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Abstract

This paper finds welfare- and revenue-maximizing mechanisms for assigning
a divisible good to a population of budget-constrained agents where agents’
have independently distributed private valuations and budgets. Both of these
optimal mechanisms feature a linear price for the good. The welfare-maximizing
mechanism additionally has a uniform lump sum transfer to all agents and
a higher linear price than the revenue-maximizing mechanism. This transfer
increases welfare because it relaxes the key difficulty in the aforementioned
setting: agents with high valuations cannot purchase an efficient amount of the
good because of their budget constraints. The welfare-maximizing result can
therefore be interpreted as a version of the second welfare theorem. I show that
both optimal mechanisms can be implemented using dominant strategies. In
addition, I consider extensions where I relax the independence condition and
introduce linear production.
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1 Introduction

Suppose that a principal has a finite supply of a divisible good and wishes to
distribute it to a large population of agents in a utilitarian welfare-maximizing fash-
ion. Agents have private individual budget constraints and valuations for the good.
If agents were not budget constrained, the principal could calculate the market unit
price for the good and sell it at that price. In my model, this would be approx-
imately the highest valuation. This maximizes welfare because high value agents
self-select by purchasing the good and agents with low valuations do not. However,
when agents are budget constrained, this mechanism no longer works because agents
who value the good highly are unable to purchase an efficient quantity of the good
at the market price.

Motivated by the above problem, I address the following question, “What is the
optimal mechanism for allocating a good to a population with private valuations and
budget constraints?” Throughout, optimality will refer to either utilitarian welfare
or revenue maximization and I solve for the optimal mechanisms for each of these
two objectives.

To consider a simple example, suppose that there are two agents with unit
valuations v1, v and a common budget constraint w such that w < v; < 2w < vs.
To maximize welfare, the planner would like to sell the good to agent 2, but he runs
into the problem that agent 1 would like to participate as well. Since the good is
divisible, one possible mechanism is for the principal to sell one half of the good to
each agent for the price w/2. Although this is incentive compatible, the principal
can in fact achieve the first-best by giving each agent w and selling the good at a
price of 2w. Both agents can afford this price because of the transfer, but only agent
2 will want to purchase the good at this price. Moreover, this mechanism produces
a balanced budget as each agent receives w and the high valuation agent pays 2w.
This outcome could be alternatively implemented by giving each agent half a unit
of the good, and then allowing agent 2 to buy agent 1’s allocation for the price w.
This achieves the first-best outcome as above.

While the above example differs from the setting that I consider, it illustrates
that transfers to agents’ can be used to weaken budget constraints and improve
welfare. To further clarify the setting considered in this paper, agents’ utility is lin-
ear in quantity of the good and money. Agents’ valuations and budget constraints
are independently distributed and private. The principal has a finite supply of the
good and must satisfy a weak balanced budget constraint. Without the balanced
budget constraint, the principal could uniformly distribute large amounts of money



to achieve the first-best welfare-maximization outcome. The balanced budget condi-
tion does not constrain the revenue-maximization mechanism because the principal’s
objective already involves obtaining positive revenue.

In both the welfare and revenue-maximizing settings, the optimal mechanisms
that I find feature a linear price p for the good. In line with the above example, the
utilitarian welfare maximizing mechanism additionally features a uniform lump-sum
transfer from the principal to the agents, whereas the revenue-maximizing mecha-
nism does not. With regards to implementation, as in the example, instead of cash
transfers, the principal can alternatively make in-kind transfers of the good and
then allow resale. In this way, one sees that the principal satisfies his weak bal-
anced budget constraint because transfers to the agents are internally recouped in
the mechanism by the sale of the good. Importantly, these cash or in-kind trans-
fers to the agents are uniform because valuations and budgets are unobservable, so
high-value or low-wealth agents cannot be targeted to receive higher transfers.

The principal makes transfers to agents in the welfare maximization setting to
relax their budget constraints. However, it is unclear if this is a good strategy for the
principal in the revenue maximization setting. It is clear that he does not wish to
transfer all of his revenue away, as in the welfare-maximization setting, but it may be
that in the revenue case, there is some intermediate level of transfers to agents that
will relax their budget constraints and therefore lead to additional revenue. How-
ever, when I find the revenue-maximizing mechanism, I find that transfers are not
beneficial. This is because monetary transfers to the agents increases gross revenue,
but by a smaller amount than what is transferred, so that the net revenue change is
negative. In independent work, Pai and Vohra (2011) also find that transfers from
the principal are not profitable for a revenue-maximizing seller in an auction setting
with finite buyers, each of whom has a finite set of possible valuations and budgets.

Economic situations where a planner wishes to distribute a divisible good to
budget-constrained agents abound. For the case of welfare-maximization, such set-
tings may be: the privatization of a government-owned enterprise or the provision
of healthcare or education in a government regulated system. In each of the above
settings, budget constraints can be significant and can stand in the way of an ef-
ficient allocation of resources. As discussed in the example above, an implementa-
tion of the welfare maximizing mechanism is the in-kind uniform disbursal of the
good and then allowing resale. This implementation resembles the privatization of
government-owned industries in the Czech Republic and Russia where vouchers were
distributed and then voucher auctions were conducted.



For the case of revenue maximization or a joint objective, one may think of:
the privatization of companies, the sale of government land, or the sale of Trea-
sury bonds. In particular, the method of selling Treasury bonds that is now used
(since 2002) will closely resemble a dominant strategy implementation of the opti-
mal mechanism found in this paper. There have been other interesting theoretical
investigations of the sale of Treasury bonds. Ausubel (2004) studies a different
setting where agents have decreasing marginal utilities and no budget constraints
and finds a different mechanism to be optimal. Additionally, notice that even if
a planner wishes to maximize societal welfare from some larger planning problem,
when selling an individual good/company, there may be a preference to maximize
revenue in selling the current object so that the revenue generated from that sale
can be applied to other welfare-improving endeavors.

To obtain my result, I need to make two assumptions on agents’ valuations. For
a fixed level of wealth, agents’ payments are tied down through their allocations and
incentive compatibility constraints. The first assumption that I make is that agents’
valuations satisfy the decreasing hazard ratio property. This property stipulates that
agents’ virtual valuations are increasing in their underlying valuations. Since the
principal’s revenue is determined by agents’ virtual valuations, as in Myerson (1981),
one then has that allocating the good to higher valuation agents is not just welfare
improving, but revenue improving as well.

The other assumption that I make is new and stipulates that the density function
of agents’ valuations is decreasing. This assumption increases the feasibility of
allocating the object to higher valuation agents, in the sense that doing so decreases
top types’ payments. Since the agents with the highest valuations make the largest
payments, if their payments decrease when high types get higher allocations, then
such an allocation is feasible.

I make no assumptions on the source of an agent’s budget constraint, but I now
provide a few reasons for how they may arise. One is due to agents’ limited wealth.
However, this is not the only possible reason. Alternatively, agents may be liquidity
constrained due to imperfect capital markets. In addition, it may be the case that
agents cannot borrow against the good itself because it is a final consumption good
or yields uncertain returns.

The addition of budget constraints has been studied widely in the literature. For
example, Che and Gale (1998) showed that the standard revenue equivalence results
of Myerson (1981) do not hold when agents have budget constraints. Specifically,
they find that in a standard auction setting, the first price auction outperforms the



second price auction. This is because agents hedge their bids in a first-price setting
and therefore budget constraints are less binding.

When budget constraints are individual and unobservable, agents’ types become
two-dimensional. The multi-dimensional mechanism design literature is large and
features two common approaches. One is to assume that each of the agent’s two
characteristics can take on one of two different values and the problem becomes
reduces to finite parameter programming (see Armstrong and Rochet (1999)). The
other is to show that there is an equivalent one-dimensional formulation and solve
that problem (for example, see Armstrong (1996), Jehiel et al. (1996), and Che and
Gale (2000)).

The approach that I take is much closer to the second approach above. I begin
by solving the mechanism design problem when all agents have a single budget level.
This is a one-dimensional problem, because agents differ only in their valuations. In
a setting with a finite set of buyers and a single uniform budget constraint setting,
Laffont and Robert (1996) and Maskin (2000) have solved for the revenue maximiz-
ing mechanism and the utilitarian welfare maximizing mechanisms, respectively.

After solving the one-dimensional problem, I then use the optimal mechanisms
found therein to solve the mechanism design problem across budget levels. However,
there is one technical point that needs to be addressed. In the above one-dimensional
problem, there are no incentive compatibility constraints across different budget
levels because they are derived using only one budget level. This approach leads to
a difficulty, namely that the overall mechanism fails to satisfy incentive compatibility
constraints across different budget levels. This is because agents may desire to lie
about their wealth. However, I show that the optimal mechanism across budget
levels is a linear pricing mechanism, and in such mechanisms there is no advantage
to lying downwards about one’s own budget. Agents cannot lie upwards about their
budgets because such lies are unaffordable.

