet efficient in X

To see that, in general, SME (X', 1) € Cond (X, i), consider the Slater rule:

Slater (X, ) := argmax |M(x,u)].
xeX

It is easy to see that Slater (X, u) € Cond (X, ). However, it is also possible to con-
struct examples where Slater (X, u) ¢ SME (X, ) (Nehring and Pivato, 2011b). Thus,
Cond (X, p) \ SME (X, ) # 0.

It is also possible to construct an example where SSME (X, u) € SME (X, p1); see Nehring
and Pivato (2011b)

“C” follows immediately from Proposition 3.5(a).

“D” Let Q) := {|mk| ; k € K}, and write Q@ = {q1,¢2,...,qn}, where 0 < ¢ < ¢2 <
--» < gy < 1. Define qg := 0. Let I' be the space of functions defined above Lemma D.2.
Define a linear injective map f,, : RN —T" by

N
fulryyooorw) o= Zrnl(qnfl,m = Tilg] 72 ge] T TN LGy oran]-
n=1

Let ', := f,[R"] (a subspace of I'); then v,, € I', for all p € A(X). Let g, := fu_l
[,—RY and then define G, : A(X)—RY by G.(p) := gu(Vu,)- Let P, = G,L[A(X)];
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then P, is a convex, compact polyhedron in RY. For all x € X, let G, (x) := g, (7ux) €
P,. Let “<” be the Pareto relation on RY. Fix x € X. We have

(x < p> = (Gu(x) < Gu(p)) , forall pe A(X).
Thus, (X € SSME (X, ,u)) — (G#(x) is Pareto optimal in 73#> .
Lemma D.3 now yields a strictly positive vector v € RY such that
ve(G,(x) > vep, forallpeP,. (E4)

Construct ¢ € ®; such that ¢(¢,)—¢(gn—1) = v, foralln € [1...N]. (For example, ¢ could
be piecewise linear, with vertices at ¢1,...,qy.) Let ¢* : '—R be the positive linear
functional defined by ¢, as in Lemma D.2(a). Then for ally € X, if G,(y) = p € Py,
then

N N
O (Yy) = ¢ (fulP) = ¢ (anl(qnhqn}) = an¢* (1(Q7L717Qn})
n=1 n=1

= i\f:pn <¢(Qn)_¢(%—1)> = i\f:pnvn = vep = veGyy)

Thus, (VoG 2veGuy)) = (¢ () = 6" ()

Thus, equation (E4) implies that ¢*(7,x) > ¢*(7,y) for all y € X. Thus, Lemma D.2(c)
says that x € F,, (X, ), as desired. 0

Proofs from §3

Proof of Lemma 3.2. (a) Define gg(r) = ¢(r) — ¢(—r) for all r € [—1,1]. Then ¢ is odd.
Let x,y € X. Recall that K. (x,y) :={k € K; 2 # yr}. Then

Z P(zpfir) — Z O(yette) = Z <¢(1’k/7k) - ¢(Z/k/7k)>
ke kek keK+ (x,y)

= Z <¢($kﬁk) - fb(—ﬂ?kﬁk)) = Z O(wnfiv)

keK+(x,y) keKL(x,y)
o % Z ((g(xk/jk) - 3(—%%)) o % Z <¢A5($kﬁk) - (g(yk/jk))
keK+ (x,y) ke +(x,y)
= % <Z Cg(ﬂszﬁk) - Z (E(?/kﬁk)> : (E5)
kek kek

Here () is because yx, = —xy, for all k € K4 (x,y). Meanwhile (1) is simply the definition
of ¢, and (f) is because ¢ is odd, so ¢(r) — @(—r) = 2¢(r).
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Equation (E5) implies that

(Z Olawfir) = > o»(ykﬁk)) (Z O(ifir) Z’C $<ykﬁk>) |

kek kek kek
Thus, Fy(X, p) = F3(X, p).
(b) If ¢ is odd, then for any p € A(X), x € X, and k € K, we have ¢(zxpix) = zro(fix) (be-

cause rp = £1). Thus, Z O(xp-pi) = Zxkqﬁ(ﬁk) = xo¢(j1). Thus, argmax (Z o(xp uk)) =
kek kek xeX kek

argmax X e ¢(}i). O
xeX

Fix w € Q. Let Q@ := Q,N0,1]; then R? is a finite-dimensional vector space (because
Q, C [—1,1] is a finite set). Let X be a judgement space, and let p € A(X). For any
x € X, we define g(x, ) € R? by setting

Yyux () #keK; xpe > q}

g(x, ) = == = , for all ¢ € Q.
o) [ [

We then define D(x; X, 1) = {g(y,p) —g(x.p); y € X} C RUIMF:AX)= X

is a judgement aggregation rule, then define

D,(F.Xx) = U pxx.p) < R

HEAL(X) x€F(X,un)

Finally, let X be a judgement monoid. If F'is a judgement aggregation rule on A, (%),
then define D,,(F, X) := U D,(F,X) C R<.
Xex

Lemma E.2 F is SME on A,(X) if and only if D,(F,X) "R = {0}.
Proof: For any X € X, p € A,(X), and x € X, we have
(x € SME (X,u)>
= (Byex with g,(y.1) = g,(x 1) for all g € Q, and g(y, 1) # g(x, 1))
— ((gly. 1)~ g(x.1) #RI\ {0} for all y € X)
= (Dl X,m) RS ={0}).

Thus, F is supermajoritarian efficient on A, (X) if and only if D(x; X, u) NRY = {0}
whenever x € F(X, u) for some (X, pu) € A (X). The claim follows. O

Let P, (F,X) be the closure of D, (F,X).
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Lemma E.3 Let X be a judgement monoid.

(a) If F is a separable judgement aggregation rule on A(X), then P, (F,X) is a closed,
convez subset of RC.

(b) Also, if X is finitely generated, then P, (F,X) is a convex polyhedron in R<.

Proof: (a) For any (X,u) € A(X), define D(F, X, u) = U D(x; X, ). (Thus,
x€F(X,u)
D.RX) = | DuFXp))
HEAL(X)

Claim 1: Let X}, X, € X, and suppose X; C {£1}*1 and X, C {£1}*2 for some finite
sets ’Cl,ICQ. If X .= Xl X Xg, then X g {:i:].}’c7 where IC := K:l UICQ. Let S1 = ‘K:1|/|K:|
and sy := |KCo|/|K]| (s0 s1+ 52 = 1).

(a) For any u; € A(AX)) and py € A(Xsy), there exists a profile pn = py ® g € A(X)
such that M = py and p® = .

(b) For any x = (x',x%) € X, we have g(x, 1) = s18(x", uV) + s, g(x? pu®).
(c) D(F,X,n) = {s1dy +sody; dy € D(F, Xy, V) and dy € D(F, Xy, u®)}.

Proof: (a) For all x; € X} and xo € Xy, recall that (x1,x2) € X. Define u € A(X) by
setting pu(x1,X2) = p1(x1) - pa(x2), for all x; € X} and x5 € Xs.

For any x; € &}, we have

V) = D pbax) = Y b)) pa(x) = mba)- Y pe(x) = mx),

x2€X x2€X x2€X2
because E pa(xs) = 1.
XoE X2

Here (%) is by defining equation (10). Thus, ") = ;. Likewise, u(® = ps.
(b) Note that i = (u™M, 7?) € R*. Thus, for both n € {1,2} and all k € K,,, we have
Ty g = T ﬁ,ﬁn). Thus, for any ¢ € (0, 1], we have
(ke o >q} = {kelCl; xi.ﬁ](cl)zq}u{kGKQ; l‘i'ﬁ;(f)z‘]}'
Thus7 |}C| 'QQ(Xv :u) = sz e y Tk - /jk > Q}’
B ORI
= K] - gl i) + Ko - go (2, ).

now divide both sides by || to prove part (b).
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(c) Let x := (x1,x3) and y := (y1,y2) be elements of X’; Thus, x;,y; € X} and x5,y2 €

Xo. Let d := g(y, p1) — g(x, 1), and let d,, := g(yn, u™) — g(x,, ™), for n € {1,2}.
Part (b) implies that

d = gy, pn) —gx,up
= s1g(y1, pM) — s1g(xi, pM) + sog(ya, n?) — sag(xa, n?) = s1dy + sads.

But

(dED(F,X,u)) = (XEF(X,,M)) = (XnGF(Xn,,u(”)) forn:1,2>

= (dn € D(F, X, n™) for n = 1, 2) ,

where (%) is because F' is separable. <& claim 1

n=1

For any N € N, let Ay := {S eRY; ZN Sp = 1} be the N-simplex.
Claim 2: Let N > 2, and let dy,...,dy € D,(F,X). There exists a dense subset

N
S C Ay such that, for any s = (sq1,...,sy) € S, we have andn € D,(F, X%).

n=1

Proof: For all n € [1...N], there exists (X, p,) € A,(X) such that d,, € D(F, X, ).
Let K, = || for n € [1...N]. Define

S = (mi1 Ky, moKs, ..., myKy)
| mi Ky + -+ my Ky

: ml,...,mNEN}. (E6)

Then S is a dense subset of Ay.

Let s € § and let my,...,my be as in eqn.(E6). For alln € [1... N], let X" denote
the m,,-fold Cartesian power of A,,, and let

Qmp,

v~
mn

where the operator “®” is as defined in Claim 2(a). Finally, let X' := A]™ x AJ" x
X XN and let poi= op™ @ pd™ @ o @ py™. Then X € X (because X
is a monoid) and p € A(X), and inductive application of Claim 2(c) implies that
sidy + -+ -+ sydy € D(F, X, pu); thus, sidy + -+ - + sydy € D, (F, X). <& Claim 2

Now, P, (X, F) is the closure of D, (X, F). Thus, for any dy,...,dy € D,(X, F) and
any (s1,...,sy) € Ay, Claim 2 implies that s;d; + -+ + sydy € P, (X, F). Thus
P, (X, F) contains the convex hull conv|[D,,(X, F')]. Thus, D, (X, F) C conv[D, (X, F)] C

P.(X,F) =D,(X, F); hence P,(X, F) = conv[D, (X, F)], so P,(X, F) is the closure of

a convex set, and thus, itself convex.
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(b) Let Aj,..., Xy be judgement spaces, and suppose X := (X, ..., Xy). Define

e = U U pEx.w.

n=1 peA, (Xn)

Then £ is a finite set, because for each n € [1... N], the set A, (&) is finite (because w
is finitary), and for each p € A, (&), the set D(F, X,,, u) is finite (because A&, is finite).
Thus, conv(€) is the convex hull of a finite set, and thus, a closed, convex polyhedron
in R€.

Forany X € X, if X = A" x A" x- - - x X", then Claim 1(c) implies that every element
of D,(F,X) is a rational convex combination of elements from £. Thus, D, (F,X) C
conv(€). This holds for all X € X; thus, D, (F,X) C conv(E). Since conv(E) is closed,
we deduce that cl (D, (F, X)) C conv(E).