Now, I discuss how the optimal mechanisms found here differ from others found
in the budget-constrained mechanism design literature. In this strand of literature,
there are three papers that closely relate to mine. The first is Che and Gale (2000)
who consider revenue maximization with one buyer. In contrast to the optimality
of the linear pricing function that I find, they find a convex pricing function in
terms of probabilities to be revenue maximizing. This difference is driven by the
conditions in the current paper being aggregate instead of individual which prevents
the mechanism design problem from directly scaling from one wealth level to an-
other. Secondly, Pai and Vohra (2011) considers utilitarian welfare maximization



or revenue maximization with a finite number of agents. In their setting, the opti-
mal mechanisms found consist of a different value-cutoff for every wealth-type. All
agents with valuations at the cutoff or above pool together and receive the same al-
location while agents below these cutoffs receive smaller allocations. The difference
in their results from mine are largely driven because of the finite discrete setting
with a finite set of agents.

Finally, the most related paper is 7. They consider an indivisible good setting
with unit demand and a unit measure of agents. They examine three different
mechanisms and compare them using utilitarian welfare as a criterion. One of the
feasible mechanisms that they consider closely resembles my welfare-maximizing
mechanism except that agents receive the good with final probabilities 0, S, or 1
where S is the aggregate supply of the good. This mechanism is feasible but not
optimal in their setting nor mine and resembles the welfare maximizing mechanism
found here. The difference is that in my model, agents will receive the good with
intermediate quantities as well. In addition, the mechanism that I find specifies
quantities instead of probabilities because I consider allocating a divisible good with
certainty rather than a probabilistically allocating an indivisible good. In addition,
they solve for the welfare maximizing mechanism in a two valuation, two budget
setting. It features cash subsidies and a convex price for probabilities of receiving
the good.

Another key difference between this paper and the other related ones is that
it states the welfare-maximizing mechanism can be implemented via uniform lump-
sum transfers and a linear price. In this sense, it can be interpreted as a version of the
Second Welfare Theorem because the market plus transfers succeeds in implementing
the constrained utilitarian efficient outcome whereas this is not the case in settings
analyzed in the above related papers.

Given this insight, I show that both the welfare-maximizing and revenue-maximizing
mechanisms found, can be dominant strategy implemented. The welfare-maximizing
mechanism is implementable via a uniform transfer of the good to all agents, and
then allowing resale. This resembles the privatization schemes implemented in East-
ern Europe. The revenue-maximizing mechanism can be implemented through the
posting of decreasing demand schedules, solving for the market clearing price, and
implementing sales at this price. This resembles the auction mechanism that has
been used to sell Treasury bonds since 2002.

An additional advantage of the simple structure of the optimal mechanisms that
I find, is that analytical extensions and comparative statics can be easily performed.
Specifically, I consider a relaxation of the independence assumption of valuations



and budgets, and solve for the revenue-maximizing mechanism in that setting. It is
typically nonlinear. In addition, I consider extensions to the cases of linear produc-
tion and indivisible goods.

The structure of the paper is as follows: In section 2, I introduce the framework,
and the essential assumptions. Section 3 contains the necessary lemmas and the
main result where I find the optimality of a linear pricing function for achieving
utilitarian efficiency or revenue maximization. In Section 4, I show that the proposed
mechanism is dominant-strategy implementable. In section 5, I consider extensions
for indivisible goods, production, and a weakening of the independence condition. In
section 6, I conclude. Finally, in the appendix, I include all proofs and an example
of how the theorem fails when the assumptions I make do not hold.

2 Framework

2.1 Setup

In the model studied here, there is a single good to be distributed by a planner with
finite supply S. There is a unit measure of agents, who are defined by two attributes,
wealth, w, and value, v. Agents are risk-neutral with linear utility in the quantity
of the good and money. An agent’s per-unit value for the good is determined by her
value type, v. If an agent has quantity of the good x and money m, then her utility
is U(v,z,m) = xv +m. An agent’s consumption of money is nonnegative, this is
her budget constraint.

Agents’ attributes are distributed according to two independent distributions, F’
for values, and G for budgets, each with continuously differentiable densities on a
bounded non-negative support. This assumption stipulates that knowing an agent’s
budget or value type reveals no information about the agent’s other attribute. So,
there is no incentive to favor high or low budget agents from a purely correlation
point of view.

For example, under the Homestead Act of 1862, independence of valuations and
budgets seems reasonable because it is unclear whether wealthier agents should have
higher or lower valuations for the land being settled. A similar argument could be
made for the provision of healthcare. However, in some cases, such as the distri-
bution of food or housing allowances, it could be argued that agents’ budgets and
values are negatively correlated. In other cases, such as those discussed in Esteban



and Ray (2006), agents are firms and the good being distributed are production li-
censes. There, wealthy firms may have a higher valuation to produce because those
firms are more efficient, and that is how they originally became wealthy. In the next
two sections, I will focus on the case of independent distributions of agents’ types
and in section 5, I will relax this assumption in a positive correlation direction.

Note: Notice that the distributions F,G define the aggregate makeup of the
population. The model that I formulate here is one with no uncertainty and private
types. All integrals in this paper represent an aggregation over all agents rather
than taking an expectation with respect to some underlying uncertainty.

I consider two different mechanism design problems. In the first, a principal
(perhaps the government or another public institution) wishes to maximize the
welfare of the agents. Therefore, the principal wishes to assign the good to the
agents with the highest valuations for the good. The mechanism design problem
is to find assignment and transfer rules z,t : V x W — R that maximize the total
utilitarian welfare of society.

In the other problem, the goal of the principal (perhaps the government or a
corporation) is to find the revenue-maximizing incentive compatible assignment and
transfer rules. For both problems: x, ¢ are taken to be measurable functions. Also,
notice that z and ¢ are deterministic allocation and transfer rules. This is without
loss of generality in my setting because of linear utility and the specific incentive
compatibility constraints I impose.

Now, I briefly discuss other mechanism design formulations that appear in the
mechanism design with budget-constraints literature and then present the welfare-
maximization problem that I solve. Previously, Che and Gale (2000) have examined
revenue maximization in a single seller, single buyer setting with discrete types.
Concurrently with my paper, Pai and Vohra (2011) examine welfare and revenue
maximization in a single seller, multiple buyer setting with discrete types. Also,
Che, Gale and Kim (2011) examine welfare maximization in a single seller, unit

measure of buyers setting with discrete types.

There are a couple of novelties in my formulation of the efficiency / revenue-
maximization problems. The first is that, I am working in a continuum setting with
a continuum of types, so the objective function and all constraints are modified
accordingly. Another is that, in the other papers in this literature, x represents a
probability of receiving an indivisible good as opposed to a quantity of the good as
it does in my model. Finally, in Che and Gale (2000) and Pai and Vohra (2011),
because there is one good being sold, at most one agent may receive it, so x < 1.



The stipulation that x < 1 is also made in Che, Gale and Kim (2011), where it is
assumed that agents demand exactly one unit of the good. Such a model can be
phrased as agents having linear utility in the good from x = 0 to z = 1 and zero
additional utility in x thereafter. In my model, agents demand as much of the good
as affordable

I will now define below the welfare-mazimization problem. The welfare-maximization
criterion I will use is that of utilitarian efficiency. For an argument of why utilitarian
welfare is a reasonable criterion, see Vickrey (1945). Notice that I have already used
the revelation principle in formulating the problem below as a direct mechanism.

Definition: Welfare-Maximization Problem

Maximize

W(z,t) = /W/Vx(v,w)vf(v)dvg(w)dw (1)

s.t.

t(v,w)f(v)dvg(w)dw >0 (BB)

z(v,w) f(v)dvg(w)dw < § (LS)

T~

0 < z(v,w) Y, w (NN)
t(v,w) < w Yo, w (BC)
1w <o} (v (v, w') = (v, w')) < wa(v,w) — t(v, w) Vo, w, v, w' (IC)
vr(v,w) — t(v,w) > 0 Yo, w (IR)

The above conditions are respectively: (BB) budget balance, (LS) a limited
supply condition, (NN) a non-negativity condition, (BC) budget constraints, (IC)
incentive compatibility, and (IR) individual rationality.

The budget balance condition above states that the planner cannot inject money
into the system. If he were able to, then he could distribute near infinite amounts
and relieve every agents’ budget constraint.

The non-negativity condition states that only the planner supplies the good, i.e.
agents cannot be allocated a negative quantity of the good.

Before discussing the budget constraint (BC) and incentive compatibility condi-
tions (IC), I will define the revenue-maximization problem.