Conversely, Claim 2 shows that every convex combination of elements from & lies in
cl (D, (F,%)). Thus, conv(E) C cl (D, (F, X)).

Thus, conv(E) = cl (D, (F, X)) = P,(F,X). Thus, P,(F,X) is a convex polyhedron. 0O

Proof of Theorem 3.4. (a) “<=" 1If ¢ is strictly increasing, then for all X € X and

€ Ay (X), Proposition 3.5(a) says Fy () € SME (X, p), and thus, F'(u) € SME (X, ).
Thus, F' is supermajoritarian efficient on A, (X).
“—=" Let X be a finitely generate judgement monoid. If F' is separable on A(X), then
Lemma E.3(b) says P, (F,X) is a closed, convex polyhedron in R€. If F is SME, then
Lemma E.2 implies that P, (F,X) NR$ = {0}. Thus, Lemma D.3 yields an all-positive
vector v € RY such that vep <0 for all p € P, (F, X).

Now we define ¢ : 9 ,——R as follows: for all » € Q,,, define
o(r) = qu if r>0,and ¢(r) = —¢(—r) ifr <0. (E7)

qeQ
q<r

Thus, ¢ is odd by construction, and ¢ is strictly increasing on Q,,, because v, > 0 for
all ¢ € Q..

Let X € X and p € A, (X). For any x € X, recall M(u,x) :={k € K; zpux > 0}.

Claim 1: For any x € X, we have |[K|-v e g(x,u) = Z & |1k
keM(x,u)

Proof: For any r,q € [~1,1], define 6, := 1 if r > ¢, whereas ¢ := 0 if » < ¢. Then

Kl-veg(x,n) = [KI-) vg-goxop) = Y wg-#{k €K zmpfir > q}
qeQ qeQ
= D ) O = Y Y u o
qeQ  kek kek qeQ
=2 > v > dwi) = Y, ol
ke qeQ kel keM(x,u)
q<T} 1, Ty i >0
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Here, (%) is by definition (ET7). <& claim 1

We must show that F'(X,pn) C Fy(X, p). To see this, let x € F(X, ). For any other

y € &, we have g(y, u) — g(x, ) € Do,(F, X) € Pu(F, X), s0 v e (g(y, 1) —g(x, 1)) <0,

and hence veg(y, ) < veg(x,u). Thus, F(X,u) C argmax (veg(u,x)). Thus, Claim
xeX

1 and Lemma D.1 imply that F(X, u) C Fy(X, ), as desired.

“=" exactly the same proof as part (a).

“=" Let py be the set of all finitely generated sub-monoids of X. Let Z := Q x y. In
effect, 7 is the set of possible ‘inputs’ to the construction in part (a).

For any finite collection 7 := {(X7, p1), (X, p2), .., (Xn, pn)} C A(X), define Zr :=
{(w, ) €eZ; X, €D and p, € Ay(X,) for all n € [1...N]}. Then let € := {J C T;
Ir C J for some nonempty finite 7 C A(X)}.

Claim 2: € is a free filter.

Proof: We must check axioms (F0)-(F2).

(FO) Let 7 = {(X1, 1), (Xo,pa), ..., (XN, pun)} € A(X). Fix w € €, and suppose

[1...W]. Let M := W-|X;|-|Xa| -+ - | Xn]|, and let G : [1... M]—[1... W]x
X X Xy x -+ - x Xy be some bijection. Define w’ € Q as follows: for all m € [1... M|,
it B(m) = (w,xy,...,Xy), then let w'(m) = w(w) - p(x1) - pny(xy). Let P C
X be any finitely generated sub-monoid containing the finitely generated monoid
(X1,...,Xn). Then it is easy to check that (X, u,) € A () for all n € [1...N].
Thus, (W',9) € Z7.

We can repeat this construction for any w € 2; thus, Z7 is infinite. This holds for
any finite 7 C A(X). Every element of € must contain Z7 for some finite 7 C A(X);
thus, every element of € is infinite.

supp(w)

I X

(F1) Let £, F € €. Then there exist finite sets S, 7 C A(X) such that Zg C £ and Zr C F.

(F

But then S U7 is also finite, and Zs,7 = Zs NZ7 C ENF; thus, ENF € €&,

2) Suppose £ € € and £ C D. Then there is some finite 7 C A(X) such that Zy C £.

But then Z7 C D; thus D € € also. <& claim 2

Now Claim 2 and the Ultrafilter Lemma yields a free ultrafilter § with & C §. Let "R be
the hyperreal field defined by § (see Appendix A). We define ¢ : [—1, 1]— "R as follows.
First, for all (w,2)) € Z, let ¢, 9 : Q,—R be the odd, strictly increasing function from
part (a). Next, for any r € [—1, 1], define the element ¢(r) € R? by:

w if Qus;
duar) = { =) S

Then define ¢(r) € "R to be the ( 7 )-equivalence class of ¢(r).

Claim 3: ¢ is odd and strictly increasing.
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(c)

Proof: Odd. Let r € [—1,1]. Find some X € X and u € A(X) such that g, = r for
some k € KC; then for all (w,9)) € Ty(x . we have r € Q,,, and ¢, g9(—7) = —du (),
because ¢, g is odd by part (a). But Zgx ) € §, by definition of §. Thus, we obtain
¢(—r) = —o(r).

Increasing. Let q,r € [—1,1], with ¢ < r. Find some X € X and p € A(X) such that
fi, = r and p; = q for some j,k € K; then for all w € Qqx 4y, we have ¢, 7 € Q,,
and ¢, 9(q) < Pu,p(r), because ¢, 9 is increasing by part (a). But Zyx )y € § by
definition of §. Thus, we obtain ¢(q) < ¢(r). <& clainm 3

Now, let X € X, pp € A(X) and let x € F(X, p1); we must show that x € F, (X, ). For
all (w,9) € Iy, part (a) says that F(X,u) € Fy (X, p); thus, for all y € X, we
have ( y)® dup(p) > 0. But Zyx y € . Thus, (x —y) e ¢(u) > 0. This holds for
all y € X; thus, x € Fy(&X, p).

This holds for all x € FI(X, p); thus, F(X,u) C Fy(X, p).

Since F(X, i) must be nonempty, we must have F\(X, 1) = Fy (X, u) whenever Fy, (X, )
is single-valued. But ¢ is strictly increasing, so Fj is single-valued on a dense, open
subset of A(X'), by Proposition 3.5(c).

The rule Fy is monotone, by Proposition 3.5. Meanwhile F' is UHC by hypothesis. Thus,
Lemma C.1 implies that F'(p) = Fy(p) for all 4 € A(X). O

Proof of Theorem 3.1. Let X := (X). Fix W € N, and define w(n) := 1foralln € [1... W]

while w(0) := 1 for all n > W; then A,(X) = Ay (X). Now apply Theorem 3.4(a) O

Proof of Theorem 3.3. Let X := (X), and apply Theorem 3.4(c) O

Proof of Proposition 3.6. Fix K and X C {+1}*. Let {u"}22, C A(X) and pu € A(X),

and suppose p"———pu. Let x € X, and suppose x € F,(u") for all sufficiently large

n—oo

n € N; we must show that x € Fj,(u). Let y € X\ {x}. Then (71113)10 Pt = /~L>

= (hm ut = ﬁ) —_— (hm o(py) = o), for all k € KL(x, y))

n—oo (1) n—00
. Qg; >o (e — ) o) = 2: (2 — ) ﬁg
keK+ (x,y) (X y)
— (7}5{}0 (x—y)eo(n") = )

— ((x=y)eo(i) = 0).

Here, () is because the map A(X) 3 u+— € R* is continuous, while (1) is because ¢
is continuous at fy for all k& € K.(x,y), by hypothesis. Finally (f) is because (x —y) e
(") > 0 for all large enough n € N, because x € Fy(u") by hypothesis.

Thus, x e (1) > y e ¢(p) for all y € X. Thus, x € F,(p) as desired. O
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Proofs from §6

The proof of Theorem 4.1(b) depends on results from §5, which in turn depend on results
from §6. Thus, we will first prove the results from §6, then §5, and finally, §4. We need some
preliminary lemmas before we can prove the results in from §6. Let ¢ : [—1, 1]— "R be odd
and increasing. Let C := conv(X). For any x € X, recall that C2 := {c € C; x € Fy(c)}.
For any x,y € X, recall that BS := {c € int (C) ; F(c) = {x,y}}. Parts (c,d,e) of the
next result are used in the proofs of Theorems E.7(b) and 4.1(b). Part (f) is necessary to
derive Theorem 6.4 from Theorem E.7.

Lemma E.4 Let ¢ : [—1,1]— "R be odd and increasing. Let X be a judgement space,
and suppose Fy : A(X) =% X is upper hemicontinuous. Let x,y € X, and let b EBiy.

(a) Let k € Ki(x,y). For any e >0, if b+ expe, € C, then b + expey, € C\ CJ.
Now suppose X s thick and b € Och’,y.
(b) Let k € Ki(x,y). If € is small enough, then b + exyey € C2 '\ Cf,’.

(c) Leti,j € Ki(x,y). There exists ¢ > 0 and a continuous, increasing function
dij 1 (—e0, €0)—R such that, for all € € (—e€p,€), we have b + ex;e; + d;j(€)y;e; €
B .

x7y

(d) Rﬁ is always an open set.

(e) Every Fj,-pivotal class is an open subset of [—1,1], and a union of connected
components of R%.

(f) Thus, if Rf{, is connected, then X has only one Fy-pivotal class.

Proof: (a) Find profiles p, v € A(X), such that g = b and v = b + exye;. By hypothesis,
X,y € Fy(p), soxep(jn) =y e ¢(pn). Let 0 := ¢(by + €) — ¢(by); then 6 > 0 (because ¢
is increasing), and we have

xe () = xed(n)+9;
and yep(v) = yeo(n)—0

Thus, y & Fy(v). Thus, b + exper € C\ CJ.

< xe¢(v).

(b) If b € BY,, then Fy(b) = {x,y}. Thus, if € is small enough, then Fy(b+exe;) C {x,y},

because [y is upper hemicontinuous. Thus, we must have b + ex,e;, € Co\ C;? :

(c) (by contradiction) First we consider the case when € > 0.

There exists some €; > 0 such that ¢ € int(C) for all ¢ € R* with |[c—b|_ < &
(because b € int (C) by definition of 9B ). Next, there exists some €, € (0, ;) such that
Fy(c) C {x,y} for all ¢ € C with ||c — b||_, < e; —otherwise, we have a contradiction
of upper hemicontinuity.

38



(d)

For all € € (0,€y), part (b) says b + ex;e; € CZ \ C. We claim there exists ¢ > 0 such
that, for all € € (0,¢), there exists d;;(¢e) € (0,€2) such that b + ex;e; + §;;(e)y;e; €
BS,. Suppose not. Then for any e € (0,€;), there exists some €; € (0,¢) such that
b + e;z€; + dyje; € CL\ C;f for all 6 € (0,¢€).

Claim 1:  For any € € (e1,€3), we have b + ex;e; + d yje; € CZ \ CJ for all § € (0, €;).