Definition: Revenue-Maximization Problem

Replace the welfare objective function (1) to be maximized with the following
revenue function to be maximized:

Rz, t) = /W/Vt(v,w)f(v)dvg(w)dw (1)

The revenue-maximization problem has a different objective function, but retains
all the constraints of the welfare-maximization problem.

Notation: Throughout the paper, I refer to “welfare maximizing” or “welfare
optimal”. By “welfare maximizing”, I intend to refer to the welfare maximization
problem, and by “welfare optimal”, I intend to refer to the solution to the welfare
maximization problem.

2.2 Budget Constraints and Incentive Compatibility

The budget constraint condition (BC) states that agents cannot be asked to make a
transfer ¢(v, w) strictly larger than their wealth w. This condition is what separates
the problem studied here from an unconstrained budget setting.

The budget constraint (BC) is the same as that found in Che and Gale (2000) and
Pai and Vohra (2011), but differs from Che, Gale and Kim (2011). The difference
is that the latter paper uses: ¢(v,w) < wx(v,w). In the previous three models,
z(v,w) is the probability of receiving the good. So, if agents could only make
payments in the event of receiving the good, then the budget constraint found
in Che, Gale and Kim (2011) could be though of as ex-post budget constraint,
whereas the budget constraint ¢(v, w) < w could be considered as an ez-ante budget
constraint. However, in the setting that I consider, x(v,w) represents quantities of
a divisible good instead of probabilities for an indivisible good, so in this setting,
the mechanism is deterministic and there is no ex-ante/ex-post distinction.

The incentive compatibility condition that I impose above states that wealthy
agents can imitate poorer agents, but poor agents cannot imitate wealthier agents.
This type of condition has been explained in the literature before as being appro-
priate in a setting where agents can post bonds and therefore, agents can not lie
upwards about their wealth type because they are unable to post larger bonds. The
alternate incentive compatibility condition typically considered in the literature is:

Ly wy<w} (Vv w') =t w') <wvz(v,w) — tv,w)  Yo,w,v",w"  (IC")
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This condition is less restrictive on agents and hence more restrictive on the class
of admissible mechanisms because it says that agents can imitate any type whose
transfers they can afford. As it turns out, the optimal mechanisms that I find will
satisfy this stronger incentive compatibility condition as well, and therefore will be
optimal for either formulation.

Note: Notice that the incentive compatibility conditions (IC) or (IC’) have
both been defined in terms of a simultaneous deviation in declaration of wealth and
value. These incentive compatibility constraints could instead be expressed in terms
of one-dimensional deviations as follows:

z(v,w) — t(v'w) < va(v,w) — t(v, w) Vo, v’ (Value-IC)
Ly <o (vz(v,w') — t(v,w')) < vz(v,w) — t(v,w) Y, w' (Wealth-IC)

The above two one-dimensional ICs imply the two-dimensional IC for the fol-
lowing reason. If type (v, w) does not want to pretend to be (v, w’) and type (v, w’)
does not want to pretend to be (v',w’), then type (v, w) does not want to pretend
to be (v/,w’) because (v,w) and (v,w’) have the same preferences over outcomes.
In other words, the only determinant of an agent’s preferences is his value type, his
wealth type only determines feasibility. If an agent’s wealth also affected his prefer-
ences, then the two one-dimensional ICs may not imply the single two-dimensional
IC constraint. As for notation, if a mechanism only satisfies the value-IC constraint
or the wealth-IC constraint, then I will call it value-admissible or wealth-admissible.
If a mechanism satisfies both constraints, I will refer to it as admissible. Unless
otherwise stated, admissibility always refers to (IC) and not (IC’).

Note: Referring back to the formulation of the welfare objective function W,
notice that W is defined without regard to aggregate transfers. The budget balance
constraint requires that the planner cannot introduce money into the system, but
there could be a positive net transfer of money from the agents to the planner
thereby reducing the agents’ utility. However, for any admissible mechanism, this
money could then be redisbursed back to the agents in the form of a uniform lump
sum transfer without affecting any of the given constraints.! So, any solution to the

problem where transfers are included into the welfare function will correspond to a

"Tf T worked with condition (IC’) instead of (IC), the uniform disbursal of money might make a
mechanism non-admissible because then additional deviations would be affordable. Fortunately, this
would affect the analysis of the problem and not the conclusions because the optimal mechanisms
that I find satisfy (IC’) as well.

11



solution of the above formulation and vice-versa. Also, as it turns out, the optimal
mechanism will not have any net transfers from the agents because it is not in the
principal’s interest to take money out of the system and thereby make the budget
constraints harder.

2.3 Assumptions

The following two assumptions will be imposed for the duration of the paper. These
two assumptions will permit the subsequent analysis that I carry out and will lead
to a simple class of optimal mechanisms. Both assumptions are on the distribution
of value types among the agents:

Assumption 1: %@gﬂ) is weakly decreasing.

Assumption 2: f(v) is weakly decreasing.

Assumption 1 above is the decreasing hazard ratio assumption. This assumption
implies that allocating more of the good to higher value types from lower value types
will lead to an increase in revenue. This is because an agent’s virtual valuation is
increasing in their own value, as in Myerson (1981).

This assumption is important because it ties together agents valuations and
their virtual valuations. Specifically, if the above assumption holds, then a revenue-
maximizing principal wants to get the good to the agents with the highest valuations,

because doing so also increases the revenue generated by a given mechanism.?

Assumption 2 states that higher valuations are weakly less likely then lower val-
uations. This assumption is satisfied by the uniform distribution, the exponential
distribution, the left truncation of a normal distribution (recall that negative valu-
ations are not possible), and any convex combination of the above (as long as they
have the same initial value v).

Analogues of Assumptions 1 and 2 for a discrete setting are employed in Pai
and Vohra (2011). Unlike Pai and Vohra (2011) and Che, Gale and Kim (2011),
there will be no further assumptions on the budget distribution outside of requiring
a continuous distribution of budgets. Through the proof, one can see that the
budget distribution could even be taken to be more general, but with an increase in
tediousness resulting from needing to deal with mixed distributions.

2 Assumption 1 is fairly standard. However, it is actually the case that all the theorems (outside
of Theorem 9, Part 2) hold in this paper if one instead assumes the weaker regularity assumption
of Myerson (1981), specifically that v — 1}2};’) is weakly increasing. For that theorem, the stronger
assumption on values is only needed for the given equations to uniquely pin down the revenue-

maximizing parameters.
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3 The Main Result

3.1 A Preview

In this subsection, I give a brief preview of the main result and a numerical example.
My main result shows that the optimal mechanisms, from either a welfare or revenue
point of view are linear mechanisms with uniform transfers. So, I first define such
mechanisms:

Definition: A linear mechanism with uniform transfers is characterized by two
parameters, (p,7). Both of these parameters are taken to be non-negative. In
these linear mechanisms, agents will receive a uniform lump sum transfer 1" and
can purchase as much of the good as they wish at the unit price p. Agents with
“low” valuations, specifically with v < p will therefore purchase none of the good
and just receive the transfer 7. On the other hand, agents with “high” valuations,

w+T

specifically v > p will have induced wealth w + T and therefore will purchase -

quantity of the good.

v Agents with valuations greater than
p receive T dollars and spend this

. T
plus their wealth to purchase %

quantity of the good.

Agents with valuations less
than p receive T dollars and O
quantity of the good.

<
S
g|

W

Figure 1: A Linear Mechanism with Uniform Transfers

The above mechanism is incentive compatible because all agents are choosing
their optimal bundles out of the options that they can afford.

13



Now, I will present my main theorem. The next subsection will include three

lemmas necessary for its proof.

Main Theorem: Under Assumptions 1 & 2, the following three statements hold:

1. A welfare-optimal mechanism is a linear mechanism with uniform transfers,
(Pw,Tw). The welfare-optimal per-unit price and transfers are such that

Tw = S - py and (1 — F(py, ))E[w] =S5 py, - F(py)-

2. The revenue-optimal mechanism is a linear mechanism with uniform trans-
fers, (pp,Tr). The revenue-optimal per-unit price and transfers are such that
Tr =0 and (1 — F(p,))Ew] =S5 -p,.

3. pw > Pr

Notation: I write E[w] above to simplify notation. This expectation denotes
the average wealth of an agent in the society. Since agents’ wealth and valuation

w
distributions are independent, the expectation is E[w] = [wg(w)dw.
w

Notice that the above theorem states that linear mechanisms with uniform lump-
sum transfers are welfare- and revenue-optimal in the class of all admissible mech-

anisms, not just the class of linear mechanisms.

A Numerical Example: Consider the situation of a planner who has a unit
supply of the good to be distributed, i.e. S = 1. In addition, suppose that agents’
valuations and budgets are both uniformly distributed on [0,1], i.e. F = G =
U(0,1).