Proof: (by contradiction) For any such € and , we have b+ ez;e; + d y;e; € C2 U Cf,’ by
construction of €;. Suppose b+ex;e; +0y,e; € C;’f for some € € (€1, €2) and § € (0, €3).
Fix €, and let ¢’ € (0, €2) be the infimum of all 6 € (0, €2) such that b+ex;e; +dyje; €
Cf,’ . Then b + ez;e; + ' yje; € Cg’ , because Fy is upper hemicontinuous. Meanwhile,
b + ex;ie; + dyje; € C2 for all § € (0,0"). Thus, b + ex,e; + &' y;e; € C2, again by
upper hemicontinuity. Thus, b + ex;e; + 0’ y;e; € OB;f,y.

Thus, part (b) says that b + € z,e; 4+ 0" y;e; € C \ Cf for all € € (0,¢). In particular,
this means that b + €, z;€; + 6’ y;e; € CJ \ CZ. But this contradicts the hypothesis
defining €. <& claim 1

Since we can make €; arbitrarily small, Claim 1 means that b + ex;e; + dy;e; € C2\ Cf,’
for all €,6 € (0,€2). Now fix § € (0,¢€2) and let € go to zero; then upper hemicontinuity
implies that b + dy;e; € CZ. But for all § > 0, part (b) says b + dy;e; € CJ \ CS.
Contradiction.

The proof for € < 0 is similar, with the roles of x and y reversed.

A similar construction yields a function d;; : (—e1, ;) —R such that, for all € € (—ey, 1),
we have b + ey;e; + 0;i(e)xie; € OBﬁ,y. Thus, 6;; = (52-;1. Thus, both §;; and ¢;; are
invertible. Clearly they are nondecreasing. It follows that they are continuous and
strictly increasing.

If R% = 0, then it is automatically open. So, suppose R% # 0, and let r € R%. Then
there exists x,y € & with d(x,y) > 3, and b € B, and i € K+(x,y) such that r = b;.
But then part (c) yields some ¢y > 0 such that, for all 7’ € (r — €g, 7 + €), there is some
b' € BS, with bj =+'. Thus, (r — ey, +¢€) C R%; thus, RY is an open set.

Let r € RY.

Claim 2: The set £'(r) := {qg € R%; r ~ ¢} is open.

Proof: 1f ¢ € EY(r), then there exist x,y € X with d(x,y) > 3, and b € OB,‘Zy and
J.k € Ki(x,y), such that by = r and b; = ¢. Since d(x,y) > 3, there is some

i€ Ky(x,y)\{J, k}. Let d;; : (—ep,e0)—R be asin part (c). Then for all € € (—e, €),
we have r ~ ¢ + J;;(e). <& claim 2

Inductively, for all n € N, define £"(r) = U,cen-1(y E'(q). Then Claim 2 implies
that £"(r) contains a neighbourhood of each element of £"~!(r). Finally, let £%(r) :=
U,—, £"(r). Then £°°(r) is open, and is the pivotal class of 7.

Claim 3:  Let R’ be a connected component of R%. Then all elements of R’ are
(~)-equivalent.
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Proof: Each (/)-equivalence classes is an open subset of R, so its intersection with R’ is a
relatively open subset of R’. Thus, the (=/)-equivalence classes form an open partition
of R'. But R’ is connected, so this partition must contain only one element. In other
words, all elements of R" are (/2)-equivalent. <& claim 3

It follows that each (a2)-equivalence class is a union of connected components of R%.

(f) follows immediately from part (e): if R% has only one connected component, then it can
have only one pivotal class. O

Let ¢ : [-1,1]— "R be a gain function. For all r € [—1,1], define G(¢,r) :={"r; e R
and | r| < ¢(r +€1) — ¢(r — €2) for all €1,€e; > 0}. Observe that, for any hyperreal scalar
*s > 0, the function st (*s¢) is continuous at r if and only if G(*s¢,r) contains only
infinitesimal elements of *R. Otherwise, G(*s ¢, ) measures the size of the ‘gap’ at r. The
proof of Proposition 6.2(a) uses the following lemma.

Lemma E.5 Let X be a thick judgement space, let ¢ : [—1,1]— "R be a gain function,
and suppose Fy is upper hemicontinuous on A(X). Ifr ~ s € R%, then G(¢,1) = G(¢, s).
Proof: We will show that G(¢,s) C G(¢,r).

If s ~ r, then there exist x,y € X, with d(x,y) > 3, and b € "Bi”y,
such that b; = r and b; = s. Let

¢ = S (w— y)olbn).

ket (X7y)\{i7j}

and 7,j € K(x,y)

Assume without loss of generality that ; = z; =1l and y; =y; = —1. If be "Bﬁ,y, then
20(bi) +26(b;) + C = (x —y)  ¢(b) = 0.

Lemma E.4(c) yields ¢ > 0 and a continuously increasing function ¢;; : (—ep, €g) —R
such that, for all € € (—€, &), we have b + ex;e; + d;(e)y;e; € BY,. Thus, for all
€ € (—€g, €9), we have

20(b; +€) + 26(bj — 6;5(e)) +C = 0.
Thus, for any €, €, > 0, we have
0 = 0-0 = (200 + ) +20(b; — d(e1)) + C) = (26001 — &2) +26(b; — 6;(—€2)) + C)
= 20t + e1) — 66 — &) ) + 2 (8(6; — Gig(e1)) — Dlb; — 6y (—e2))
= 2(0(r+e1) = 0(r — &) +2 (65 — d5(e1)) — Bls — y(—e2)))

Thus,

or+e)—o(r—e) = ¢s—0dj(—e)) —P(s —d;(er)). (E8)
Now, let g € G(¢,s). Then |g| < ¢(s + d2) — ¢(s + 01) for all 4,05 > 0. Thus,
9] < d(s—0;5(—€2)) —d(s—;5(e1)) for all €1, €2 > 0. (Note that —6;;(—e2) > 0, because
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d;; is increasing and d;;(0) = 0.) Thus, equation (E8) says that |g| < ¢(r+e1) —p(r —es)
for all €1,€e5 > 0. Thus, g € G(¢,r), as desired. Thus G(¢, s) C G(¢, ).

An identical argument shows G(¢,7) C G(¢, s). We conclude G(¢,r) = G(¢, s). O

Proof of Lemma 6.1. (a) Nonempty. (by contradiction) Suppose RS = 0.

Claim 1: For any continuous, increasing gain function v : [—1,1]—R, we have
F, =Fy.

Proof: F, is upper hemicontinuous by Proposition 3.6, while F}, is upper hemicontinuous
by hypothesis. Meanwhile, Proposition 3.5(a,b) say that both Fj, and F, are SME
and monotone.

If Rf( = (), then for any x,y € X with dy(x,y) > 3, we must have "Bfiy = (). Thus,
the right-hand condition in Proposition C.2 is trivially satisfied. Thus, F, = Fj.
< claim 1

In particular, let ®; be the set of all odd, continuous, real-valued gain functions. Then
we have

SSME(X,p) = |J Fslw) = Falp).

PYeEP
where (%) is by Proposition 1.1(b), and (}) is by Claim 1.
Thus, & is supermajoritarian determinate. Contradiction.

Open follows from Lemma E.4(d). O

Proof of Theorem 6.2. (a) For all r € [—1,1], define ¢(r) := %, to obtain a function

¢ : [-1,1]— R. Define G(¢,r) as in Lemma E.5. Let I be the set of all infinitesimal
elements of "R.

~

Claim 1: For any r € R, we have G(¢,r) C L.

Proof: (by contradiction) Suppose there exists some r € R with some g € G(¢, r) which
is not infinitesimal. Since G(¢,r) is symmetric under negation, we can assume g > 0
without loss of generality.

Let R’ := (r1,75) N'R (an open subset of R). For any ' € R/, we have 0 = ¢(r1) <
d(r') < d(ry) = 1; thus, ¢(r') is finite. Furthermore, R is connected, so Lemma E.4(¢)
says that r ~ 7/ for all ¥’ € R. Thus, Lemma E.5 says that g € G(gg, r’) for all ' € R'.
That is: for all s1,s0 € R, if 81 < ' < 39, then QE(SQ) — gg(sl) > g. Since g ¢ I and
gg(r/ ) € [0,1], this implies there is rational number ¢, € QN [0, 1] such that for all
S1,82 € R, if 51 <1’ < 59, then ¢(s1) < g < P(s2).

Furthermore, if 7 < r” € R’, then ¢ < ¢ (because for any s € (r/,r"), we have
¢ < &(s) < gu). Thus, the mapping R’ > r — ¢, € QN [0,1] is injective. But
R’ is uncountable (it is an open subset of R), whereas Q is countable. This is a
contradiction. <& claim 1
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Claim 2: ¢ is continuous on R.

Proof: Let r € R. If ¢ is discontinuous at r, then G(gg, ) contains a non-infinitesimal
value, contradicting Claim 1. <& claim 2

Claim 3: For any r € R, we have G(¢,r) D L.

Proof: (by contradiction) Suppose there exists some r’ € R with some i € I such that
i & G(¢,1"). Since G(¢,7') and I are symmetric under negation, we can assume i > 0
without loss of generality. Then for all » € R, Lemma E.5 says that ¢ & G( ) Thus,
there exists some €, > 0 such that gb(r—i—er) qﬁ(r—e,,) < i, and hence, |p(s)—o(r)| < i
for all s € RN (r — €.,7 4+ ¢,). Thus, ¢(s) = ¢(r) forall s € RN (r — €., 7 + €,).
Thus, if we fix some r, € R, and define ¢y := ¢(r), then the set R’ := {r € R;
¢(r) = ¢} is an open neighbourhood around 7y (because for all 7' € R’, we have
(1" — €7 +€v) CR'). But R’ is also closed in R, because ¢ is continuous on R, by
Claim 2. But R is connected, so this implies that R’ = R. Thus, ¢ is constant on R.
But by definition, ¢(r5) = 1 while ¢(r;) = 0. Contradiction. <& clainm 3

It remains to show that ¢ is increasing on R. Suppose not. Then there is some r € R
and € > 0 such that ¢ is constant on (r —e,7 +¢). But then there is some positive
i € I such that |¢(s) — ¢(r)| < i for all s € (r —e,7 + ¢€), which means i & G(¢,r),
contradicting Claim 3.

Let ¢ : [-1,1]—R be a continuous gain function such that ¥ (r) = st(s¢(r)) for
all » € cl (Rﬁ;) (Such a continuous extension exists exists by the Tietze Extension

Theorem, because st (s ¢) is continuous on ¢l (R%) and cl (R%) is a closed subset of
[—1,1].) We will show that Fy = Fj.

Fy4 is upper hemicontinuous by hypothesis, and Proposition 3.6 says that F), is upper
hemicontinuous, because v is continuous on [—1,1]. Meanwhile, Proposition 3.5 says
that both F, and F are monotone and SME. Thus, we can apply Proposition C.2.