Welfare Maximization: According to the calculations given in the theorem
above, the welfare maximizing price is defined so that (1 — p,, ) % = pzv. The unique
solution to this equation is p,, = % In addition, the transfers that agents receive
are equal to T' = % as well. So, in the welfare-maximizing mechanism, each agent
receives a cash transfer of 1/2 and the market price for the good is 1/2. Agents self-
select into two regimes based upon their valuations. Those with valuations below
1/2 just receive the transfer. Agents with valuations above 1/2 receive the transfer
and use it along with their wealth to purchase the good. Specifically, agents with
original wealth 0 will now have wealth 1/2 and will therefore be able to purchase
one unit at the unit-price of 1/2. On the other hand, agents with original wealth 1
will have wealth 3/2 after the uniform lump-sum transfer and therefore be able to

purchase 3 units at the unit-price of 1/2.
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Revenue Maximization: As for the revenue-maximizing mechanism, there
are no uniform lump-sum transfers to the agents. The market clearing price, given
in the theorem is (1 —pj) % = p,, and therefore is uniquely determined as p, = %
As noted in the theorem, this market-clearing price is lower than in the welfare-
maximizing setting because agents are receiving no transfers. Since agents in the
revenue-maximizing setting are “poorer”, then they have a lower aggregate demand
function and a lower market-clearing price. Agents with valuations below 1/3 pur-
chase none of the good. Agents with valuations above 1/3 purchase as much of the
good as they can afford. Therefore, the amount purchased ranges from agents with

wealth 0 will purchase 0 units and agents with wealth 1 who will purchase 3 units.

Notice that the maximum amount purchased in the revenue-maximizing setting
happens to accord with the maximum amount purchased in the welfare-maximizing
setting. This needn’t be the case in general. In addition, under the two mechanisms,

agents fall under three possible comparisons.

1. Agents with valuations less than 1/3 purchase none of the good good in either
mechanism, but receive a uniform lump-sum transfer of 1/2 in the welfare-
maximizing mechanism. Therefore, these agents are clearly better off in the
welfare setting.

2. Agents with valuations between 1/3 and 1/2 purchase the good in the revenue-
maximizing setting and receive lump-sum transfers in the welfare-maximizing
setting. The agent whose utility increases the most in the revenue-maximizing
setting is that of the agents with v = 1/2 and w = 1. These agents purchase
three units for one dollar in the revenue-maximizing setting, which yields the
utility 3/2. On the other hand, these agents in the welfare-maximizing set-
ting, have one dollar and receive another 1/2 dollar in the uniform lump-sum
transfer. So, the best off agent in the revenue-maximizing setting is indiffer-
ent between the welfare-maximizing mechanism and the revenue-maximizing
mechanism and all other agents in this valuation range are strictly worse off
in the revenue-maximizing mechanism.

3. As for agents with valuations v > 1/2, these agents purchase as much as they

can afford in either mechanism. However, one notices that the amount the
w
1/3
less than the amount agents purchase in the welfare-maximizing mechanism
w+1/2
172
maximizing mechanism. In fact, the inequality is strict except for those agents

with v € [1/2,1] and w = 1.

agents can purchase in the revenue maximizing mechanism = 3w is weakly

=2(w+1/2) = 2w + 1, so agents are weakly worse off in the revenue-
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Therefore, one notices that in this example, the welfare-maximizing mechanism
is a Pareto improvement of the revenue-maximizing mechanism. However, this is
not a feature that needs to hold generally. More specifically, if one added a zero mea-
sure of agents with w = 2 and values uniformly distributed on [0, 1], then agents with

w = 2 and v = 1 are worse off in the welfare-maximizing mechanism. This is because
2+1/2
172
maximizing mechanism and can purchase % = 6 units in the revenue-maximizing

they value the good highly, but can only purchase = 5 units in the welfare-

mechanism. So, while the welfare-maximizing mechanism improves utilitarian wel-
fare when compared to the revenue-maximizing mechanism, it may or may not be
Pareto-improving as well.

Also, I would like to note here that the result does not necessarily hold if As-
sumptions 1 and 2 are not satisfied. Specifically, please refer to the Appendix for a
counterexample.

3.2 Argument Outline

The following is a brief outline of the argument used in the paper:

Step 1: I show that any mechanism is simultaneously welfare and revenue dominated
by a mechanism where every agent receives a take-it-or-leave-it offer based
upon his wealth type. I will call such mechanisms, take-it-or-leave-it mecha-
nismMS.

Step 2: I prove that any take-it-or-leave-it mechanism is welfare and revenue domi-
nated by one that charges a linear price.

Step 3: I show that one can consider an equivalent linear mechanism with uniform
lump-sum transfers.

Step 4: I find the welfare- and revenue-optimal linear mechanisms with uniform trans-
fers.

There are a couple points in the above outline that could be potentially trouble-
some that I now discuss further. First, take-it-or-leave-it mechanisms are value ad-
missible, but may not be wealth-admissible. In fact, the only such wealth-admissible
mechanisms are mechanisms where the wealthy agents are being favored. However,
this does not pose a problem because in Step 2 above, I show that the optimal
take-it-or-leave-it mechanism is a linear pricing mechanism, and hence admissible.
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Therefore, while I temporarily focus on value-admissible mechanisms which may
not be wealth-admissible, the optimal such mechanism is admissible with respect to
both the value-ICs and the wealth-1Cs.

The next problem that comes up is: while this linear mechanism is admissible
with respect to (IC), it is not necessarily admissible with respect to (IC’) because
wealthier agents may be receiving larger transfers than poor agents. In step 3, I show
that there is an equivalent (in terms of welfare, revenue, and unit prices) admissible
linear mechanism that features a uniform transfer to all agents. Therefore I will have
shown that for every admissible mechanism there is an admissible linear mechanism
with uniform transfers that simultaneously welfare and revenue dominates it with
respect to either IC condition.

Then, all that is left for the theorem is to find the welfare- and revenue-maximizing
linear mechanisms with uniform transfers. This is accomplished in the proof of the
theorem and their characterizations are given in the statement of the theorem. This
is the only point where the welfare-optimal and revenue-optimal mechanisms will
differ.

3.3 Three Lemmas

In the first lemma, I show that if all agents have the same known budget w, then any
admissible mechanism is simultaneously welfare and revenue dominated by a take-it-
or-leave-it offer (P, @). I use the notation P here because this is an aggregate price,
not a per-unit price.The per-unit price will be the threshold ¢ defined in the next
lemma. Moreover, the optimal take-it-or-leave-it offer has the feature that the price
P equals the known wealth of the agents. In these take-it-or-leave-it mechanisms,
an agent is able to exchange his entire budget w for a supply of the good z(w).

I show this dominance via a weight-shifting argument as outlined in Figure
3.3 where two allocation functions are drawn. The solid dark allocation function
consists of a take-it-or-leave-it offer. All agents with valuations below © receive
none of the good and all agents with valuations above ¢ receive the same amount.
The light dotted allocation function in the middle is another admissible allocation
function. The weight-shifting argument relies upon finding a © and shifting the
allocation function from the light dotted allocation function to the darker solid one.
The choice of © is uniquely determined because the shift that takes place needs to
preserve the same supply. So, the good is being shifted from the region to the left
of ¥ to the region to the right of ¥ under the above transformation.
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Figure 2: Agents below ¥ no longer receive the good whereas all agents above © all
receive the same share at type v.

Note: In the dark one-step allocation function above, it may be the case that
the implied transfer that the highest type pays, ¢(v) is strictly less than w. In this
case, ¥ can be increased as well as the transfer () so that the indifference of type v is
maintained and welfare /revenue will both be improved. This step is also performed
in the following lemma.

Lemma 1 Under Assumptions 1 & 2, for a fized level of wealth w, an admissible>
allocation rule xz(v,w), and a transfer rule t(v,w), there is a unique admissible
welfare-optimal take-it-or-leave-it offer & with a transfer t that maintains the same
reserve utility U(v, w) and supply S = f: z(v,w) f(v)dv. Moreover, this take-it-or-

leave-it offer has the following properties:

1. This offer is welfare-improving

2. This offer is revenue-improving

3. It is the case that t = w

The above lemma says that any admissible mechanism is dominated by one
where an agent receives a take-it-or-leave-it offer with price equal to his wealth.

Therefore, one can focus on the class of take-it-or-leave-it mechanisms when search-
ing for the optimal mechanism. Recall that the take-it-or-leave-it mechanisms are

3The fact that we are starting off with an admissible pair of rules z, ¢ is fundamental for the
proof here.

18



value-admissible but not wealth-admissible. I will show that the optimal take-it-

or-leave-it mechanism is admissible and is equivalent to a mechanism that satisfies
(IC?) as well.

While the formal proof of the above lemma is regulated to the appendix, the
general idea is as follows. I show that shifting the allocation of the good from lower
value agents to higher valuation agents is feasible in the sense that no agent is asked
to pay more than their wealth. This is because agents were previously respecting
their budget constraints in the admissible mechanism and the highest value agent’s
payments weakly decrease after the shift. Since this agent purchases weakly more
than all other agents, all agents are asked an affordable transfer. Shifting the good
from lower value types to higher value types clearly improves welfare. The revenue
improvement is due to Assumption 1 which states that agents’ virtual valuations
are increasing in their underlying value, so the good is being shifted to agents with
higher virtual valuations as well.

Now, I formally define a take-it-or-leave-it mechanism. Notice that the defini-
tion is given in terms of cutoffs v(w) instead of quantities &(w). Either definition
is equivalent via the indifference equation 0 = U (v, w) + w. These cutoffs serve as
both the per-unit price that agents with budget w pay and the threshold for agents
who buy the good.

Definition: Take-it-or-leave-it Mechanisms
The class T of take-it-or-leave-it mechanisms are all (x,t) such that
z: VW =Ry, t:V xW — R and they satisfy the following conditions:

30: W — [v, ] (2)
/ / t(v,w) f(v)dvg(w)dw >0 (3)
wJVv
/ /:c(v,w)f(v)dvg(w)dw <SS (4)
wJVv
Yo, w, v > v(w) = z(v,w) = w—l—U;}(v,w), t(v,w) = w (5)
Yo, w, v < 0(w) = z(v,w) = 0,t(v,w) = =U(v,w) <0 (6)

First, I would like to note that in the above definition of take-it-or-leave-it mech-
anisms, attention is being restricted to mechanisms where the take-it-or-leave-it
transfer is equal to an agent’s wealth. It is sufficient to consider such mechanisms
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because in Lemma 1, we have shown that any admissible mechanism is simulta-
neously welfare and revenue dominated by such a mechanism. Take-it-or-leave-it
mechanisms are a special subclass of all value-admissible mechanisms. They are not
necessarily wealth-admissible because agents may wish to lie downwards about their
wealth to achieve a cheaper per-unit price v(w).

In the definition above, one can think of v(w) as being the per-unit price that
an agent of wealth w’s take-it-or-leave-it offer has. This per-unit price then serves
as a cutoff where agents with valuations higher than the per-unit price will fully
expend their budgets buying the good and agents with valuations lower than the
per-unit price will not purchase the good and receive a transfer. Therefore, agents IC
conditions are built into equations 5 and 6 and it is assumed that agents cannot lie
about their wealth. In addition, in the above setting, notice that U (v, w) = —t(v, w)
and therefore equation 6 is also the individual rationality condition stating that
agents who do not receive the good cannot be expected to pay anything.

The next lemma shows that any take-it-or-leave-it mechanism is welfare and
revenue dominated by a linear mechanism, in other words, one where the cutoff
values 0(w) are constant.

Lemma 2 Under Assumptions 1 & 2 the welfare-optimal mechanism and the revenue-
optimal mechanisms are both linear pricing systems.

Proof: See Appendix.

The two above lemmas show that any admissible mechanism is simultaneously
welfare and revenue dominated by a linear pricing mechanism. These mechanisms
are admissible for (IC), but not necessarily for (IC’). This is because agents below
the cutoff price/threshold are receiving cash transfers that may be increasing in
their wealth. The next lemma shows that for any such linear mechanism, there is
a linear mechanism with lump-sum transfers that generates the same welfare and
revenue. This mechanism therefore satisfies (IC’) as well.

Lemma 3 Any linear pricing mechanism that satisfies (BB), (LS), (NN), (BC),
(IR), and (IC) is simultaneously welfare and revenue equivalent to a linear mecha-

nism with uniform lump-sum transfers (which therefore satisfies condition (IC’) as
well).
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3.4 The Main Theorem

Now, all that remains is to find the optimal linear mechanism with uniform transfers
for the cases of welfare and revenue-maximization. The theorem shows that the
welfare optimum is characterized by the supply and budget balance conditions while
the revenue-maximizing mechanism is characterized by the supply condition and
T = 0. I restate the theorem below and the proof is found in the appendix.

Main Theorem: Under Assumptions 1 & 2, the following three statements hold:

1. A welfare-optimal mechanism is a linear mechanism with uniform transfers,
(Pw,Tw). The welfare-optimal per-unit price and transfers are such that

Tw =S “Pw and (1 —F(pw))E[’LU] = S'pW 'F(pw)'

2. The revenue-optimal mechanism is a linear mechanism with uniform trans-
fers, (pp,Tr). The revenue-optimal per-unit price and transfers are such that
Tr =0 and (1 — F(p,))Elw] =S5 p,.

3. pw > Pr

The above theorem shows that the optimal constrained mechanism from an
efficiency point of view is one where the mechanism designer charges a uniform
price to every agent. Agents with high valuations will purchase as much as they can
afford.

In fact, the welfare-maximizing mechanism is the linear mechanism with the
highest feasible per-unit price and the revenue-maximizing mechanism is the linear
mechanism with the lowest feasible per-unit price. This is because there is an inverse
relationship between transfers to the agents and the market-clearing price. The
welfare-maximizing principal makes as large transfers as possible to the agents to
relax their budget constraints, and this increases the market-clearing price. This is
why the budget balance constraint binds in the welfare-maximizing mechanism. On
the other hand, the revenue-maximizing principal makes no transfers to the agents
and this results in the least market-clearing price possible. As a consequence, the
per-unit price is higher for the welfare-maximizing mechanism than for the revenue-

maximizing mechanism.
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4 Dominant Strategy Implementability

4.1 Implementation via Dominant Strategies

Turning to implementation, one may note that the above mechanism does not specify
what happens if a mass of agents misreports their types. A simple solution is to
say that in this event the government chooses to just not give the good to anybody.
This heavy handed solution introduces many undesirable equilibria.

Fortunately, there is another dominant strategy way to implement the above
optimal mechanism. Notice that one may always implement the welfare-maximizing
mechanism via a uniform lump sum transfer. This suggests that an alternative way
to implement the above mechanism is to transfer a uniform amount S of the good
to every agent and then allow agents to buy/sell the good among themselves. This

in fact is the case and leads to a dominant strategy allocation rule.

Note: This implementation closely resembles one of the mechanisms found in
Che, Gale and Kim (2011) called Random Allocation with Resale. A key difference
here is that they have indivisible goods which are resold, and so agents receive the
good with final probability 0, S, or 1 based upon their type. In my mechanism,
intermediate allocation possibilities will be realized.

In addition, implementation of the revenue optimal mechanism is achievable via
dominant strategies. A dominant strategy implementation would be to ask each
agent to post a demand schedule. The planner then finds the maximal market-
clearing price and clears the market at this price.

Theorem 4 Under Assumptions 1, 2, both the welfare-mazimizing and the revenue-

mazrimizing mechanisms are implementable through dominant strategies.

From the above result, one can see that both the welfare-maximizing and revenue-
maximizing mechanisms are dominant strategy implementable. This implies that
these mechanisms are robust in the sense that each agent is weakly better off telling
the truth regardless of all other agent’s declarations. This theorem speaks to the
robustness and ease of implementability of the welfare- and revenue-maximizing
mechanisms. Moreover, I would like to point out that these mechanisms are dom-
inant strategy implementable even when the assumptions on types do not hold.
These assumptions are necessary for the optimality arguments, but not for the im-
plementation arguments.
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5 Extensions

5.1 Nonlinear Pricing Schemes

In this section, I analyze a setting where the revenue-maximizing mechanism may
be nonlinear. Specifically, I replace the assumption of the independence of wealths
and values by the following assumption. As mentioned in the introduction, there
may be settings where higher wealth agents (firms) have higher valuations for the
good (production limits).

Assumption 3: %(ZJ;”) is weakly decreasing in w.

Under the above assumption, I obtain the following theorem.

Theorem 5 Under Assumptions 1-3, the revenue-maximizing mechanism is a take-
it-or-leave-it mechanism with zero transfers. The cutoffs (w) are weakly decreasing
in w and if Assumption 3 holds strictly, then the cutoffs 0(w) and O(w) > v, then
the cutoffs are strictly decreasing.*

The proof is relegated to the appendix, but I will discuss the intuition here. As
before, it is sufficient to restrict one’s attention to take-it-or-leave-it mechanisms.
First, notice that it is not in the seller’s interest to make any transfers to the agents
because for that wealth level, he could just offer a smaller supply of the good at the
same linear price. This is revenue-improving because the seller is still taking in the
same revenue, selling a smaller supply, and saving on the transfers to the agents.