Claim 4: For any x,y € X, if dy(x,y) > 3, then BZ, NCy C CJ.
Proof: Let b € Bg, NCY. Then

v(b)e(x—y) = Yo lw—w) ) = D (@ — ) - st(so(bi))

keK+(x,y) keK+(x,y)
= st|s D> (m—w)-ob)| = stlsob)e(x—y)) = st(0) = 0.
keK+(x,y)

Here, () is because, for all k € Ki(x,y), we have by € RY, and thus, (b)) =
st (s p(bg)). Next, (¢) is because the function st : -R—R is a ring homomorphism,
so it preserves multiplication and addition. Finally, () is because b € OBi”y.

It follows that ¢(b) @ y = ¢(b) @ x. Thus, y € Fj(b), because x € Fy;(b). < clain 4

Proposition C.2 and Claim 4 imply that F, = F}, as desired. O
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The next result is used to prove Proposition 6.3, but is also of independent interest. For
any u € A(X), let Kr(p) :={k € K; || > R}. For any x € X, let Kr(p,x) := {k €
Kr(p); xr = Maj,(u)}. The R-core of y is the (possibly empty) set Xg(u) := {x € X;
x = Maj(u) for all k € Kg(p)}; the set of all elements of X which agree with every
majority of size (R+1)/2.

Lemma E.6 Let ¢ : [—1,1]— "R be a gain function. Let R € (0,1), and suppose that ¢ is
continuous, real-valued, and unbounded on (—R, R), and ¢ is infinite on [—1, —R|] U [R, 1].

(a) For anyy € Fy(p), and any other x € X, we have Kr(p,x) C Kr(p,y).
(b) If F, is not upper hemicontinuous at p, then Xg(u) = 0.

(c) Conversely, if Xr(p) # 0, then Fy(u) C Xg(p), and Fy is upper hemicontinuous
at .

Proof: (a) (by contrapositive) Let x,y € X, and suppose Kg(p,x) DO Kg(p,y). Then
Ki(x,y) N Kg(p) # 0. For all k € Ki(x,y) N Kr(p), we have || > R, so that
|p(fix )| = oo; meanwhile, z;, = Maj, (1) = —yx, so that (x — yx)o(fx) = 0o. Meanwhile,
for all k € KL(x,y) \ Kr(p), the value of (xy — yr)p(iig) is finite. Thus, (x —y)  ¢(11)
is (positive) infinite. Thus, y & Fy(u).

By contrapositive, if y € F,(u), then no such x € X' can exist.

(b) Suppose Fy is not upper hemicontinuous at p; then there exists some sequence {p"}7°
such that ;" ———p, and some x € X' such that x € F,(u™) foralln € N, but x & Fy(u).

n—oo

Claim 1: For any other z € X, we have Kr(u,z) C Kr(u,x).

Proof: By contradiction, suppose there was some z € X with Cr(p,z) D Kgr(p, x). Then
Ki(x,2) N Kr(p) # 0. For all k € KL(x,2) N Kr(1), we have i —— iy, and hence

lp(y)|——=00. Meanwhile, z;, = Maj, (1) = —x, so that (z, — x)p(a}) ——=>00.

On the other hand, for all k € K. (x,y)\Kgr(p), there is some Ry, < R such that |u}| <
Ry, for all large enough n € N; thus, there is some M), < oo such that |(zx—yk)o(p})] <
M, for all large enough n € N. Thus, if n is large enough, then z e ¢(i") > x @ ¢(11"),

which means x ¢ Fy(u"). Contradiction. & claim 1

Now, by contradiction, suppose that Xz(p) # (). Then Claim 1 implies that x € Xz ().
Meanwhile, if y € Fjy(p), then part (a) implies that y € Xg(p). Thus, Ki(x,y) C
K\ Kg(p). Thus,

x—y)od(@ = D (w—weli) = D (ox—y)d(in)
keK+(x,y) KA\K R (1)
= D (we—wy) lim o) = lm Y (m - y)e(i)
K\K R (1) K\K R (1)
= lim Y (wm-we(E) = lim (x—y)es(@") = 0.
n OOk‘E’Ci(X,y) n—00 )
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Here, (¢) is because )} ———u € (R, R) for all k € K\ Kr(u), and ¢ is continuous on
(—R, R) by hypothesis. Meanwhile, (%) is because (x —y) ® ¢(u") > 0 for all n € N,
because x € Fy(u™) for all n € N.

We conclude that xe¢ (1) > yeo(p); thus, x € Fy(u), becausey € Fy(p). Contradiction.

(c) follows from (a) and the contrapositive of (b). O

Proof of Proposition 6.3. (by contradiction) Let p € A(X), and suppose Fy is not upper
hemicontinuous at p. Let R :=1— 2, and let Kg(p) := {k € K; || > R}. For any
subset J C IC, let X7 (p) :={x € X}; x5 =Maj(u)s}.

[Definition of forbidden/critical words. Fact: Any critical word in X represents a
‘preference cycle’; maximum length of such a critical word is M].

Claim 1:  (a) |[Kgr(p)| > M
(b) Any critical subword of Maj(jt)i () is a Condorcet cycle of length M.
(¢) p[Xu(p)] =1 — 55 for all k € Kr(p).

Proof: For any k € Kg(p), we must have p[X;(1)] > 1 — 5;. Thus, for any subset
J C Kgr(p), we have

pis) = 1=

(a) If F, is not upper hemicontinuous at g, and J := Kgr(p), then Lemma E.6(b)
says X7(p) = 0, which means that p[X7(u)] = 0. Thus, inequality (E9) says that
Kalu)] > M.

(b) If |J| < M, then inequality (E9) implies that pu[X;(u)] > 0; hence X7(u) # 0.
Thus, any subword of less than A coordinates of Maj(u) is Xj-admissible. Thus, the
smallest forbidden words (i.e. the critical words) in Maj(u)i () must have length M.
Such a critical word in A" has the form of a Condorcet cycle of length M.

(E9)

(¢) (By contradiction) Suppose instead that there was some k € K with p[Xy(p)] > 1—4;.
By reasoning similar to inequality (E9), we conclude that, for any J C Kgr(p) with
|T| = M, we have p[X7(p)] > 1— 2 =0. Thus, X7(u) # 0. Thus, Maj(x)7 is not a
A -forbidden word. Thus, the smallest forbidden word containing & must have length
greater than M, which means there is a critical word in X'} of length greater than M,
which is false. <& claim 1

Let J C K be a subset with || = M, such that Maj(u) 7 is a maximal Condorcet cycle;
say it represents the cycle (a; = ay = --- > ay = a1). For any i € J, if coordinate
i represents the link “a, > a,4,”, then let x; € X represent the preference order
obtained by breaking the Condorcet cycle at this link (i.e. a,.1 > Gpio = - -ay = a; >
ag > -+ > ap). Let X' := {x1,Xa,...,xp}. It follows that X;(u) = X"\ {x;} (a set of
M — 1 elements).

Claim 1(c) says that u[X;(p)] = 1— < for all ¢ € 7. From this, it follows that p[x;] = -
for all i € J. From this, it is easy to deduce that SME (X", 1) = X’. Furthermore, from
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the symmetry of the profile 41, we deduce that ¢(j1) ex; = ¢(11) ex; foralli,j € [1... M];
thus, Fy(p) = X',

However, if F}, is not upper hemicontinuous at x; then there exists some sequence { ™},
such that ;" ———p, and some x € X' such that x € F,(u") for alln € N, but x & Fy(u).
Then Claim 1 in the proof of Lemma E.G6(a) implies that x € X’. Thus, x € F,(u).
Contradiction. O

Theorem 6.4 is actually a special case of a more general result. Let ¢, : [—1,1]—R be
odd gain functions, and let X be a judgement space. We say 1) is an X'-compatible affine
transform of ¢ if there exist functions s : R‘ﬁ( —R, and t: R‘i — 1R such that:

(C1) s is constant on each Fj-pivotal class of R%.

(C2) tis constant on each connected component of Ri.

(C3) Forallx,y € X with d(x,y) >3, andallbe B, > (o — ye)t(be) = 0.

keK 4+ (x,y)
(C4) For all r € RS, we have ¢(r) = s(r) - ¢(r) + t(r).

If ¢ and ¢ are odd and continuous, then (C4) holds at all points in the closure of Rff;
thus (C2) forces t to be constantly zero on any connected component of Rf( which has 0
in its closure. If all of Rfc is in one Fy-pivotal class, then (C1) means that s is a constant.
If R% is connected, then (C1) and (C2) make both s and ¢ constant functions, and then
(C3) forces t =0, so 9 is just a scalar multiple of ¢ on Rf( Even if Rf( is not connected,
(C3) requires the (piecewise constant) values of ¢ to satisfy a large, homogeneous system
of linear equations, which will usually force t = 0; in this case, v is a ‘piecewise constant
scalar multiple’” of ¢, with possibly different scalars on different Fi-pivotal classes of Rf{,

Theorem E.7 Let ¢, : [—1,1]—R be odd, real-valued gain functions, and let X be a
Judgement space. Suppose F, and Fy, are upper hemicontinuous on A(X).

(a) If ¢ is any X-compatible affine transform of ¢, then Fy(X, pn) = Fy(X, p) for all
we A(X).

(b) Conversely, suppose X is thick and ¢ and ¢ are continuous on RY. If Fy(X, p) =
Fy (X, p) for all p € A(X), then 1 is an X -compatible affine transform of ¢.

Proof of Theorem E.7(a). Let C := conv(X).
Claim 1: Forany x,y € X, if d(x,y) > 3, then BS, C By U (C\ CY).
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Proof: Let s : R%—R, and t : R, —R satisfy (C1)-(C4), and let b € BS,. Then

(x—y)ew(b) = > (zx—u)(by)

ket (x,y)
S5 2 Ge—u) (s olb) + b))

keK+(x,y)
o ° Z (T — i) (d)(bk)th(bk))

keK+(x,y)

keK+(x,y)
=0+ > (@m-witb) = 0. (E10)
keK+(x,y)

Here, (x) is by (C4). Next, (¢) is because for all j, k € K1(x,y), we have b;, by, € Rff,
and b; ~ b, so that (C1) yields some s > 0 such that s(by) = s for all k € Ky (x,y).
Finally, (1) is because b € B%,, and (1) is by (C3).

If (x—z)e(b) > 0 for all z € X, then statement (E10) implies that Fy,(b) D {x,y},
so b € BY . Otherwise, if (x —z) @ ¢(b) < 0 for some z € X, then x ¢ Fy(b), so

bGC\Cw <& claim 1
Now Proposition C.2 and Claim 1 imply that F,(X, u) = F, (X, p) for all p € A(X). O

To prove Theorem E.7(b), we must first generalize a well-known result about solutions to
the Cauchy functional equation. Let W C [—1, 1] be an open subset, and let ¢ : W—R.
We say ¢ has constant slope on W if there is some s € R, and, for each connected component
W' C W, there is some constant ¢ € R such that ¢p(w) = sw +t for all w € W. (In
particular, ¢'(w) = s, for all w € W.)