The other step of the proof is to show that the optimal cutoff levels o(w) are
decreasing in wealth. If this is the case, and there are no transfers to the agents,
then this take-it-or-leave-it mechanism is admissible. The intuition here is that this
mechanism favors the wealthy. Both sets of IC constraints are satisfied because
wealthy types would not like to imitate poorer types (after all, they are favored)
and poor types would like to imitate wealthy types when the wealthy agents get a
cheaper per-unit price, but they are unable to do so.

In addition, the above take-it-or-leave-it mechanism has an interesting interpre-
tation. A decreasing cutoff function corresponds to a concave pricing function. In

1-F(v,w)

4In fact, a weaker condition would imply strict decreasingness, specifically that Vo, >

fv,w)
l_fi)(fﬂ’;”) . Instead of requiring strict decreasingness everywhere, this condition requires at least one

point of strict decreasingness along every horizontal value strip.
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other words, as the quantity purchases increases, the per-unit price is decreasing.
So, we have found a situation where agents have fully linear utility, yet quantity dis-
counts are profit-maximizing as a way to favor the wealthy agents (who have higher
virtual valuations). This would not be the case in a linear utility model without
budget constraints.

5.2 Unit Demand and Probability Shares

Until now, this paper has been wholly focused on optimal mechanisms in the case
of divisible goods and budget constraints. One may then wonder about the case of
indivisible goods. Notice that if agents are risk-neutral and have fully linear utility,
then x can be interpreted as probability shares of obtaining the good and the above
analysis carries through. For example, x = 1.3 could be interpreted as receiving one
unit of the good with certainty and an additional unit of the good with probability
30%.

Another question would then be: “What if agents have unit demand?” I do not
provide a full characterization in this case, but I would like to note that the mecha-
nism previously provided is valid in the case that no agent receives a quantity of the
good greater than 1. This is because I have imposed no unit demand restriction,
and if the mechanism previously found is optimal in a wider class of mechanisms,
then is it in optimal in a smaller class as well.

Corollary 6 If z(v,w) < 1, then the outlined optimal mechanism is optimal for the
unit demand problem as well.

1. For welfare-optimality, the necessary and sufficient condition is

S < (1 - F (%)) fg <w + S) g(w)dw.

2. For revenue-optimality, the necessary and sufficient condition is
S < (1= F(w)) [ $9(w)dw.
Notice that quantities sold in the welfare-maximizing mechanism are higher than
quantities sold in the revenue-maximizing mechanism, so one should intuitively ex-
pect that condition 2 above should be easier to satisfy than condition 1. This is

indeed the case.?

First, notice that the RHS is bounded above by 1, therefore S must be less
than 1 for either condition to be_  satisfied. This is indeed the case because
(1= F(@)) [ 2g(w)dw < (1= F((25)) [ “0=255 glw)duw

w w

< (1= #((e25)) == g e = (1= F (25)) [ (#6552 + 5) g(w)dw
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5.3 Production

The fact that the optimal mechanisms found in this paper are simple makes the
extension of the given model to other settings fairly tractable. In this subsection,
I analyze the situation where the principal is able to produce the good at a linear
cost ¢ € [v, v) instead of taking supply to be fixed. Almost all of the setting remains
the same except that S is now a choice variable and the budget balance condition
changes. Specifically, (BB) is replaced with:

/ / t(v,w)f(v)dvg(w)dw — ¢S >0 (BB)
wJV

Notice that since S is now a choice variable, a mechanism is now the tuple
(z,t,5). However, applying the analysis from Section 3, one can think of a mech-
anism as being chosen from a two-stage process. Specifically, the planner chooses
the production level S and then the allocation/transfer rules x,¢. From this point
of view, which is without loss of generality, one can see that Lemmas 1-3 still apply,
assuming that the mechanism (x,¢,.5) is admissible in the first place. This leads us
to the following theorem.

Theorem 7 Under Assumptions 1 & 2 and linear production costs, the following

four statements hold:

1. The welfare-optimal mechanism is a linear mechanism with uniform transfers
(Pw»Tw) and supply Sy . The welfare-optimal price, transfers, and supply are
such that (1 — F(py,)) [ wg(w)dw = Swpy,, py, = ¢, and Tyy = 0..

2. The revenue-optimal mechanism is a linear mechanism with uniform transfers

(pr,Tr) and supply Sr. The revenue-optimal price, transfers, and supply

are such that (1 — F(pg)) [y wg(w)dw = Sgp, 1}2(:?)0 =py(py, —¢), and

Tr =0.

3. Sw > Sgr

4o Py <Dpg
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There are a few important points about the above theorem that I would like to
note. The first interesting point is that there are no transfers from the principal
to the agents in the linear pricing model. This is not surprising in the revenue-
maximization mechanism, but is a bit surprising in the welfare-optimal mechanism.
Basically, this can be taken as a statement that, in a linear pricing model it is a
better use for the principal to spend any excess money manufacturing the good,
then distributing it via uniform lump-sum transfers.

Since the welfare-maximizing principal is no longer making transfers to the
agents, the original rationale of why prices are higher in the welfare-maximizing
mechanism goes away. If we recall the main theorem, there the welfare-maximizing
principal made uniform lump-sum transfers and allowed the market to clear. So, the
welfare-maximizing linear price was higher than the revenue-maximizing linear price
because of these transfers. When there is linear production, the welfare-maximizing
principal will manufacture more of the good then the revenue-maximizing princi-
pal and make no transfers. This will then lead to the opposite conclusion about
the relevant prices, specifically that the market price under the revenue-maximizing
principal is lower than the market price under the welfare-maximizing principal.

6 Conclusion

In this paper, I have solved a pair of optimal mechanism design problems in a
setting with a finite supply of a single divisible good and a continuum of agents.
The main purpose of this paper is to consider a setting where agents may be budget
constrained. This constraint prevents an implementation where the planner can sell
all of the good to agents with near maximal valuation.

Instead, I discover the optimal mechanisms take the form of linear prices with
uniform lump-sum transfers. These lump-sum transfers alleviate agents’ budget
constraints in the case of welfare-maximization and are equal to zero in the case
of revenue-maximization. Agents use these transfers along with their wealth to
purchase the good from the planner if they are above the linear price. In the case
of welfare maximization, this theorem can be interpreted as a version of the second
welfare theorem in the presence of budget constraints.

As noted above, in the case of revenue-maximization, the planner offers no trans-
fers to agents. This means that the planner’s gains in revenue from selling additional
units from the good are more than outweighed by the costs of these transfers. This
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is in line with Pai and Vohra (2011) who obtain this finding in a finite setting with
discrete values and budgets.

A key difference between this paper and that of Pai and Vohra (2011) and Che,
Gale and Kim (2011) is that the optimal mechanisms in the current paper feature
linear prices. The optimal mechanisms are more complicated in their settings due to
the difference in settings. Specifically, their settings feature a discrete set of types,
unit demands, and indivisible goods. In addition, there is a difference in the budget
constraint found in this paper and Che, Gale and Kim (2011) that contributes to
the difference in optimal mechanisms.

After these optimality results, I showed that the above mechanisms are imple-
mentable via dominant strategies. The dominant strategy implementations are quite
different in the two different settings due to the two different optimization goals.
The dominant strategy implementations use the fact that the setting is one where
is a unit measure of agents and therefore agents individual type declarations do not
have an effect on the overall economy. The dominant strategy implementation of
the welfare-maximizing mechanism bears a strong resemblance to the random alloca-
tion with resale mechanism proposed by Che, Gale and Kim (2011), but my optimal
mechanism is distinct in a significant way to their optimal mechanism. Specifically,
in their mechanism all agents receive the good with final probability 0, S, or 1,
whereas in my model, intermediate allocations are realized as well.

Additionally, I prove that when agents’ valuation hazard rates are weakly de-
creasing in wealth types, then the revenue-maximizing mechanism may feature non-
linear prices. It is nonlinear in the sense that it is implementable via a concave
pricing rule, and therefore offers a justification of quantity discounts, even when
agents have linear utility.

In addition, I considered the case where agents have unit demand. I provide nec-
essary and sufficient conditions when the mechanism found in this paper continues
to be welfare and/or revenue optimal in that change of setting. These conditions
may be thought of as being such that the supply of the good is not too large.

Finally, I considered an extensions to linear production. In this case, I find
that the principal makes no transfers to the agents. I also find that the per-unit
prices are lower in the welfare-maximizing mechanism than the revenue-maximizing
mechanism in the case of linear production. This is the opposite of the finite supply
case where there are transfers and where the welfare-maximizing mechanism has a
higher per-unit price than the revenue-maximizing mechanism.
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To conclude, I think that it is interesting to study mechanism design with budget
constraints because budget constraints are prevalent and generally have a real impact
on the structure of the optimal mechanism. In addition, this is a topic of study where
there are plenty of additional questions of merit as well.
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Appendix

Proof of Lemma 1:

Without loss of generality, consider the case where (v, w) = 0. If this is not the
case, then x can be changed so that it is so and only (v, w) is decreased by z(v, w)v.
This preserves U (v, w) the utility of an agent with value v, so he still does not wish
to deviate after this change. Now, an agent with value v > v is receiving utility
U(v) > U(v) and would receive U(v) if he lied to be the lowest type. Therefore,
she also has no incentive to deviate to pretend to be v and incentive compatibility

is preserved.

For simplicity, denote & := (7, w). There is some ¢ such that (1 — F(9))& = S.
In addition, let t = &0 — t(v,w). Now, consider the alternate transfer/allocation
mechanism where

(v, w) = {O !

>

t

(AVARRVAN
s>

T v 0

0 (o, w) = {t(v,w) v <

v >

It needs to be shown that this alternate mechanism is feasible, improves welfare,

and improves revenue for the planner. Notice that = is weakly increasing, so & is

an improvement over x because some of the good that was going to lower-valuation

types under the allocation function z is being shifted to higher-valuation agents
under the allocation function z.

As for feasibility, it needs to be shown that # < w. From the value-IC condition,
transfers are given as: ¢(v,w) = t(v,w) + z(v,w)v — [ z(z,w)dz.

Then ¢(3,w) = t(v, w)+z(,w)o— [

v

2(z,w)dz = t(v, w)+z(v,w)o— [ (2, w)f(z)ﬁdz
> t(v,w) + z(v,w)v — ff:&(z,w)f(z)ﬁdz = #(v,w). In the previous calculation,

ﬁ is increasing, [’ x(z,w)f(z)dz =
/U7

w) is a weakly negative, then weakly

notice that the inequality follows because

ffﬁu(z,w)f(z)dz, and because & (v, w) — z(

positive, function of v.

The above argument is important, because it yields the following inequalities:
w > (0, w) > £(v,w) and therefore £ is feasible.

Finally, its needs to be shown that
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Using the transfer equation from above, R(t) = [, v ( 1-Fv ) v,w) f(v)dv.

v (v
As above, we can see that f; <v — 17F(”)> :i“(v,w)f(v Ydv > f ( Flo )> (v w) f(v)dv

f) f()
! f{() V) ig decreasing which implies v — 1}5)()”) is increasing, f x(z,w)f(z)dz

because

= f z)dz, and because Z(v, w) — z(v,w) is a negative, then positive, func-
tion of v. Therefore R() > R(1).

Therefore the optimal transfer /allocation mechanism for the planner is a take-or-
leave-it offer. If it is not the case that ¢(v,w) = w, then increase & by €. As before,
define o s.t. (1 — F(9))2 = S and f := &0 — t(v,w). Notice that © is the threshold
type who accepts the take-it-or-leave-it offer, i.e. this is the amount being spent per
unit. Since this has just increased, we know that revenue has increased. Moreover,
we know that welfare has increased because there is now a higher threshold type.
Finally, we can find an e small enough s.t. ¢ is still less than w, hence we still have
feasibility.

Proof of Lemma 2:

Notice that for a take-it-or-leave-it mechanism, the important parameters are
z(w), U(w), v(w), and S(w). These variables are respectively, the quantity of the
take-it-or-leave-it offer, the reserve utility offered, the threshold value (which is also
the per-unit price), and the aggregate supply that types with wealth w receive.

Focusing on one wealth strip and suppressing the function arguments, one ob-
tains the following set of defining equations.

S=(1-Fu)e (7)
zv=U+w (8)

W = / z)dzz (9)
R=(1- YU 4+ w)—-U (10)

I will show that % and ‘3—7; only depend on w via v. Then, I will show that W
and R are in fact concave in S. This implies that if v(w) < v(w’), then there is a
joint welfare and revenue improvement by removing some supply from agents with
wealth w and giving it to agents with wealth w’.

Replacing = in the equations above and taking derivatives, one has
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e 2 (U + w) (11)
—'U2 v)— EZ zZ)az

R (12

T = I)U +w) (13)

Therefore,

dw VP f(v) + [ 2f(2)dz
dS — vf(v)+(1—F(v))
dR v f(v)
dS  vf(v)+ (1 - F(v))

(14)

(15)

Therefore, both of the above derivatives are independent of agents actual wealth
levels, all that is relevant is the critical value level v. This suggests that a uniform v
is optimal and this will in fact be proven once it is shown that the second derivatives
are negative. However, notice that % < 0, so it will in fact suffice to show that

8(2; %j > 0 and the same for R.

The second derivatives are

0 AW _ of @)/ () + (1= FW)) +vf @)@ - F(v)) - [} 2 (2)dz)

v dS (vf(v) + (1= F(v)))? 1o
0 dR _ 20f()(vf(v) +1 - F(v) +v* /')A = F())
ovdS (vf(v) + (1 = F(v)))?

The first term of the numerator of the welfare equation is positive. The second
term is positive as well because f'(z) < 0 and v(1 — F(v)) — [ zf(2)dz < v(1 —
F(v)) = [Yvf(z)dz = 0.

F(v)

As for the revenue equation, notice that 1}(1)) decreasing and this implies that

f'(v)(1 — F(v)) > —f(v)%. Therefore, the numerator of the revenue equation is
bounded below by v2f(v)? + 2vf(v)(1 — F(v)) > 0. &

Proof of Lemma 3:
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From the previous argument, one sees that the optimal mechanism is a linear-
pricing system p. However, if non-uniform transfers are being made to the agents
with lowest valuations v, then this mechanism is not admissible with respect to (IC’).
This is because, agents who do not wish to purchase the good will wish to misreport
their types in order to secure a more favorable transfer. Formally, admissibility with
respect to (IC”) will fail if for w # w’, it is the case that t(w,v) # t(w', v).

This problem is easily solved by distributing a uniform transfer equal to
fgw t(w,v)g(w)dw to agents who do not purchase the good. This may change the
allocation for many agents (not just the ones who do not purchase the good), but
notice that this change is welfare and revenue equivalent.’

Formally, the quantity demanded at the price p does not change:

where the first line is the amount demanded with non-uniform transfers and
the last line is the quantity demanded with uniform transfers. This implies that
the market clearing price p does not change. Since the quantity supplied does not
change, and the market clearing price does not change, neither does welfare or
revenue. This is because for any v above p, the same quantity is being bought and
the same transfers are being made for that horizontal slice of agents. W

Proof of Main Theorem:

Suppose that the linear mechanism with uniform transfers (p,7") does not sup-
ply the entire supply S of the good. Then the price p can be slightly reduced
and this increases both the welfare of the agents (because every agent is receiving
weakly more) and increases revenue (because a larger set of agents is paying their
entire wealth). Therefore, for either optimal mechanism, it must be that the supply
constraint binds: (1 — F(p))w =S.

5Recall that agents were using their wealth w and transfer t(w,v) to buy the good at price p,
so agents who were receiving favorable transfers could purchase more of the good. Smoothing the
transfers therefore affects purchasers because their effective budget changes.
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Welfare-Maximization:

For the case of welfare-maximization, suppose that there is some leftover rev-
enue. Then the planner could increase the transfers T slightly and increase the
price p slightly and improve the overall utilitarian welfare. Therefore, the welfare-
maximizing mechanism needs to satisfy the budget balance constraint, specifically:
(1 - F(p)E[w] = F(p)T.

Solving for p and T yields the conditions provided in the theorem.
Revenue-Maximization:

For the case of revenue-maximization, suppose that 7" > 0. Then, an alternate
mechanism where p is unchanged, and 7' is changed to 0 generates strictly more
welfare. Therefore, the revenue-maximizing mechanism (p,T) is such that T = 0

and the supply constraint above binds.