Lemma E.8 Let N > 2, and let U C RY be a connected open subset. LetV = {ug +us +

+uy; weU}. ForalneN, letU, =m,(U), and let W :=VUU U---UlUy CR.
Let 7 : W—R be a continuous, increasing function, such that 7(uj + us + -+ + un) =
T(uy) + -+ 7(uy) for allu € U. Then ¢ has constant slope s > 0 on W.

Proof: For any ¢ € Uy, let V, := {uy; + us +--- +uy; u €U and uy; = q}. Note that U is
an open subset of R (because U is an open subset of RY).

Claim 1: (a) For any g € U, and v € V,, there exists some € > 0 such that v € V,
for all ¢ € (¢ —€,q+ ¢€).
(b) If Q C U, is any dense subset, then U V,=V.

q€Q

Proof: (a) Find u € U with uy = ¢ and uy + --- + uy = v. For any ¢ > 0, let
B(u,¢) := {r € RY; |r,—u,| < ¢ foralln € [1...N]} (the e-ball in the co-norm ). There
exists some € > 0 such that B(u,e) C U (because U is open). Let ¢’ € (¢ —€,q+ €).
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Define u’ by v} = ¢ and u) = uy + (¢ — ¢’), while u], = u, for n € [3...N]. Then
u’ € B(u,e), so u’ € U. But by construction, u) = ¢’ and u| + --- + vy = v. Thus,
v E Vy.

(b) From their definitions it is clear that U V, = V. Part (a) implies that it suffices

qeU
to take the union over a dense subset of U. < Claim 1

Claim 2: Let ¢ € U;. Suppose 7 is differentiable at q, and 7'(q¢) = s. Then 7'(v) = s
for all v € V.

Proof: Let v € V,; then v = uy + us + - - - + un for some u € Y with u; = ¢. If € is small

enough, then (u; + €, ug, ..., uy) is also in U (because U is open). Thus
Tv+e)—7(w) = T(w+etus+---+uy)— 7w +us+ - +uy)
= (T(ul +e)+T1(ug) + -+ T(uN)> - <7’(u1) +7(ug) + - + T(UN)>
= t(ite—7(wm) = 7(@+e —7(q).
ThllS, 7'/(’0) _ hr% T(U+€) _T(U) _ hr% T(Q+6) _T(q) _ 7_/(q) _
€— € €— €

as desired. Here, (x) is by the hypothesis of the theorem. <& claim 2
Claim 3: There exists some constant s > 0 such that 7'(v) = s for all v € V.

Proof: Since 7 is nondecreasing and U is open, there is a dense subset Q C U; such
that 7/(q) exists for all ¢ € Q (Kolmogorov and Fomin, 1975, Thm.6, §31.2, p.321).
Thus, Claim 2 says that 7/(v) exists for all v € J, .oV, and is constant on V), for
cach ¢ € Q. Claim 1(a) says that V,, overlaps V,, if ¢; and ¢o are close; thus, 7’ is
constant on V,, UV,,. Thus, 7/ must be constant on each connected component of the

union U V,. But Claim 1(b) says this union is all of V, which is connected (because

q€Q
U is connected). Thus, 7’ exists and is constant on V. <& Claim 3

Claim 4: 7'(u) = s for all uw € U.

Proof: Let v € V,; then v = u; +us + - - - +uy for some u € U with u; = u. If € is small
enough, then (u; + €, us, ..., uy) is also in U (because U is open). Then, by exactly
the same reasoning as Claim 2, we have 7'(u) = 7'(v). But 7/(v) = s, by Claim 3.
< claim 4

For any n € [1...N], a similar argument to Claim 4 shows that 7/(u) = s for all u € U,.
Thus, 7/(w) = s for all w € W. Also, s > 0 since 7 is nondecreasing. Thus, if W C W
is any connected component, then 7 is an affine function on . That is, there exists
t € R such that 7(w) = sw + ¢ for all w € W'. O
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Proof of Theorem E.7(b). Let x,y € X, with d(x,y) > 3. We will first show that
¢ is an affine transformation of ¢ in an open neighbourhood of each point in the set

Rxy = U Riy.

keK L (x,y)

Suppose that BE,, # 0 (otherwise Ryy = () and there is nothing to prove). Let R’ :=
#(Rxy) and 7 := 1) o ¢~ '; it is equivalent to show that 7 is locally affine on R’.

Without loss of generality, suppose K4 (x,y) = [1...J] for some J > 3. Also suppose x; =
1and g = —1, whereas z; = —1 and y; = 1 for all j € [2...]]. Let O := (R%)7 x RE~/;
then O is an open subset of R* (because Lemma BE.4(d) says R% is open, because Fj is
upper hemicontinuous and X’ is thick). Observe that "Bfi ,CO0 (because 7; ("Bﬁ y) C Rff
for all j € [1....J], by definition of R%). Let

¢ = (0mm(0))\ U ec.

zeX\{x,y}

Then C' is an open subset of R* (because O and int (C) are open, while C, is closed
for all z € X, because Fj is upper hemicontinuous). We have OB,’Z y, = {ced
(x —y) @ ¢(c) = 0}. By our assumption on the coordinates of x and y, this means

BL, = {cec';qb(cnzqu(cj)}. (E11)

=2

Claim 1: Let ﬁf( = ¢$(R%) CR. Then ¢ : Ri—ﬂ?fi is a homeomorphism.

Proof: ¢ is injective because ¢ is increasing on Rf( by hypothesis. Also, ¢ is continuous
on Rf( by hypothesis. It remains to show that ¢ is an open map on 72?{,. To see this,
let S C ’Rﬁf be a relatively open subset; we must show that ¢(S) is open. Let t € ¢(S);
then ¢t = ¢(s) for some s € S. Since § is relatively open in Rf’v, and Ri, is open in R by
Lemma E.4(d), there is some € > 0 such that (s—¢,s+¢) C S. Now, ¢(s—¢) < ¢(s) <
¢(s+e€) because ¢ is strictly increasing. Thus, (¢(s — €), ¢(s + €)) is a neighbourhood of
t = ¢(s). The Intermediate Value Theorem implies that (¢(s —€),d(s+¢€)) C &(S),
because ¢ is continuous on RY. Thus, ¢(S) contains a neighbourhood around t.
< claim 1

Note that Claim 1 implies that 7 := 1) o ¢! is continuous on ﬁi

Now, define ¢/ : O—R” by ¢”(r) := (¢(r;))7_,. Claim 1 implies that ¢’ is a continuous
and open function on O. Thus, if C := ¢’[C’], then C is an open subset of R7. Let
Byy := ¢’ (BL,). Then equation (E11) becomes

J
Bey = {665; ”51:25]}. (E12)
j=2
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Let m; : R/—R’~1 be the projection onto coordinates [2....J]. Then B := Wj(gx7y)
is an open subset of R’ _IL by the Open Mapping Theorem. Let & C B be a connected
component of B, and let U := 7, (U) N Byy. Equation (E12) implies that

for all 1l € U. (E13)

QMK‘
=

9

for some b € By . Then 7(u) = 4 (b).

So, let u € Zj, and suppose u := ¢”/(b),
= F(b) by hypothesis. Thus, we have

Furthermore, b € By | because Fy(b)

=2 (@) = wlb) =3 vlby) = (x-y)eu(b) = 0.
J
Thus, (@) = » 7(u), foralluel. (E14)

Combining equations (E13) and (E14), we get:

J J
- (Z u]) — Zr(uj), forallued. (E15)

Jj=2

For all j € [2...J], let U; :== 7;(U). Let V := m(U), and let W = VUUs U--- UU,.
Then W C ﬁi, so Claim 1 implies that 7 is continuous on W. Also, 7 is increasing,
because 1 and ¢ (and hence, ¢~ !) are increasing. Finally, equation (E13) says that
V ={ug+---+uy; u €U} Then equation (E15) and Lemma E.8 imply that there is
some s > 0 and, for each connected subset W C W, some t € R such that 7(w) = sw—+t
for all w € W'. Thus, if R" := {¢ ! (w); w' € W'}, then we have ¢(r) = s¢(r) +t for
all r € R'.

Proceeding in this way, we can define functions s : RY—R, and ¢ : RE—R satisfying
condition (C4). By construction, s and t are constant in an open neighbourhood around

each point in their domain. Thus, they must be constant on each connected component
of R%,. This verifies (C2).

To prove (C1), let 7 ~ 5y € RY%. There exist X,y € X with d(x,y) > 3, some b € Bi,,
and some j,k € Ki(x,y) such that b; = ry and b, = ro. But then in the above
construction, if we let U be the connected component of Ex’y containing ¢(b), then we
end up with ¢(r1), ¢(r2) € W, and thus, s(ry) = s(rq), as desired.

Finally, to establish (C3) let x,y € X with d(x,y) > 3, and let b € BZ, Then b € BY,
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also, so

0 = (x—y)ety(b) = (z — yr) Y (bk)
kel (x,y)
5 2 @ u) (st o) + b))
kek+(x,y)
= s > (- ) <¢(bk) + t(bk)>
kel+(x,y)
= s(x—y)e¢p(b)+ Z (zr — yr) t(br)
ke +(x,y)
= > (e —yw) tbr).
ket (x,y)

Here, () is by (C4), (¢) is because (C1) yields some s > 0 such that s(b;) = s for all
k € K+(x,y), and (1) is because b € B . O

Proof of Theorem 6.4. 1f ¢ and v are continuous on [—1, 1], then F, and F, are upper
hemicontinuous on A(X), by Proposition 3.6.

“e=" Tf Y(r) = so(r) for all r € RE, then @ is certainly an X-compatible affine
transform of ¢. Thus, Theorem E.7(a) says that Fy (X, p) = Fy (X, p) for all p € A(X).

“=—" Suppose Rf(U{O} is connected. If 0 € R?{, this means that Rﬁ, itself is connected,
and hence, Lemma E.4(f) says it contains only one pivotal class.

Otherwise, ’Rf( has at most two connected components: Rt := Ri, N (0,1] and R~ :=
R% N [—1,0). Lemma E.4(f) says that each of these contains at most one pivotal class,
and since pivotal classes are invariant under negation, we again conclude that Rf( has
only one pivotal class.

If ¢ and ® are continuous on [—1, 1], and Fy(X, p) = Fy(X, p) for all p € A(X), then
Theorem E.7(b) says that ¢ is an X-compatible affine transform of ¢. But R% contains
only one pivotal class, so (C1) implies that s is constant on R%; thus, ¢(r) = s ¢(r)+t(r)
for all r € RE. Next, (C2) implies that the function ¢(e) takes a constant value on ¢+
on R*. But then we have

o= 04t = s+t 5 lmse(r)+tT = lmo@) 5 0

Here, (x) is because ¢ is continuous and odd, while () is because v is continuous and
odd.

We conclude that ¢+ = 0. An identical argument, shows that ¢ = 0 on R~ also. We
conclude that ¥ (r) = s¢(r) for all r € RE. 0
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Proof of Lemma 6.5 (a) Fix x,y € X, let b € "Bf , and for any s > 0, define b(s) :=
¢~ (s p(b)). Then we have z e ¢(b ( )) = sz e ¢( ) for all z € X. Thus, for all
z € X\ {x,y}, we have x @ ¢(b(s)) =y ® ¢(b(s)) > z e ¢(b(s)), because x ® ¢(b) =
y ® ¢(b) > z e ¢(b), because b € BL . Thus, if b(s) € C, then b(s) € BL, also.
But if ¢(C) is star-shaped, then s ¢(b) € ¢(C) for all s € [0, 1]. Thus, we have b(s) € B,
for all s € (0,1]. But this describes a continuous path from b to 0. Thus, for any
k € Ki(x,y), the map s — by(s) describes a continuous path from b to 0.

This argument applies for any x,y € X, any b € BE

vy, and any k € Ki(x,y). Thus,

every element of R% U {0} is path-connected to 0.

(b) The function ¢?(r) = sign(r) |r|? is homogeneous. Thus, the function ¢¢ : R —RF
defined by ¢¢(r) = (¢%(ri))rex acts homogeneously on R*. By hypothesis, 0 € C, and
C is convex, hence star-shaped. Thus, ¢?(C) is also star-shaped. Thus, if ngﬁ — ¢ s
sufficiently small, then ¢(C) is also star-shaped. Thus, part (a) implies that RS U {0} is
connected.

(c) Let r € RE. Suppose 7 > 0; we will show that (0,7] C R%. By definition, there exist
x,y € X with d(x,y) > 3 and b € B, and k € K+(x,y) such that b, = r. Now, for
all s € (0,1), let b* := sb+ (1 —3s) (x+y)/2 Then b* € “Bf , by neutral reinforcement,
and b = sby+ (1 —s) (zx +yx)/2 = sr+(1—5)0 = sr. Thus, sr € RY.

Thus, R% U {0} is an interval; thus, it is connected. O

Proofs from §5

Proof of Theorem 5.1. (a) Fix d € (0,00). Recall that we define ¢?(r) := sign(r) - |r|%,
and H? := Fya. Proposition 3.6 says that H 4 is upper hemicontinuous, because ¢? is
continuous on [—1, 1]. Clearly, ¢? is regular. It remains to show that H? satisfies neutral
reinforcement.

To see this, let x,y € X, and let b EBi’jiy. Let s € [0,1], and let b* := sb+ (1 —s) (x+
y)/2. We must show that b* EBi’g,. To see this, note that

(x—y)eg'(d) = > (ze—u)-0"0}) = > (zk— k) ¢(sbr)

keK+(x,y) kel (x,y)
= Y (me—u) SN0 = st ) (=) - 0 (be)
keK4+(x,y) keK+(x,y)

= s (x—y)ei(b) 0. (E16)

(

—

)

Here, (}) is because b EBi’fy, while (k) is because for all k € K4 (x,y), we have (zj +
yr)/2 =0, and thus, b} = sby + (1 — s) (vx + yr)/2 = s by.
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Meanwhile, for any other z € X', we have

(x—2z)0¢"(b*) = > (xx— ) ¢ (b))

kek
= > (w0 D (k= k) - ()
ke 4 (x,y) kelo(x,y)

keK4+(x y) keKo(x,y)

Here () is as in eqn.(E16), and (¢) is because x € Fya(b) because b € OBi’:iy. To see (1),
let k € Ko(x,y). If 2 = yp = 1, then b} = sby + (1 — 8) > sby, so ¢%(b5) > ¢ (sby) =
s ¢(by). Meanwhile, (x5 — 23,) > 0, so (z3 — 21.) - ¢%(b5) > (2 — 21,) - 8¢ % (by).

If 2, = yr. = —1, then b} = sby — (1 — 5) < sby, so ¢%(b) < ¢¥(sby) = s?¢?(by). But
now (zy — ;) <0, so again (z — z) - ¢4(b3) > (w1, — 21.) - s% d(by).

We conclude that x e ¢(b*) = y e ¢¢(b*) > z e ¢¢(b*) for all z € X; thus, b* € B¢, O

Theorem 5.1(b) “<=" is just a special case of Theorem 5.1(a). The proof of Theorem
5.1(b) “==" follows from the next two lemmas.

Lemma E.9 Let X be a thick judgement space. If F : A(X) = X is regular, upper
hemicontinuous and satisfies neutral reinforcement, then F' = F, for some continuous
gain function ¢ : [—1,1]—R.

Proof: 1f X is proximal, then Theorem 2.1 says that X’ is supermajoritarian determinate,
so any additive rule is identical to the median rule. Thus, F' = F, where ¢(r) = r for
all r € [—1,1]. So, assume X is not proximal.

Let ¢ : [-1,1]— "R be any odd, regular gain function such that F' = Fj,. Then Lemma

6.1 says that Ry # (. Thus, Proposition 6.5(c) says that there is some R > 0 such

that either R% = (=R, R), or RS = (—R,0) U (0, R). Fix r; < ry € (0, R), and for all
€ [—1,1], define

= S L an = 1m
¢(7’) T t ((b(’f’g) . (b(rl)) d %o . 71~\0 (b( ) (E17)

Since ¢ is regular, we can choose 71,79 such that Qg(r) is finite for some r € R. Thus,

é(r) is finite for all 7 close to zero.
For any r € RX, let sign(r) := (sign(ry))rex € {—1,0,1}*. We will say that Fy satisfies
parity on X if, for all x,y € X', and all b € OBffy, we have sign(b) e (x —y) =0

Claim 1:  Either ¢, = 0, or F} satisfies parity.

o2



Proof: (Aby contradiction) Suppose ¢y > 0. Then there is some ¢ > 0 such that
o < (1) < (14 ) o for all r € (0, €). Dividing both sides by ¢, and using the fact
that é is odd, we conclude that

; 1
el oy —.,  forallre[—1,1] with 0 < |r| <e. (E18)

1 <
N ©o K

Suppose also that F}, does not satisfy parity. Then there exist some x,y € X and

b € BY, such that sign(b) e (x —y) = ¢ # 0. Observe that ¢ € 2Z, because

sign(b) € Z* and (x —y) € 2Z*. Thus, without loss of generality (by switching x and

y if necessary) we can assume that ¢ > 2. Find p € A(X) such that o = b. Recall

that 0¥ € A(X) is the profile such that §¥(x) = 1 = 6™¥(y) (thus, ¥ = (x+y)).

Define v := (1 — €)Y + € p.

c

2K

Proof: If k € K+(x,y), then 6¥ = 0, so |7%] = €|fi] < ¢, and thus, 1 < |d(7)|/¢0 <
1 + +, by statement (E18). In other words, o(Tk) /o — sign(gﬁ(ﬁk))) <+ <

~

Claim 1.1: For all k € K.i(x,y), we have ‘q@(ﬂk)/gpo - sign(ﬁk)‘ <

where the last inequality is because ¢ > 2. But sign(¢(vy)) = sign(v) = sign(efix) =

sign(fix). The claim follows. V Claim 1.1
Thus,
(x=y) o (60)/00 —sign(®)| = | D (@ =) (65)/50 — sien(ii))
keK+(x,y)
N~ . ~ C C
< Y ‘cﬁ(vk)/wo — Slgn(ﬂk)‘ < > 3% < 5 (E19)
keKi(x,y) keK+(x,y)

where () is by Claim 1.1. Thus,

(@ eom) 7 @t (G- am)

~

— Lix-y)eim

20
= (x—y) esign(i) + (x — y) o (6(7) /120 — sign(i))
= ctx-y) e (IR —sim(@) 2 c-5 = 5 > 0 (E)

Here, (}) is because the map st : -R—R is a ring homomorphism, and ¢, € R, and
(x —y) € RX, so st maps these objects to themselves. Meanwhile, (¢) is by definition
(E17), and (%) is by inequality (E19).

But ¢g-(¢(r2)—¢(r1)) > 0. Thus, inequality (E20) implies that st ((x —y) e ¢(v)) > 0;
thus (x —y) e ¢(v) > 0, and thus, y ¢ F,(v). But this contradicts neutral reinforce-
ment. <& claim 1
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Now, fix S € (0,R), and define ¢ : [~1,1]—R by setting ¢(0) = 0 and ¢(r) :=
&(ST) — o for all r € (0,1], and ¥ (r) := ¢(ST) + o for all r € [—1

,0).
Claim 2: ¢ is odd, real-valued, continuous, and increasing on [—1,1

—

Proof: 1 is odd because QAS is odd because ¢ is odd. Now, let ¢ be as defined in Theorem
6.2(a). Then for all r € (0, 1], we have

~

B(r) = G(ST)—po = B(ST) = o(r) +(r) — %o
¢(S1) = ¢(r1) ;
= ot (S —a ) + (=)
= ¢(Sr)+ (areal constant),

where (%) is by substituting in definition (E17), and recalling that st : ‘'R—R is a
ring homomorphism. But Theorem 6.2(a) says that ¢ is real-valued, continuous, and
increasing on R, which in particular means it has these properties on (0, R). Since
S < R, it follows that 1 is real-valued, continuous, and increasing on (0,1). Since
Y is odd, it is also real-valued, continuous, and increasing on (—1,0). Finally, by
construction we have

P{% U(r) = 11{% (r) — o =5 Yo—¢ = 0,
where (¢) is by definition (E17), Thus, ¢ is right-continuous at 0. Since 9 is odd, it
is also left-continuous at 0. <& claim 2

It remains to show that Fy, = F,. The gain function ¢ is increasing by definition, while
1 is increasing by Claim 2; thus, both F}, and F}, are monotone by Proposition 3.5. Fur-
thermore, 1) is continuous by Claim 2, so F; is upper hemicontinuous by Proposition 3.6.
Meanwhile, Fy is upper hemicontinuous by hypothesis. Thus, we can apply Proposition

C.3.

Claim 3: For any x,y € X, we have BE, NCy C CJ.

Proof: Let b € BL, NCY. We must show that y € Fy(b). Since x € Fy(b), it suffices
to show that ¢(b) e (x —y) = 0.
Recall that 0*¥ := (x + y)/2. Thus,

pSB ex—y) = S H(Sh)- (ox— )
keK4+(x,y)
s 2 ¢ <Sbk +(1- 5)51‘”) (e — yr)
keK+(x,y)
- ¢(Sb+(1—5)SXvY) e(x—y) = O (E21)

Here (%) is because 6% = 0 for all k € Ky(x,y), and (1) is because Fy(Sb + (1 —
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S )5’x,y) = {x,y}, by neutral reinforcement. Finally, observe that

»(b) g%( b) — g - sign(b). Thus,
Y(b)e(x—y) = ¢(Sb)e(x—y)—po-sign(b)e(x—y)
o(Sb
m SOty 5 o (Grh T ) ekt
(Sb)e(x—y)

© St( 3(ra) — (r1)> = st(0) = 0.

here, (x) is because Claim 1 asserts that either ¢y = 0 or sign(b) e (x —y) = 0.
Next, (1) is by definition (E17), while (¢) is because the map st : 'R—R is a ring
homomorphism. Finally, (1) is by eqn.(E21).