Substituting in for T and multiplying the supply equation by p yields the con-
ditions provided in the theorem. W

Proof of Theorem 5:

Notice that the cutoff functions are determined by Equation 15, restated here in
the case of non-independence of values and budgets.

dR v f(v,w)
dS  vf(v,w)+ (1 - F(v,w))

Now, because values and budgets are not-independent, there may be differential
returns to transferring supply from some wealth levels to other wealth levels. It
needs to be checked that these returns are increasing in wealth. Technically, it is
necessary and sufficient that the above condition is increasing in wealth. Dividing
the top and bottom of the equation through by f(v,w) yields:

T T Flom) (18)

By Assumption 3, I have that the last term of the denominator is weakly decreas-
ing in w, and hence, the whole expression is weakly increasing in w. In addition,
the derivative is always positive. Therefore, the revenue-maximizing mechanism is
where all S of the good is being sold, and where % is constant for every w. This is
precisely what is desired, and completes the proof. B
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Proof of Theorem 4:

1). Allow every agent to report their type #(v, w). Find the market clearing price
p. This price may not be unique, in which case, take p to be the maximal market
clearing price. Market clearing works by everyone who declares a value v > p
receives z(v,w) = w/p quantity of the good in exchange for a transfer —px (v, w).
Agents who declare a value v < p give up their S quantity of the good in exchange
for a transfer of pS. Finally, agents who declare v = p of which there may be a
non-zero measure randomly receive or sell a proportionate share of the total leftover
aggregate supply/demand so that markets clear. If a measure 0 set of agents report
v such that v = p, then to tie break, we say that all of these agents fully purchase
the good.

Now, suppose that an agent made a report so that (v, w) # (v, w). If an agent
overreports their value, it is either the case that they receive the same allocation as
truthful revelation, or they receive the good at a price p > v. In either event, they
weakly prefer to report their true type v. The same goes for underreports of values
where agents may accidentally sell the good when they do not wish to.

As for misreports of wealth, an agent cannot overreport his wealth. He can
underreport his wealth, but this strictly hurts him when he is a buyer and offers
no benefits when he is a seller. Therefore, it is weakly dominant for every agent to
report their wealth truthfully.

2). For the revenue-maximizing mechanism, it is dominant strategy for an agent
to demand w/p for all prices p < v and to demand 0 for all prices p > 0. When
the price is p itself, an agent’s demands are immaterial, so for tiebreaking, let him
demand w/p in this situation as well.

The planner looks at all reports, take the maximal market-clearing price and
clears the market at this price. If agents report so that the any price p’ > p has
insufficient demand and price p has over-demand, then agents who demand at the
price p are only partially filled.

An agent has two types of misreports available. He can demand less when p < v
or more when p > v. The first type of misreport is undesirable because it means
that the agent may purchase less of the good then he wishes. The second type of
misreport is undesirable because it means that the agent may purchase the good
when he does not wish to. Agents cannot demand more for p < v because that
would exceed their budget constraints and cannot demand less when p > v because
their demand is already 0 and negative demands are not possible. B
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Proof of Theorem 7:

From the Main Theorem, it is known that the optimal mechanism after a supply
level S is chosen is a linear pricing mechanism with uniform transfers (p, T').

Welfare-Maximization:

As in the main theorem, the Budget Balance and Supply conditions can be as-
sumed to hold with equality. Otherwise, either money or good can be uniformly
distributed and this weakly improves welfare. Therefore, setting the supply de-
manded equal to the overall supply and letting transfers be maximal yields:

1-Fne vt T (19)
Sp—Sc=T (20)

which in turn implies

(1= £ ) ( [ wgtwyto+5p-sc) = p

and therefore

(1—F(p)) [y wg(w)dw
F(p)p+ (1 —F(p))e

=S5 (21)
The Welfare Equation is:

Sy v (v)dv

YR

Substituting into the Welfare Equation yields:

B fpﬁ vf(v)dv
W = e (= FGe Jy P90

Now, the numerator is decreasing in p and the denominator is increasing in p
(since it’s derivative is f(p)(p — ¢) + F(p)), so overall welfare is decreasing in p.
Similarly, if one looks at Equation (21), there too the numerator is decreasing in
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p and the denominator is increasing in p, so supply is inversely related to price p.
Therefore, if welfare is decreasing in p, one wants the smallest price p possible, which
in turn implies the largest supply S possible due to their inverse relationship. This
occurs when transfers are equal to 0 in Equation (20).

So, at the welfare optimum, it is the case that T'= 0, p = cand (1—F(p)) (fW wg(w)dw) =
Sp.

Revenue-Maximization:

As in the main theorem, the Supply condition can be assumed to hold with
equality, and transfers can be taken to be zero. This yields:

(a- F(p))fW‘”gW _s (22)
0=T (23)

The Revenue Equation is:

R =S5p—Sc

Substituting into the Revenue Equation yields:

_ (p=o)(1 = F(p)
R = , /W wg(w)dw

Maximizing with respect to p requires:

(1=F(p)—(@-oflp+{@-c)(1-F(p)=0

Rearranging gives:

Restricting attention to p > ¢, the left hand side (LHS) is increasing in p and
the right hand side (RHS) is decreasing in p. Furthermore the LHS > RHS when
p = v and the LHS < RHS when p = ¢. Moreover, one knows that the First Order
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Condition is sufficient because R = 0 when p = ¢ or ¥ and R > 0 for intermediate
p€ (c,v). B

A Nonexample

In this subsection, I provide an example where the welfare maximizing mech-
anism is not a linear mechanism. This will be a “counterexample” to the conse-
quence of my theorem in the sense that my theorem points to the optimality of
linear mechanisms. Of course, it is not a “counterexample” to the theorem as I
consider a situation where the antecedents of the theorem do not hold. Specifically,
the assumptions on agents’ valuations that I make in the body of the paper will not
hold in the following example.

Recall that, by a linear mechanism, I mean that there is a per-unit price p and
to purchase a quantity of the good x, the price is px. In addition, my main result
of the optimality of linear mechanisms applies to a either a single uniform budget
constraint or individual unobservable budget constraints.

Therefore, for simplicity, I will show a “counterexample” in the single uniform
budget setting where a linear mechanism is not optimal. In this case, a linear
mechanism has the additional feature that it is a take-it-or-leave-it mechanism.
Specifically, any linear mechanism has a threshold value. Above this threshold, every
agent receives the same quantity for the same transfer, and below this threshold, no
agent purchases the good.

I prove the non-optimality of a take-it-or-leave-it mechanism in this setting by
demonstrating a mechanism that dominates it.

Consider the following value distribution:

1/12 ifl1<2 <2
1/3 if2<z<3
7/12 if3<az<A4

0 otherwise

The above distribution has three steps from 1 to 4. Suppose that S = 11/12
and w = 2 and consider a mechanism that sells one unit of the good at the price 2.
This is a linear price mechanism for a single wealth level and will generate welfare:”

"The welfare calculation is performed by looking at each of the populations and multiplying
quantity (=1) times density (= 1/3 or 7/12) times average value (= 5/2 or 7/2).

39



v
12

; = % = 1.9333

+ 12

DO Ot

Wy =

W =

On the other hand, consider a mechanism where the planner sells the good
according to:

19/29 if1<z<3 19/29 if1<z<3
z(v) = t(v) =
32/29 if3<ax<4 2 if3<z <4

The above I call a two-step mechanism since there are two different possible
allocations and the above mechanism generates welfare

19 1.3 191
2 29 3

5 32 7 7
=% 13 5 §+?9-ﬁ~§:2.881

The two-step mechanism generates less revenue and more welfare than the one-
step mechanism. The additional revenue from the one-step mechanism can be redis-
tributed to the population, so that its welfare can be improved by finding a higher
linear price at which trade can take place. Doing so would then make the welfare
comparison between the two above mechanisms unclear. However, such a redis-
tributional improvement can be prevented by adding a large population of agents
with valuations between 0 and 1. These agents will then absorb most of the cash

distributions. I show how this is done in the subsequent paragraphs.

Define a measure g as:

m  if0o<z<l1
g(z) =

f(z) otherwise

The above is a measure and not a distribution because the integral of g is equal
to m+1 and not 1. Now, I will compare two mechanisms based upon the previously
defined ones. The first is the one-step mechanism as defined before, with all of the
money taken in, redistributed to the population so that a higher per-unit price can
be established. This is the welfare-maximizing one-step mechanism in the class of
all one-step mechanisms. The other is the two-step mechanism from before with no
cash distributions. Therefore, it is clear that 0 = R1(m) < Ra(m).

The important point is that as m — oo the additional welfare value of the
extra revenue that the one-step function generates converges to 0. Specifically,
consider if all money that is received is redistributed, then, the one-step mechanism
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implies a cutoff price p where (1 — F(p))w = Sngi#. Moreover, recall that
(1-F(2)w=S5"-2. So, as m — oo, it is the case that % — 1 and therefore

the threshold price p — 2. This implies Wi (m) — Wi < Wy = Wh(m).

So, for large enough m, it is the case that Wi(m) < Wa(m). While g is not
a distribution, one can consider a rescaling that is, specifically, let h(z) = gl(_t)l
and supply be —5 . Then the above allocation mechanisms are still applicable,

m—+1-°
Wi (m) Wa(m)

but generate welfare — -5 and ==~ respectively. Therefore, it is the case that

the 2-step mechanism generates strictly higher revenue and welfare then the 1-step

mechanism for the distribution A and supply mi—‘,-l |
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