Thus, (b)) ey = ¢(b) e x. Thus, y € Fy(b), because x € Fy(b). This holds for all
b € OBf;y N C;f ThUS, oBi),y N C;f g C;,b <& Claim 3

Combining Proposition C.3 and Claim 2 yields F, = Fj. O

Lemma E.10 Let X be a thick judgement space, and let ¢ : [—1,1]—R be a continuous
gain function. If Fy satisfies neutral reinforcement on X, then F, = H?® for some d €

(0, 00).
Proof:
Claim 1: Fix s € (0,1). Define ¢ : [-1,1]—R by 9(r) := ¢(sr). Then Fy = F,.

Proof: We will use Proposition C.3. Let x,y € X', and let b € "Bi”y. We must show that
b eBY, U (conv(X)\ CY).
To see this, let b® := sb+ (1 —s) (x +y)/2. Then

(x—y)ow(b) = > (mp—wm)-bbe) = > (zx—u) o(sh)
keK4+(x,y) ke L (x,y)
= > (m—w)-ol) = (x-y)eo(d) = 0.
keK4(x,y)

Here, (x) is because for all k € Ky (x,y), we have (zx + yx)/2 = 0, and thus, b} =
sbr+ (1 —5) (z + yr)/2 = s bg. Next, (1) is because b* € Bf , because b € BZ , and
F, satisfies neutral reinforcement.

Thus, x e h(b) = y e ¢)(b). If x @ ¢)(b) > z e (b) for all z € X, then b € B;fy;
otherwise, b € conv(X) \ CS. < clain 1

Claim 2: There exists a continuous, increasing function o : (0,1)—R such that, for
all € R% and s € (0,1), we have ¢(sr) = o(s) - é(r).
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Proof: Proposition 6.5(c) implies that R% U {0} is connected. Fix s € (0,1) and define
¥ as in Claim 1. Then Claim 1 and Theorem 6.4 imply that there is some scalar
o(s) > 0 such that 1(r) = o(s) - ¢(r) for all r € R%.

Finally, o continuous and increasing because ¢ continuous and increasing. < claim 2
Claim 3: For all s,t € (0,1], we have o(st) = o(s) - o(t).

Proof: Fix nonzero r € R%. Proposition 6.5(c) says tr € R%, because ¢ € (0, 1]. Thus,

o(st)-o(r) = ¢(str) = oa(s)-o(tr) = oa(s)-a(t)-¢(r),

where every equality is by Claim 2. Now divide both sides by ¢(r). (Note that ¢(r) # 0
because r # 0 and ¢ is strictly increasing, while ¢(0) = 0 because ¢ is odd.) < clain 3

Claim 4:  There is some d > 0 such that o(s) = s for all d € [0, 1].

Proof: Define A(s) :=log(c(e™*)) for s € (0,00). Then A is continuous and decreasing on
(0, 00) because ¢ continuous and increasing on (0,1). However, Claim 3 implies that
A satisfies the Cauchy functional equation: A(s+t) = A(s) + A(¢) for all s,t € (0, 00).
Thus, there exists some d > 0 such that A(s) = ds for all s € (0,00). But this means
that o(s) = s? for all s € (0,1). <& clainm 4

Now fix R € R%. Let C':= ¢(R)/R?. For all r € [0, R], we have

¢(r) = &((r/R)-R) = o(r/R) - ¢(R) = (r/R)*- ¢(R) = C .17,

™
where (¢) is by Claim 2, and (%) is by Claim 4.

Since R is arbitrary, we conclude that there is some constant C' > 0 such that ¢(r) = C-r?
for all positive r € R%. Since ¢ is odd, this implies that ¢(r) = C - ¢?(r) for all r € R%.
But then Theorem 6.4 implies that F, = H%. O

Proofs from §4

Lemma E.11 Letd € (0,00). If H? satisfies reinforcement on X, then H? is the median
rule on X.

Proof: 1f X' is proximal, then Theorem 2.1(a) says X is supermajoritarian determinate;
thus, any SME additive rule on A(X) acts as the median rule.

Now suppose &' is not proximal. Then there exist x,y € X with d(x,y) > 3 and
B 4 0. Let b® € B¢ . and find 4, j € Ki(x,y) such that 00 # +0). Lemma E.4(c)

7y x?y’
yields some other point b! € "ny such that b® and b! differ only in coordinates i and
J. Without loss of generality, suppose z; = 1 = —y; and y; = 1 = —x;.
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For all s € [0,1], let b* := sb! + (1 — s)b’. Then b* EBffi, by reinforcement.

Let C = > (=)0
ke 4 (x,y)\{4.5}
Then 0 = (x—y)eoo¢(b®) = Z (76 — yr) - de(bZ) (E22)
ek (x,y)
= (2 = y)o"(6]) + (2; — y))¢(b) + C
— 26%(5) — 20°(82) + C. (E23)

(Note that C'is a constant which is independent of s.) To show that H? is the median
rule, we must show that d = 1. We will assume that d # 1, and derive a contradiction.

Let b := b; — b and b} := b; — bY; then b} = 0 4 s b} and b3 = b + sb. Suppose that
bf,bj > 0. (The argument for the cases b; ,b;f <Oorb] <0< b;f are similar.) Then

¢ (b;) = (b5)* and ¢4(b5) = (b5)". Thus, (¢7)'(b;) = d ()" and ¢(b5) = d (b5)"".
Differentiating equation (E23) with respect to s, we have

0 = 2O — W (6a) (1) = 2Wa (b)) — 2w ()"
. bs d—1
Thus, b_z = <b—%> .
b\ a1 b
Thus, if d # 1, then (—f) = b—ls, for all s € [0, 1]. (E24)
i J

Setting s = 0 and s = 1 in equation (E24), we get

1 1
b\ a-1 b\ a-1
= () me = ()

0_ g1 b T 0_ g1 by — b AN
=t = () e sy = ()

That is: (b;/b;) = (b;/b;)ﬁ Thus, (bj/b)*" = (b;/b;) = (bj/b})~". At this point,
there are two possibilities: either b} /b = +1, or d = 0. But d > 0 by hypothesis, so we
must have b /b = 41. Substituting this into (E24), we get b7 /b5 = (il)ﬁ. The case
b;/b; = —1 is possible only if -+ is an integer. In any event, we have b;/b? = +1 for all
s € [0,1]. In particular, setting s = 0 we have b) = :I:bg. But this contradicts our initial
hypotheses that b # £b).

To avoid this contradiction, we must have d = 1. O

Proof of Theorem 4.1. (a) Proposition 3.6 implies that the median rule is upper hemicon-
tinuous, because the function ¢!(r) = r is continuous on [—1,1]. Clearly, ¢' is regular.
It remains to show that the median rule satisfies reinforcement.
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To see this, let py, pe € A(X), and let 1 = 111 +copio for some ¢y, ¢ € [0, 1] with ¢y +cy =
1. Let x € Median (X, 1) N Median (X, pg); we must show that x € Median (X, u).

Observe that @ = ¢ty + cofiz. Thus, for any y € X', we have

Yo = ciyejit+cayey < cXel+tcaXe; = Xe[.
(*)
(Here, (%) is because y @ f1; < x @ fi; and y e jio < X ® [i5, because x € Median (X, f11)
and x € Median (X, 15).) Thus, we conclude that y e i < x e 1 for all y € X. Thus,
x € Median (X, 1), as desired.

“<=" is a special case of part (a).

“—=" Let ¢ be a regular gain function, and suppose F, is upper hemicontinous. If F,
satisfies reinforcement, then Fy satisfies neutral reinforcement. (Observe that Fi,(dxy) 2
{x,y}. Thus, if Fy(n) = {x,y}, then reinforcement implies that Fjy(cip + cadxy) =
{x,y} for any c¢1,cy > 0 with ¢; + ¢ = 1.) Thus, Theorem 5.1 implies that Fy = H?
for some d € (0,00). Now Lemma E.11 implies that F}, is the median rule. a

Proof of Proposition 4.2. Let X' := max(X, < ). Clearly, Median (X, ) € X’. We must

show that Median (X', u) 2 X”. Suppose x ¢ Median (X, u); we will show that x & X”.
To do this, let Y(x) := {y € X; y £ x}; we must find some y € Y(x) such that x ~ y.
Let C := conv(X). For any x,y € X, define Cx := {c € C ; x € Median (c)} and By, :=
CxNCy = {c € C; {x,y} € Median (c)}. Then Cx and By, are closed, because the
median rule is upper hemicontinuous by Corollary 3.6. The ‘internal boundary’ of Cy is
the set 0,Cx = CxNcl(C\ Cy).

Claim 1: 0.Cx = Bx.y.

()

yeV(x

Proof: “27 is clear by definition.
“C” Let D := dim(C); then dim(0,Cx) = D — 1, because it is the boundary of a
relatively open subset of C. We have

0.6 = Gn| UJ &) = | ngy)
yeX\{x} yeX\{x}
(4) ()
= U By = U Byu U By
yex\{x} yeV() YEX\V(x)

Now, X \ Y(x) is a finite set, and every element in union (B) is a set of dimension
D — 2 or less (because it is defined by two or more linear constraints); thus union (B)
is nowhere dense in 0, Cyx. Thus, union (A) must be dense in 0, Cyx. But union (A) is
also closed (it is a finite union of closed sets). Thus, union (A) must cover all of 0, Cx.
<& claim 1
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Let D:={r e R*; (y—x)er <0, for all y € Y(x)}; then D is a closed, convex
polyhedron.

Claim 2: Cy,=DnNC.

Proof: Cx :={ce€C; (y—x)eor <0, for all y € X}; thus Cx € DN C. We must show
that Cx D DN C. Suppose ¢ & Cy; we will show that ¢ € DN C. Clearly x € Cy. Let
L be the line segment connecting ¢ to x. One end of L is inside Cy, while the other
end is in Cy for some y € X \ {x}. Thus, £ intersects 0,Cx at some point b (because
the median rule is upper hemicontinuous). Thus, Claim 1 says that b € By for some
y € Y(x). Thus, (y —x)eb = 0. Since (y —x) ex < 0, we must have (y —x) ec > 0,
which means that ¢ € D. <& Claim 2

Now, x ¢ Median (X, i1), so t € Cy; hence Claim 2 implies that 1z € D (because i € C).
Since D is closed and convex, the Separating Hyperplane Theorem yields some v € R*
such that ve > 0 > ved for alld € D. A standard variant of Farkas’ Lemma says that
v can be written as a nonnegative linear combination of the constraint vectors defining
D —that is, there exist nonnegative coefficients p, > 0 for all y € Y(x), such that

vV = Z py(y — x) (Bertsimas and Tsitsiklis, 1997, Theorem 4.7, p.166). But then we

yeY(x)
have

0 < vep = Zpy(y—x)oﬁ.
yeYV(x)

Now, py, > 0 for all y € Y(x), so we must have (y —x) @ g > 0 for some y € Y(x). But
this means that x ~» y. Thus, x is not maximal in (&, < ); hence x ¢ A". O

Proofs from §2.

Proof of Theorem 2.1(a). In §4, we defined the ‘internal graph’ as a binary relation
on X; we also defined an orientation -~ on this graph by setting x ~ y if xep <yepn

=l

Claim 1: For any p € A(X), any odd increasing ¢ : [—1,1]—R, and any x 5y, we
have (x 0 0(fi) <y 0 6(1)) <= (x7¥).

Proof: Since X is proximal, there are only two cases.
If d(x,y) =1and Ki(x,y) = {k}, then (x —y) ® ¢(1t) = (zx — yr)P(j1x). Thus,

(xe0i) <yeol) < ((o—u)- (i) <0)
= ((l’k—yk)'ﬁk<0> = (X“;Y>~

(x) is because ¢ is sign-preserving because ¢ is increasing and ¢(0) = 0 (because ¢ is
odd).
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quf(x’ y) =2, and K+ (x,y) = {i, j}, then (x—y) e (1) = (xi—y:) o () +(;—y;) 0 (11;)-

(xo 0 <y o o) (=) - 6() < (v — ) - 6(7))

<~
= ((xi—yi)'ﬁi<(yj_$j)'ﬁj> = (X?y)

Here, (x) is because ¢ is odd and increasing, and |z; — y;| = |z; —y;| =2. < clain 1

Let < be the transitive closure of ~ , and let X’ := max(&X’, < ). Proposition 4.2 says
Median (X, p) = A”.

Claim 2: If¢:[—1,1]—R is odd and increasing, then Fy(X,p) C X".

Proof: For any x,y € X (adjacent or not), write x 5 y if x @ ¢(11) <y e ¢(1). This is a
total ordering of X', and Fy(&X, ) = max(X, 3 ). However, Claim 1 shows that ~
is a sub-relation of 7 (the asymmetric part of ; thus, < is also a sub-relation of

5,50 max(&, ) € max(X, <). <& claim 2

).
)

Claim 3: If ¢ : [-1,1]—R is odd, increasing and continuous, then Fy(X,u) =
Median (X, p) for all p € A(X).

Proof: Fj is upper hemicontinuous on A(&X’) by Proposition 3.6, because ¢ is continuous
on [—1,1]. The median rule is monotone by Proposition 3.5(b), because the function
n(x) = x is strictly increasing. Claim 2 and Proposition 4.2 imply that Fy(X, pu) C
Median (X, p) for all 4 € A(X). Thus, Lemma C.1 shows that in fact Fy(X,u) =
Median (X, ) for all p € A(X). <& claim 3

Claim 4: (a) Ifv¢ : [-1,1]—R is any odd, increasing, continuous function, then
SSME (X, ) = Fy (X, p) for all p € A(X).
(b) In particular, SSME (X, u) = Median (X, u) for all p € A(X).

Proof: Let ®; be the set of all odd, continuous, increasing functions from [—1, 1] into R.
Then

SSME (X, p) = |J Fo(X,p) = | Median (X, )
Ped; Pedr
= Median (X, u) = Fy (X, ).
Here, () is by Proposition 1.1(b), and both (}) are by Claim 3. <& Clainm 4

Claim 5: 7,x = v,y for all x,y € SSME (X, n1).

Proof: By contradiction, suppose there exist x,y € SSME (X, ) with v, x # 7,y. Then

we can find some continuous, increasing ¢ : [—1, 1]—R such that ¢*(v,x) # ¢* (Vuy)-
Thus, Lemma D.2(c) implies that at most one of x or y is in Fy, (X, i), contradicting
Claim 4(a). <& Claim 5
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Claim 6: SME (X, ) C SSME (X, u) for all p € A(X).

Proof: By contrapositive, suppose z € X \ SSME (X, ). Then there exists some p €
A(X) such that z < p —i.e. such that 7,, < v,, with at least one strict inequality.
Without loss of generality, suppose that p is ( < )-maximal in A(X’). Then supp(p) C
SSME (X, p1). Fix y € SSME (X, 11); then Claim 5 says that 7, x = 7,y for all other
x € SSME (X, p); thus, v,, = 7.y (because v,, is a convex combination of {7, «;
x € SSME (X, p)}). Thus, v,z < Yy, with at least one strict inequality. Thus, z <.
Thus, z ¢ SME (X, u). <& clainm 6

Now Proposition 1.1(a) and Claim 6 imply that SSME (X, ) = SME (X, ). Then
Claim 5 implies that X is supermajoritarian determinate.

(b) (by contrapositive) Define ¢(r) := r for all r € [—1,1] (so F, is the median rule).

Suppose X is not proximal. Then there exist x,y € X with d(x,y) > 3, such that
Be, # 0. Thus, if k € K4 (x,y), then RE | # 0; thus, RS # 0.

Now, the median rule satisfies neutral reinforcement, by Theorem 5.1(a). Thus, RfKU{O}
is connected, by Lemma ?7. Thus, Theorem 6.4 is applicable. Let ¢ : [—1,1]—R be
another odd, continuous, increasing function, such that v is not a scalar multiple of ¢
on Rf{, Then the contrapositive of Theorem 6.4 implies that F, # F,,. Thus, X is not
supermajoritarian determinant. O

Proof of Proposition 2.3. Let x,z € X*™ with d(x,z) > 3; we must show that x Z z. In
fact, we will show that x 7~ y (see Appendix B). We define

’C++ = {kEK;Z'kIl:Zk}, lC+, = {k’EK;l’k:LZ’kI—l}
K- ={kek;z=—-1=2}, and K_, = {kel;x,=-1, z=1}.
We have |x| = |K 4|+ |[Ki—| and |z| = [K14 |+ |[K_4|. Thus,
I=[Kys| < K], [Ky| <0 T = [Kuql.
Now, |y |+ |K_4| =d(x,2) > 3, so either |, _| >2or |[K_| >2. If |[C,_| > 2, then
let 0 # K!_ C Ky otherwise set KL _ := 0. If [K_;| > 2, then let 0 # KL, C K_4;
otherwise set K, := 0. Let K2, := K_y \ £ and £5_ := K-\ K}_. Thus,

IKio| =KL |+ K5 | and |[K_y| = [KL |+ |K2,|. We can always choose these sets so
that

[=|Kyi| < IK[+IKE] < T =K,
and [ —[Kyy| < [K_[+IKL ] < J— K
Now define y', y? € N as follows:
. 1 if keKl_ UK UK
o -1 if keKi_UK__uUKk,;
_ 1 if keKZ_ UK, UKL,;
and - yp = { 1 if keKl_ UK _Uk2,.



Then I < |y'], |y?| < J, so y!,y? € X For every k € K, we have

2 if keK.,
-2 if keKk__

Thus, (y' +y?)/2 = (x +2)/2, so conv{x,z} N conv{y', y*} # 0, so the line segment
conv{x,z} is not an edge of conv(X). Thus, x %~ y. Thus, Proposition B.1(c) says that

x 7 Z.

This holds whenever d(x,y) > 3. Thus, X*™ is proximal. O

References

Anderson, R. M., 1991. Nonstandard analysis with applications to economics. In: Handbook of mathe-
matical economics, Vol. IV. North-Holland, Amsterdam, pp. 2145-2208.

Barthélémy, J.-P., 1989. Social welfare and aggregation procedures: combinatorial and algorithmic aspects.
In: Applications of combinatorics and graph theory to the biological and social sciences. Vol. 17 of IMA
Vol. Math. Appl. Springer, New York, pp. 39-73.

Barthélémy, J.-P., Janowitz, M. F., 1991. A formal theory of consensus. STAM J. Discrete Math. 4 (3),
305-322.

Barthélémy, J.-P., Monjardet, B., 1981. The median procedure in cluster analysis and social choice theory.
Math. Social Sci. 1 (3), 235-267.

Barthélémy, J.-P., Monjardet, B., 1988. The median procedure in data analysis: new results and open
problems. In: Classification and related methods of data analysis (Aachen, 1987). North-Holland, Am-
sterdam, pp. 309-316.

Bertsimas, D., Tsitsiklis, J. N., 1997. Introduction to Convex Optimization. Athena Scientific, Belmont,
MA.

Condorcet, M. d., 1785. Essai sur l'application de I’analyse a la probabilité des décisions rendues a la
pluralité des voix. Paris.

Guilbaud, G.-T., Octobre-Déecmbre 1952. Les théories de l'intérét général et le probleme logique de
Paggrégation. Economie Appliquée V (4), 501-551.

Kemeny, J. G., Fall 1959. Math without numbers. Daedalus 88, 571-591.

Kolmogorov, A. N., Fomin, S. V., 1975. Introductory real analysis. Dover Publications Inc., New York,
translated from the second Russian edition and edited by Richard A. Silverman, Corrected reprinting.

List, C., Pettit, P., 2002. Aggregating sets of judgements: an impossibility result. Economics and Philos-
ophy 18, 89-110.

List, C., Puppe, C., 2009. Judgement aggregation: a survey. In: Oxford handbook of rational and social
choice. Oxford University Press, Oxford, UK., pp. 457-482.

Nehring, K., Pivato, M., 2011a. Incoherent majorities: the McGarvey problem in judgement aggregation.
Discrete Applied Mathematics 159, 1488-1507.

62



Nehring, K., Pivato, M., 2011b. Supermajoritarian efficient judgement aggregation. (preprint).

Nehring, K., Pivato, M., Puppe, C., July 2011. Condorcet admissibility: Indeterminacy and path-
dependence under majority voting on interconnected decisions. (preprint).

Nehring, K., Puppe, C., 2007. The structure of strategy-proof social choice I: General characterization and
possibility results on median spaces. J.Econ.Theory 135, 269-305.

Rubinstein, A., Fishburn, P. C., 1986. Algebraic aggregation theory. J. Econom. Theory 38 (1), 63-77.

Tideman, T. N., 1987. Independence of clones as a criterion for voting rules. Soc. Choice Welf. 4 (3),
185-206.

Wilson, R., 1975. On the theory of aggregation. J. Econom. Theory 10 (1), 89-99.

Young, H. P., 1986. Optimal ranking and choice from pairwise decisions. In: Grofman, B., Owen, G. (Eds.),
Information pooling and group decision making. JAI press, Greenwich, CT, pp. 113-122.

Young, H. P., 1988. Condorcet’s theory of voting. American Political Science Review 82 (4), 1231-1244.
Young, H. P., Winter 1995. Optimal voting rules. Journal of Economic Perspectives 9 (1), 51-64.

Young, H. P., 1997. Group choice and individual judgments. In: Mueller, D. C. (Ed.), Perspectives on
public choice: A handbook. Cambridge UP, Cambridge, UK, Ch. 9, pp. 181-200.

Young, H. P., Levenglick, A., 1978. A consistent extension of Condorcet’s election principle. STAM J. Appl.
Math. 35 (2), 285-300.

Zavist, T. M., Tideman, T. N., 1989. Complete independence of clones in the ranked pairs rule. Soc. Choice
Welf. 6 (2), 167-173.

63



